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THE MEAN-FIELD LIMIT FOR A REGULARIZED
VLASOV-MAXWELL DYNAMICS

FRANCOIS GOLSE

ABSTRACT. The present work establishes the mean-field limit of a
N-particle system towards a regularized variant of the relativistic
Vlasov-Maxwell system, following the work of Braun-Hepp [Comm.
in Math. Phys. 56 (1977), 101-113] and Dobrushin [Func. Anal.
Appl. 13 (1979), 115-123] for the Vlasov-Poisson system. The
main ingredients in the analysis of this system are (a) a kinetic
formulation of the Maxwell equations in terms of a distribution of
electromagnetic potential in the momentum variable, (b) a regular-
ization procedure for which an analogue of the total energy — i.e.
the kinetic energy of the particles plus the energy of the electro-
magnetic field — is conserved and (c) an analogue of Dobrushin’s
stability estimate for the Monge-Kantorovich-Rubinstein distance
between two solutions of the regularized Vlasov-Poisson dynamics
adapted to retarded potentials.

1. INTRODUCTION

Vlasov equations are kinetic equations used to describe the evolution
of dilute, collisionless systems of particles coupled by some long-range
interaction. For instance, in the case of a rarefied plasma, each charged
particle is accelerated by the electrostatic field created by all the other
particles, a situation described by the Vlasov-Poisson system [20]. A
similar Vlasov-Poisson system is used in astrophysics to model the col-
lective behavior of like massive objects coupled by Newton’s gravita-
tional force — which is attractive, at variance with the electrostatic
force between charged particles with charges of the same sign.

Other types of interactions can also be considered. In the case of
magnetized plasmas — e.g. plasmas in tokamak machines — each
charged particle is accelerated by the Lorentz force resulting from the
electromagnetic field created by all the other particles, a situation de-
scribed by the Vlasov-Maxwell system [13]. There are also general
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2 F. GOLSE

relativistic variants of the gravitational Vlasov-Poisson system, such as
the Vlasov-Einstein [5] or the (model) Vlasov-Nordstrom systems [4].

At the time of this writing, there is no rigorous derivation of any
of these kinetic equations from the corresponding N-body problems,
in the large N limit. Braun and Hepp [3] and Dobrushin [7] have
proposed instead rigorous derivations of a system analogous to the
Vlasov-Poisson system, replacing the Coulomb potential with a twice
differentiable mollification thereof. Hauray and Jabin [10] have suc-
ceeded in treating the case of singular potentials, but their analysis
does not include the Coulomb singularity yet. It should be noted that
the situation is significantly better in the quantum case: the Hartree
or Schrodinger-Poisson equation, that is the quantum analogue of the
Vlasov-Poisson system has been derived from the quantum N-body
problem with Coulomb potential by Erdés and Yau [9)].

In the case of the Vlasov-Maxwell system, it is not even clear what
the corresponding N-body problem should be. For instance, there is at
present no satisfying description of the electromagnetic self-interaction
(i.e. the action of the electromagnetic field created by a moving, point-
like charge on itself) within the theory of classical electrodynamics.
Bibliographic references discussing this well-known issue can be found
in the remarks following the introduction of the regularized N-body
system (27).

The present paper proposes an analogue of the Braun-Hepp or Do-
brushin theory for (a mollified version of) the Vlasov-Maxwell system.
Elskens, Kiessling and Ricci [8] have recently considered a special rel-
ativistic variant of the gravitational Vlasov-Poisson system where the
Poisson equation for the potential is replaced with a linear wave equa-
tion.

The problem of deriving a regularized variant of the Vlasov-Maxwell
equations from a particle system is explicitly mentioned by Kiessling
on p. 111 in his survey article [12]. As expected, this problem can
be handled more or less along the line of [8], with however a few sig-
nificant modifications, which it is the purpose of the present work to
explain. As we shall see, the regularization procedure removes all the
conceptual difficulties pertaining to the electromagnetic self-interaction
mentioned above. The idea of considering a mollified variant of the
Vlasov-Maxwell dynamics is therefore motivated by reasons other than
analytical simplicity.
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2. A SCALAR FORMULATION OF THE VLASOV-MAXWELL SYSTEM

Regularizing the Coulomb potential is a crucial step in the mean-
field limit established by Braun and Hepp [3] and Dobrushin [7]. At
first sight, it is not clear that the same procedure can be applied to
the Vlasov-Maxwell system, as the electromagnetic field involves both a
scalar and vector potentials. Perhaps for that reason, Elskens, Kiessling
and Ricci [8] chose “to purge the inhomogeneous wave equation for [the
vector potential] A and all terms involving (derivatives of) A in the
Lorentz force” and retain only the inhomogeneous wave equation for
the scalar potential.

In this section, we explain how both the scalar and vector potentials
in the Vlasov-Maxwell system can be expressed in terms of a single
scalar potential distributed in the momentum variable. This formu-
lation, introduced in [1, 2] for other purposes — viz. for studying
regularity properties of the Vlasov-Maxwell system — although per-
haps not absolutely necessary in the present context, greatly simplifies
our arguments in the sequel.

The Vlasov-Maxwell system for a single species of particles with
momentum distribution function f(¢,z,£) — meaning that f(¢,x,&) is
the density of particles with momentum ¢ € R? that are located at the
position # € R? at time ¢ > 0 — is written as follows:

Of +v(&) -Vof +(E4+v()AB)-Vef =0,

div, B=0,
(1) OB +curl, E=0,
div, E = py,

O F —curl, B = —j;.

We have used the notation

0(€) = Veel€) — ﬁ where e(€) i= v/T 1 €

and
pr(t,x) == [ [f(t,z,&)d§,  while jy(t, ) 12/ v(€) f(t,z,8)ds .
R3 R3

This system is posed in the whole Euclidian space — i.e. for all
z,& € R® — and supplemented with the initial data

(2) f‘t:(]:fin7 E‘t:(]:Eina B 07

t=0
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where E" is the electrostatic field created by the distribution of charges
fin:

(3) Eln — _vm(bm’ (bm — (_Ax)fl . fmdg )

(We restrict our attention to such initial data for simplicity; treating
the case of general initial data

f’t:O =1, E}t:O = E", B}t:O =B",
with the compatibility conditions

div, B = / finde . div, B =0
RS

is not significantly more complicated, as it only involves one extra
linear, homogeneous wave equation.)
Solve for ¢ the Cauchy problem for the linear wave equation

( Dt,m(bo = 07
(4) Golicy = 0" = (=071 | L
\ atﬁbo‘tzo =

0.
The scalar formulation of (1) is as follows. Consider the coupled
system with unknowns f = f(¢,2,£) > 0 and v = u(t, z,€) € R:

(Of +v() - Vuf +(E+v(§)ANB)-Vef =0,

Dt,xu - fv

o=out [ s, A= [ o

(| B=curl, A, E=-0,A-—V,0,
with initial data
(6) flisg= 1"l =0ul,_,=0.

Physically, u(t,z,€) is the instantaneous Liénard-Wiechert potential
created by a particle with momentum & at the position x, distributed
under f(t,z,§).

Proposition 2.1. Let f € C([0,T] x R3 x R?), and let ¢ be the
solution of (4). If (f,u) satisfies (5) with initial data (6), then the
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electromagnetic potential (¢, A) defined as in (5) is smooth and satisfies
the Lorentz gauge

8t¢+d1V$A:O,

while (f, E, B), with the electromagnetic field (E, B) as in (5), satisfies
(1) with initial condition (2)-(3).

We shall use systematically the following elements of notation: C.(X)
(resp. C*(X), C(X)) designates the set of continuous (resp. C*, C™)
functions with compact support included in X. Likewise, Cy(X) des-
ignates the set of bounded continuous functions defined on X, while
C¥(X) designates the set of C* functions defined on X whose deriva-
tives of order < k are bouned on X. Finally, C;°(X) designates the
class of C'*° defined on X whose derivatives of all orders are bounded
on X.

Proof. Since f™ € C°(R? x R?), the initial electrostatic potential
5" = (<0 g € CERY),

so that the solution ¢g of the Cauchy problem (4) is in C5°([0, T x R3)
for each T' > 0.

Since f € C>([0,T] x R? x R?), the finite speed of propagation and
the regularity theory for solutions of the wave equation implies that
we O=([0,T] x R* x R).

Therefore the scalar potential ¢ € C:°([0, 7] x R?) and the vector
potential A € C2°([0, T] x R3; R?), so that, in view of the last equalities
in (5), the electric field E € C3°([0,T] x R?; R?) while the magnetic
field B € C°([0,T] x R* R?3) and

div, B=0,
{@BJrcurle:O.

Besides, p; and j; belong to C°([0, 7] x R?) and C2°([0, 7] x R?*; R?)
respectively, and since v(§) = Vee(€), one has dive(v(§) A B(t,x)) =
B(t,z) - curl v(§) = 0 so that

Doy + diva jy = / (O0f +0(€) - Vo f) (1, 2,€)dE

R3

= /R3 dive(=(E4+vAB)f)(t,x,8)dé =0.
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Let us verify that (¢, A) satisfies the Lorentz gauge condition. Setting
g:= 0y +div, A € C°([0,T] x R?), one has

029 = U 2000 + Dt,x/ (Oru + divg (v(§)u))dE
RS

= atpf+divxjf :0,

together with the initial conditions

Oy =l g+ [ (00, divao(€)u] ) =0,

and

8tg’t:0 - 8t2¢}t:0 + dlv$ atA}tZO

= Ostl Db+ [ Oful et | 0(©)- V.0t

R3

:Ax¢m+/ Dt@u}t:odg_'_/ Ai’fu}tzodg
R3 R3

:Ax¢i"+/Rg finde = 0.

By the uniqueness property for the wave equation, one concludes that
g = 0, which is the Lorentz gauge condition.

It remains to verify that the electromagnetic field satisfies the Gauss
and Maxwell-Ampere equations: by the Lorentz gauge condition,

divx E = thgb — 8t(8tgz5 + dlvx A)
— Ohudo + Dha / wd = / fde = py,
R3 R3

while

OE —curl, B= -0, ,A— V,(0¢ + div, A)
O [ vlQude = [ o@)sds = —js.
R? R?
Therefore (f, E, B) is a solution of the Vlasov-Maxwell system (1), and

E}tzo - /RS v(f)@tu’tzodf — Ve /RS u’t:Od5 B v$¢0’t:0
— _vx _Am —1 md — Ein’
(a7t [ e

while
B|,_, = curl, / v(&)ul,_,dE =0,
R3
so that (£, B) also satisfies the initial condition (2). O
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With this formulation of the Vlasov-Maxwell system, the analogue
of the Coulomb potential in the Vlasov-Poisson system becomes fairly
obvious. Let Y be the forward fundamental solution of the d’Alembert
operator, i.e. the only Y € D'(R x R3) satisfying

(7) Dt,xY = 5(t,a:):(O,O) )
supp(Y) C Ry x R?.

We recall that, in space dimension 3, the distribution Y is given by the
formula

1o B
®) v = 2050 ),

where the notation é(|x| — t) is understood as the surface measure on
the sphere of radius ¢ > 0 centered at the origin. Then, the function «
in (5) is given in terms of f by the formula

(9) u('7 75) = Y*t,x (1t>0f('7 75)) ) 5 S R3

where ;. denotes convolution in the variables (¢,x), while the scalar
potential ¢ is given in terms of f** by

1) ou(t) =Y ()% G [ POt 0,

where

(11) G(2) zeR?

T

is the fundamental solution of —A,.

Therefore, the Lorentz force field F' := E + v A B in the Vlasov-
Maxwell system is given in terms of the particle distribution function
f by the formula

F[f] - anty(tv ) *z G*x f(ov K n)dﬁ

R3

_ L3<vm + v(n)@t)Y Kt f(? K ﬁ)dn

- /R V(&) A (v(n) A VLY %10 £ m))dn,

to be compared with the formula

FPoisson[f] = - / V:BG K f(tu ) n)d'f?
R3

in the case of the Vlasov-Poisson system.
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In the Vlasov-Poisson case, the N-particle dynamics considered by
Hauray and Jabin (see for instance formula (1.1)-(1.2) in [10]) is the
differential system

(@i(t) = v(&(t))

(1) = 5 S VLAY (1) Glai(0) - 25(0)

_ ﬁz/o (Vi + 0(&())0)Y (t — 5,34(t) — 3;(s))ds

- ﬁ > | VGO A G ALY (E =5, 2i(t) = 25(5)))ds
\ . i=1,...,N.

There is an obvious difficulty in (12): since V,G is singular at the
origin, the right-hand side of the equation for #; is not defined whenever
x;(t) = xz;(t) for some j # i. More seriously, in (13), the second and
third terms in the r.h.s. of the equation for & are not a priori well
defined quantities because Y is a measure and not a (C') function. Yet
this difficulty disappears in the reference [3], where the Green function
G is replaced with a regularization thereof. Likewise, we shall replace
Y with some regularized variant thereof, which removes the difficulty
mentioned above.

Notice that, while (12) is a system of N coupled ordinary differential
equations, (13) is a system of N coupled integro-differential equations
— more specifically, delay differential equations. The same is true
of the dynamical system (7)-(9) considered in [8], and this is a conse-
quence of the retarded potential formula for the solution of the Maxwell
system, or, equivalently, of Kirchhoff’s formula (9) for the solution of
the wave equation.
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3. A REGULARIZATION OF THE VLASOV-MAXWELL SYSTEM

Any regularization of Y would transform (13) into a well-posed sys-
tem. Yet, classical solutions of the original Vlasov-Maxwell system
satisfy some conservation laws, which one might wish to preserve by
the regularization procedure.

Since v = Ve,

(14) divye(v(§), E+vAB)=dive(vAB) =B -curlev =0

so that the characteristic field of the transport equation in (1) preserves
the phase space Lebesgue measure dzd§. Hence, if (f, E, B) is a classi-
cal solution of (1) on the time interval [0, T, then, for all p € [1, 4+00],
one has

(15) ||f(tv ) ')HLP(RSXRS) = ||fm(a ')||LP(R3><R3)

for each t € [0,7]. This obviously remains true if the electromagnetic
field (E, B) is replaced in the transport equation governing f with any
regularization thereof in the ¢, x variables.

Moreover, if (f, F, B) is a classical solution of (1) on the time interval
[0, T] with, for instance, f € C}([0,T] x R?® x R?) while the electro-
magnetic field E, B € CL([0,T] x R% R3) N C([0, T]; L*(R?; R?)), then

(16) //R3><R3 e(f)f@axaf)dxdf—i-%/RS(\E\2+|B\2)(t,x)dx = Const.,

which is the conservation of energy (the first integral being the kinetic
energy of the particles while the second is the electromagnetic energy).
Conservation of energy is not expected to be preserved by all regular-
izations of the electromagnetic field.

There is however one clever regularization procedure for the Vlasov-
Maxwell system that preserves a quantity analogous to the energy and
which converges to the energy (16) as the regularization is removed.
This regularization of the Vlasov-Maxwell system, proposed by Rein in
[16], is recalled below for the reader’s convenience!.

Let x € C>°(R3) satisfy

X(@) = x(=a) 20, swp() € BO.1), [ ra)de =1,

and define the regularizing sequence

Xe(T) = eigx (x)

€
IProf. Rein kindly informed the author that this regularization procedure had
been introduced earlier in this context by E. Horst in his Habilitationsschrift.
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for each € > 0. Consider then, for each € > 0, the following regularized
variant of (5) with unknown (f, u.):

(e +0(8) - Vafe + (Ec+v() A Be) - Vefe =0,

Dt,xus = Xe *z Xe *z fe 5

¢E:X5*mXe*x¢O+/

R3

wde, A= /R o€t

\ B, = curl, Asa E. = _atAE - v$¢5a
where ¢y is defined in as (4), and with the same initial data as for (5):

(18) Je

Along with the electromagnetic field (E., B.) of the regularized sys-
tem (17), consider (E., B,) defined as the solution of the Maxwell sys-
tem

=0.

t=0

n
o = f7 el = Orue

div, B, =0,

OB, +curl, E. =0,

diva: Ee = Xe *z Pfe s

atEE - Curlx Be = —Xe *z jfe )

(19)

with initial data

(20) E,_y=Xc* E™, Be,_,=0.

Proposition 3.1 (Rein [16]). Let € > 0 and f™ € L>(R? x R?) be
such that

f™ >0 a.e onR?®xR? and supp(f™) is compact.

Then the reqularized system (17) has a unique weak solution (fe, )
defined for all positive times and satisfying u. € C°([0,T] x R? x R?)
for each T' > 0, while

ft,2,6) >0  forae (t,r,) € Ry xR>xR?,
| fe(t, - ) lrmaxmsy) = Const. for all p € [1,+00], and

// e(&) fe(t, x, §)dxds + %/ (|E? + | B> (t, x)dx = Const.
R3xR3 R3

for each t > 0.
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Proof. The same computation as in the proof of Proposition 2.1 shows
that (f., Ee, B.) satisfies

atfs +U(€) ’ va:fe + (EE +U(€) A BE) ) vffs =0,
div, B, =0,
(21) 0B, +curl, E. =0,
divy Ee = Xe %z Xe *z Pfe>
O e — curly Be = —Xe %3 Xe %z Jf.

with initial data
(22> fé t=0 = fin7 Ee

where E™ is defined as in (3).

This is precisely the regularized Vlasov-Maxwell system studied by
Rein in [16], to which we refer for the existence of a solution.

That fe > 0 a.e. on Ry x R* x R? and t — |[|fe(t,, )|l LoraxR3)
is constant on R follows from the method of characteristics for the
transport equation satisfied by f. since E. and B, are smooth with
bounded derivatives of all orders on R, x R3 x R3 and the vector field

(2, 8) = (v(€), Ec(t, ) + v(§) A Be(t, x))

is divergence free, while f* > 0 a.e. on R*xR? and f € L?(R?>xR?)
for each p € [1, +o0].

We briefly recall from [16] the elegant argument leading to the con-
servation of the (pseudo-)energy for (21), which is the reason for the
specific regularization procedure chosen in (21). For simplicity, we as-
sume that f € C}(R3?xR3), so that, by the method of characteristics,
fe € CH[0,T] x R3 x R3) for each T' > 0. Then

=0,

— in
t=0 - XE *{L’ XE *JB E ) BE t=0

d .
@ g [ contn = [ Bt

By uniqueness of the solution of the Maxwell system, E. = x, %, E., so
that

| Ecdnttants = | (o Byt
R3

R3
= / EN& ’ (Xe *y jﬂ)(tvx)dx
RS

where the last equality follows from the fact that x. is even. On the
other hand, the classical computation leading to the conservation of
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energy in the Maxwell system (19) is as follows:

d
dt Jrs

LB + |B)(t, z)dx
- _/ Ee “(Xe*z J1.)(t, x)dx
RS

+ / (Ee -curl, B, — B, - curl, Ee)(t, x)dz.
R3

Now the last integral above vanishes since
E.-curl, B.— B, -curl, E, = — div,(FE. A Be)

and Bc(t,-) has compact support for each ¢ > 0. Combining (23) and
(24) give the announced conservation of (pseudo-)energy for (21), and
therefore for (17). O

At this point, we introduce the regularized N-particle dynamics for
the Vlasov-Maxwell system. Define

(25) Y. = Xe*e Xe %2 Y.
In other words, Y, is the solution of

Dt,a:Y; - 5t:O ® (XE *y Xe) ) n D/(R X Rg)
supp(Ye) C Ry x R’

or, equivalently, }/E}R+><R3 is the solution of the Cauchy problem

0,.Y. =0, z€R* t>0,
Y;}t:OZO’
0,Y

tIO - XE *{L’ Xé M

The classical theory of regularity and the finite speed of propagation
for solutions of the wave equation imply that, for each € > 0,

(26)  Y.e C™(R; x R?) and supp(Y.(t,-)) C B(0,t + 2¢).
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Next we consider the system of (delay) differential equations
(27)
(2:(t) = v(&(1))
N

P = -% Z VLY. () ke Gls(0) — 25(0))

o +0(&5(8))O)Ye(t = s, 2:(1) — w;(s))ds

2 |

A (0(&(8)) ANV Ye(t — s, 2;(t) — x;(s)))ds .

2 |

/t
S

Like (13), this is a system of N coupled delay differential equations.
However, unlike in the case of (13), the r.h.s. of the second equation
above is obviously well-defined since Y, € C([0,7] x R?) for each
T>0.

Comparing the original dynamics (13) with its regularized analogue
(27), one notices that, in (13) the force acting on the i-th particle
is the electric or electromagnetic force created by the N — 1 other
particles. Self-interaction — i.e. the action of the electromagnetic field
created by the i-th particle on itself — is therefore neglected in (13),
unlike in the regularized model (27). As a matter of fact, there are
serious conceptual difficulties with the notion of self-force in classical
electrodynamics, which are beyond the scope of the present paper. The
interested reader is referred to the discussion on pp. 675-676 of [8] —
see also chapter 16 of [11] and especially [17] for more on this subject.
That the self-interaction force is present in the regularized model (27)
is only for mathematical convenience (see below).

In fact, if the regularizing parameter is kept fixed, neglecting the self-
interaction force in (27) will only produce an error of order O(1/N) over
finite time intervals.
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Indeed, consider instead of (27) the following regularized variant of
(13):

(1) = v&(t)
(1) = 5 S VLAYt ) 2 GlEn(0) — £5(0))
NT D ) (Ve DA~ 1) 355
-7 2 [ ) A W) A VYl = (0 = 2(5))is.
\ . i=1,...,N.

That the regularized dynamics defined by (27) and (28) are equiva-
lent on finite time intervals as N — +o00 is summarized in the following
statement.

PI‘OpOSitiOH 3.2. Let E,T > 0 and N > 2. If (xiagi)lﬁiSN and

(fi,éz‘)lgz‘gN are solutions of (27) and of (28) respectively on [0,T],
and if

then one has the error estimate

|2:(t) — ()] + &:(t) — &(t)| = O(1/N)

foralli=1,...,N and all t € [0,T].
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Proof. Observe that, for each N > 2 and

’N 1 Z/ z 5] JOR)Ye(t — s, 2i(t) — ;(s))ds

_ ;z;/o< w A+ 0(E(8)O0)Yult — 5, 2:(t) — a5(s5))ds

Z/\ o)Vt = 5.35(1) — 35 (5)) s

Nz/\ 4 0 (NAYAL = 5,21(t) — 5(5))

— (Vo +0(&(5))0)Ye(t — 5, 2:(t) — 2;(s))|ds

+ % / (Ve + 0(&(9))00)Yelt — 5,24(1) — @ils))|ds

2t
< 7||VtxY || oo (0,71 x R3)

t

+ % Z ||V152,a:Ys||L°°([0,T]xR3) /0 |Z;(s) — x;(s)|ds

=1

G

1 N t

+ N Zl ||at}/e||L°°([O,T}><R3)||V§U||Loo(R3) /0 |€](3) — 6j(3)|d5

G
+ 2T ||V5 el oo o,y xmey |23 () — 24(t)] -

The difference between the right-hand sides of the equations for &
in (27) and (28) involves two more terms analogous to this one.
Thus, denoting
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we see that, for each i = 1,..., N and all ¢ € [0, 7], one has

<C</5 dT+NZ//5 dsd¢+w>
—a [ s 3 [fe-vains 22
<c</5 )dr + — 2/5 4T+2>,

since &;(0) = 0, where C. is a constant depending on

IViaYell Lo qorxre) > | VieYellnoe(orixrey s |G xe VaYell Lo (o,11xR2)
and ||V§U||Loo(33 .

Therefore, summing for ¢ = 1,..., N both sides of the inequality
above shows that

N t

AT + 2
S (R R
and we conclude from Gronwall’s inequality that

5()<C4T]\;L2 Dt 0<t<T.

Substituting this in the inequality satisfied by &;, we find that

)< C. (/5 dT+T/5 4T+2)

4T 2
<C. £.(1)d = C(+T)t <
/0 <T) T N ¢ N

so that, applying again Gronwall’s inequality leads to

2
&(t) < N(1+2Te (DT Cet 0 <t <T,i=1,...

4. DOBRUSHIN’S ESTIMATE

Let k be a R"valued Radon measure on R x R4 of the form

(29) k(t,z,7,¢) = m(t,2,()6— +7(t, 2,7,¢), 2 (ER? 5t>0.
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We assume that r € Cy(R*? x R4 R") and m € C,(R'4 x R4 R™)

satisfy the properties

r(t,z,7,) =0 whenever 7 ¢ [0,t] and z,( € R?,
m(t,z,{) =0 whenever t < 0 and z,¢ € R?,

(30)

together with the Lipschitz condition

(31) r(t, 2,7, Q) —r(t, 2, 7. )| + Im(t, 2, Go) — r(t, 2/, )]
< Lipp(k)(LA |z = 2| + TAIC = [+ 1A |G = Gol)
forall¢, ¢, 7,7/ € [0,T] and all z, 2’, (, {’, Co, ¢, € R?, where the notation

a A b designates min(a, b) for all a,b € R.
We consider the integral operator with kernel &, i.e.

Kn(t.) = [ rttsnOutrdQir+ [ mit, 0u0,0)

for each p € C(R4;w — P(RY)), where w — P(RY) designates the set
of Borel probability measures on R¢ equipped with its weak topology.

For any given Borel probability measure p™ on RY, consider Z =
Z(t, z; p™), the solution of the mean-field integro-differential equation

Z=Kpt,Z),
(32) p(t,-) = Z(t, - p")#p™,
Z(0,z;p™) = 2.

(If ® : R? — R? is a Borel transformation and p a Borel probability
measure on RY, the notation ®#p designates the image measure of p

under ®, defined by the formula ®#p(A) = p(®~1(A)) for each Borel
set A C R%.)

Proposition 4.1. For each Borel probability measure p™ on R, the
mean-field integro-differential equation (32) has a unique global solution
Z € C(RyxR%:RY) such that t — Z(t, 2) is continuously differentiable
on Ry for each z € R,

Proof. To any bounded map Z belonging to C' (R, x R4 RY), we asso-
ciate the map Z in C(R; x R% R?) defined by

Z(t,z) =z + /Ot K(Z(-,)#p™) (1, Z (T, 2))dT
:z+/0t /0 /Rdr(s,Z(s,z),T,Z(T,C))pm(dOdes
# [ .22, 05" .
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Let Z1, Z, € C(R; x R%R%) and denote Z;, Z, the maps so defined
in terms of Z1, Zs. Then, by the Lipschitz condition (31)

22(t,2)- (0,2
< Lip,(k / / /Rd |Z1(s,2) — Zs(s, 2)|p"(d¢)drds
t1ive®) [ [ [ 1400 - Bn Ol dras
v [ [ 069 Zalo. )l (@)
for all £ € [0, T]. Denote
E(t) = sup |21t 2) = Za(t, 2)]
Et) = :i‘;pN |Z0(t 2) = Zalt, 2)]

for all t > 0. Then, for all ¢ € [0, 7], one has

E(t) < Lipy(k) (/ (1+ )€ ds+// des)

(33) = Lipy(k) ( /0 t(1+s)€( )ds + / (t—T)g(T)dT)

0

= Lip,(k)(1 +t)/0 E(s)ds.

With this estimate, we construct the solution by the usual Picard
iteration procedure. Define recursively a sequence of maps (Z"),>0 by

t
2t =2k [ K2 202, 120,
0
70, 2) == 2.
Applying (33) iteratively with the notation

E™(t) = sup |Z"TH(t, 2) — Z"(t, 2)]|

2€R4
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shows that, for all ¢ € [0, 7], one has
t
£7(1) < Lipp(k)(1 + 1) / £ (1) dty
0

t t1
gLipT(k)2(1+t)/ (1+t1)/ E" 2 (ta)dtadt,
0 0

(34) . 2 o [ " ano
< Lipp(k)*(1 + 1) E™(ty)dtadt
0o Jo
tn
< Lip,(k)"(1 + t)"—' sup E°(t,)
n: o<t <t
since
tn
/ lo<t,<tnr<.<ti<tdbndty,_q...dty = I
Since
Lip-(k)™(1 + ¢)"t"
Z pT( )TE‘ ) < 400

n>0

for each ¢t > 0, we conclude that the sequence Z" converges uniformly
on [0, T] x R? for each T > 0 towards a solution of the integral equation

(35) Z(t,z) =z +/0 K(Z(-, ) #p™) (1, Z(1, 2))dr

defined for each ¢ > 0 and such that Z € C(R,; x R4 RY).
If Z; and Z, are two solutions of that integral equation, denoting as
above
E(t) = sup |Z1(t, 2) — Za(t, 2)|,

ze€R4

we conclude from (33) that

£0) < Lipy (1)1 +1) [ £(6)ds,

and, following the argument in (34), that
Tn
sup £(t) < Lipp(k)"(1+T)"— sup ().
0<t<T n. o<t<T
Letting n — —+o0o while keeping 7" > 0 fixed shows that £(t) = 0 for
each t € [0, T]; and since T' > 0 is arbitrary, Z; = Z, on R, x R%. This
establishes the uniqueness of the solution Z of the integral equation

(35).
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Finally, since the integral kernels » and m are bounded continu-
ous functions of all their arguments while p™ is a probability mea-
sure on RY, applying the dominated convergence theorem shows that
t— K(Z(-,)#p™)(t, z) is continuous for all z € R?, so that t — Z(t, 2)
is continuously differentiable in ¢ for all = € R and satisfies the differ-
ential form (32) of the integral equation (35). O

Once the existence and uniqueness of the solution of the mean-field
equation (32) is known, the next natural question is whether its depen-
dence in the initial probability measure p™ is continuous. The right
topology in which to measure the proximity of two initial probability
densities pi", pi* is obviously that of the weak convergence of probabil-
ity measures on R?. An extremely convenient way to obtain quanti-
tative information in that topology is to use the Monge-Kantorovich-
Rubinstein distance, whose definition we recall below.

Definition 4.2. Let P(R?) be the set of Borel probability measures on
R¢. The Monge-Kantorovich-Rubinstein distance on P(R?) is defined
by the formula

distyxr(p,v) =  inf // LA |z — y|r(dzdy)
RIxRd

mell(p,v)

where T1(u, v) is the set of Borel probability measures on R x RY whose
marginals are p and v, i.e.

[ otwwtmtndy) = [ otwutas) [ wwiay
R xR R? R?
for all bounded continuous functions ¢, defined on RY.

This distance is also called the Wasserstein distance — although it
was considered more than ten years earlier by Kantorovich and Rubin-
stein, and appears in the work of Monge.

Our (slight) generalization of the Dobrushin estimate presented in
[7] is stated in the following proposition.

Proposition 4.3. Let p™ and pi* be two Borel probability measures on
RY, and let Z1, Zy be the corresponding solutions of (32), denoted

Zi(t,z) == Z(t, 2 p") for j=1,2, t>0, and z € R,
whose existence and uniqueness is established by Proposition 4.1, and
pj(ta) = Zj(ta)#p;n7 fO’f’j = ]-72
Then, for each t > 0,

distarrer(pr(ts ), pa(t, ) < (1 + tLipy(k))e! M2 ®) dist e p(pi", pir) .



MEAN-FIELD LIMIT FOR VLASOV-MAXWELL 21

The main difference between this result and Proposition 4 in [7] is
that the proposition above applies to an integro-differential equation
of the form (32) satisfying the causality assumption (30), whereas the
differential system considered in Dobrushin’s original contribution [7]
did not involve memory effects. This is only natural since Dobrushin
was interested in the Vlasov-Poisson equation, a non-relativistic model
in which the force field is created by the instantaneous distribution of
charges.

There are other minor differences: for instance, unlike Dobrushin’s
the estimate obtained here is local in time and uses the Gronwall in-
equality; besides, the integral operator K in (32) considered in the
proposition above is not necessarily a convolution operator as in [7].
But the argument is mostly the same as in [7], and we give it below
only for the sake of being complete.

Proof. One has

Kpi(t, Z1(t, 21)) — Kpa(t, Za(t, z2))

// (t, Zu(t, 1), 7, C)pu (7, dCy ) dr
Rd
+ / m(t, Zi(t, z1), 1) pi"(d¢y)

Rd

_ /0 t /R r(t Zalt ), ) pa(r dGa) dr
_ /R mlt, Za(t, 22). C2) P (dGa)
_ / t /R (4 21t 20,7, 20, )G
n / m(t, Zu(t, 21), )P (d)
/ /Rd 1 (t, Za(t, 23), 7, Zo(T, () P (d o) dr
- [ mlt.Zalt, ), G (0c)

for each ¢t > 0 and 21, 2, € R?%. In the second equality above, we have
used the identity

(36) [ o2 6)erG) = | o)
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for all bounded ¢, Borel measurable on RY, since p;(7,-) = Z;(7, ~)#p§"
— see the definition of the image of a probability measure under a Borel
map following (32), that is equivalent to (36) with ¢ = 14.

Pick 7" to be any probability measure on R¢ x R® with pi* and pi"
as marginals: one has, for each ¢t > 0 and 2, 2, € R?

Kpi(t, Z1(t, 21)) =K pa(t, Za(t, z2))

///RR r(t, Zu(t, 1), 7, 20(7,C1))

— 1 (t, Zo(t, 25), 7, Zo(7, G2)) )" (dCy, dCo)
+ //RdXRd(m(t, Z1(t, 21),C1) — m(t, Zy(t, z0), &) m™(dCy, dCs) -

Hence, as a consequence of (31), for each ¢t € [0, 7] and 2, 2o € R?

|Kpi(t, Z1(t, 21)) — Kpa(t, Za(t, 22))]

< Lipp(k) (tl N|Z1(t, z1) — Za(t, 22)| +/ D(1)dr + D(O)) ,
0
with the notation
[ 1Az - 2l G, dea).
RIxR4

Therefore, for each t € [0,7] and each 21, 20 € R%, one has

|Z1(t, Zl) — Zz(t, 2’2)|

t
< |21 — 22| +/ | K p1(s, Z1(s,21)) — Kpa(s, Za(s, z2))|ds
0
< |71 — 22| + Lipy(k)tD(0)

+Lipp(k) (/Ot SUA|Zu(s,21)— Za(s, z2)|ds+/0t /OSD(T)des) |



MEAN-FIELD LIMIT FOR VLASOV-MAXWELL 23

Integrating with the measure 7" (dz1dz;) both sides of the resulting
inequality for 1 A |Z;(t, z1) — Za(t, 22)|, we arrive at

D(t) < (1 + tLipy(k))D(0)

+ Lipy (k) < /0 " $D(s)ds + /0 t /0 sD(ﬂdes)
)

= (1 + tLipy(k))D(0
+ Lipp (k) (/0 sD(s)ds —i—/o (t — S)D(s)ds)
= (1 + tLipp(k))D(0) + Lipp(k)t /t D(s)ds .

This implies the estimate

D(t) < D0)¥(t), t>0,

where
U(t) = (1 + tLip, (k))e" M Pe®) ¢ >0,
Now
D)= ([ 1AIG - Gl dgdc)
R4xR4
where

m(t,-) == (Z1(t, ), Za(t, ))#ﬂ-m
is the image under the map (z1, 22) — (Z1(t, 1), Za(t, 22)) of the mea-
sure 7" . Obviously

" e H(pin’ pl2n) = W(ta ) S H(pl(t> ')apQ(ta ))
for each t > 0, so that
distrykr(p1(t, ), p2(t,-)) < W (£)D(0) .

Minimizing the right-hand side of this inequality as 7 runs through
II(pi", pi) leads to the desired estimate. O

5. APPLICATION TO THE REGULARIZED VLASOV-MAXWELL
DYNAMICS

Let € > 0 be a fixed regularization parameter, and consider the
regularized Vlasov-Maxwell system (17). Henceforth we assume that
f™ is a probability density on R3® x R3. Applying the method of
characteristics to the transport equation governing f. shows that

(37) Jelt, Xe(t, 03 f™), Bt w,vs 7)) = [ (2, 0)
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where t — (X, Z)(¢,-,; ™) is the solution of

X, = v(Ze)
(38) Ee = E6<t7 Xe) (E ) ( )
= Fe[fe(t’ K ')](Xea Ee) )
with the notation
F.f] :=— " OV Y (t, ) xe G, f(0,-,m)dn
(39) = [ (Tt o))Y.ra S
R3

_ /Rgv(ﬁ) A (W) AVYexpa f(,-m))dn.
Since div,e(v(), Ee(t,z) + v(§) A Be(t,z)) = 0, the flow (X, =)

leaves the Lebesgue measure dxd¢ invariant so that (37) can be recast
as

According to (39), the vector field (v(€), Ec(t,z) + v(§) A B(t,x))
can be expressed by an integral operator with kernel of the form (29)
satisfying the causality and Lipschitz conditions (30) and (31):

(41)

(v(€), Ee(t, x) + (t,2)) = K((Xe, Ze)(t, -5 f™)#S ™) (2, €)

(t
/ //Rsmg (t,z, &7, y,m) fe(T,y,n)dydndr
+//RSXRS me(t,, &y, ) f " (y,n)dydn.

: — (] 2 1,2 1
In this formula, r. = (r!,r?) and m. = (m!, m?), where r!, r2, m! and
m? are given by

re(t, @, € s,y,m) =0,
mi(t,x,&,y,m) = Li>0v(€),
(42)  ritx,& 8,y,m) = —(Ve +0(n)d)Ye(t — 5,2 — y)
— (&) A (v(n) AVLY(t — s, —y)),
mZ(t,x,&,y,n) = —0,V,Y. %, G(t,z —y).

Therefore the characteristic flow Z. := (X, =) of the regularized
Vlasov-Maxwell system (17) satisfies a mean-field integro-differential
system of the form (32), where the integral operator K. is defined by
(41)-(42). That the integral kernel of K, satisfies (30) is obvious since
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Y.(t,z) = 0 for all z € R if t < 0. That it also satisfies the Lipschitz
condition (31) is equally obvious in view of (26). Henceforth, we denote

(43) L(T, ¢) = Lipp(k.)

where k. is the integral kernel of the operator K, defined above.

Bringing together the results obtained in the previous sections, we
finally obtain the regularized Vlasov-Maxwell system (21) — or equiv-
alently (17) as the mean field limit of the N-particle system (27) as
N — +o00.

Theorem 5.1. Let € > 0 and f™ € L>(R? x R?) be such that
f™>0ae onR*xR*, supp(f™) is compact,

//RR (@, &)duds = 1.

(In other words, f™ is an essentially bounded probability distribution
on R3 x R3.)

Let (fe, uc) be the solution of (17) with initial data (18) — or, equiv-
alently (fe, Ee, Be) the solution of (21) with initial data (22).

On the other hand, let (z}', & )1<i<y be a sequence (indexed by
N) of 2N-tuples in R?® such that the initial empirical measure of the
N -particle system

and

N
fa = ¥ E 51% ® 55% — [ dxd€ weakly
i=1

as N = +o00. Then

a) for each N > 1, the system (27) has a unique solution defined for
all t >0 and denoted t — (l‘i7N(t), gi,N(t))lﬁiSN .

Denote
N
fNﬁ(tv )= N Z 5331‘,N(t) ® 55i,N(t)
i=1
the N-particle empirical measure at time t for each t > 0. Then
b) for each T > 0,
fre(t, ) = fe(t, z,€)dwdE weakly in P(R® x R?)

uniformly in t € [0,T] as N — 4o00; more precisely

S[Up] diStMKR (fe(tv 5 ')a fN,E(ta ) )) < C(Ta 6) diStMKR (flna ]Z\7)
te[0,T

where C(T, €) = (1 + TL(T, €))eT" LT with L(T,€) as in (43).
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Proof. As we have explained before stating Theorem 5.1, the regular-
ized Vlasov-Maxwell system (17) with initial data (18), or equivalently
(21) with initial data (22) is a special case of (32) with integral operator
K. defined by (41)-(42).

By Proposition 4.1, the system (32) with integral operator K, has a
unique solution

(X, Z0) = (X, 2)(t,x, & f)

for any initial Borel probability measure f on R3? x R?.

On the other hand, if the map ¢ — (x; n(t),& n())1<i<n is C! on
R, a straightforward computation shows that it is a solution of (27)
with initial data

(i (0), & 5 (0)1<ien = (2, EN ) 1<i<n

if and only if

win(t) = Xe(t, oin, G N5 G () = et 2y, &l V) -

This is in turn equivalent to the fact that the empirical measure

N
1
Snelts ) = N Z O, (t) © Og; (1)
=1

satisfies

fN,E(ta ) ) = (Xea EE)(t7 R %L)#sz\? .
Therefore the existence and uniqueness result in Proposition 4.1 trans-
lates into statement a) in the theorem.

Comparing this last equality with (40) and using the Dobrushin in-
equality in Proposition 4.3, we arrive at b). (We recall that the dis-
tance disty;xgr metrizes the topology of weak convergence on the set
P(R? x R?) of probability measures on R3 x R3.) O

Theorem 5.1 can be viewed as a quantitative statement about the
continuity in the weak topology of probability measures of the solution
of the regularized Vlasov-Maxwell system (21) in terms of its initial
data. Its corollary stated below explains how this information can
be translated into uniform convergence of the N-particle regularized
electromagnetic field to the one created by the solution of (21).

Let (E, B.) be the electromagnetic field associated to the solution
of (21) with initial data f™ and let (Ey., By.) be the solution of the
regularized Maxwell system

diVm BN,e =0 y

O BN+ curl, Ey. =0,

divy ENe = Xe *z Xe *z Pfnes

8tEN,5 — Clll"lgC BN75 = —Xe *z Xe *z ijE R

(44)
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with initial data
(45) Exel,_y = =VaXe *x Xe %o G¥a prin s Bel,, =0,
In other words, (Ey., Bn) is the regularized electromagnetic field cre-

ated by the N-particle system.

Corollary 5.2. Under the same assumptions and with the same nota-
tions as in Theorem 5.1
a) for each T > 0, one has

diStMKR (pfe <t7 ')7 pr,e(tu )) < C(T, 6) diStMKR (fm7 12\1[1)

and

177t ) = Gpw.c (8 w11 ey < 4C(T, €) distarcr (7, fA)
for allt € [0,T] and N > 1 — so that in particular

1 1
N Z 5$i,N(t) = Pfe <t7 ) and N Z U(éi,N<t>>5$i,N(t) = Jfe (tv )
i=1 i=1
uniformly in t € [0,T] as N — 400, where the first convergence holds
in the weak topology of P(R?), while the second holds in the weak topol-
ogy of bounded Radon measures on R3;

b) for each T > 0, (En,., Bn.) converges to (E., B.) uniformly in
(t,z) € [0, T] x R* with the following estimates

||BE - BN,eHL‘X’([O,T]XRS) < C,(Tv 6) diStMKR(finv Jz\?)

and
|Ee — Enellzeeomxr3) < C"(T, €) distyxr(f™, fN)
where
C/(T, 6) = 4TC(T, 6) ||Vx}/e||Loo([07T};W1,oo(R3))
and

C”(T, 6) = 4TC<T, 6) ”vlg’x}/ﬁHLoo([O,T];Wl,oo(RS))
|| di Vo Ye %y GHLOO([O,T];WLOO(R:*)) )
and where C(T€) is as in Theorem 5.1.

Proof. For the first statement in a), pick any bounded and Lipschitz-
continuous function ¢ on R? and observe that

/R3 (ps.(t,2) = pry. (8, 2))0(2)d

- ] / /R CCE ¢<y>)w<t,dxdfdydn>'

< 2l / / 1A Jz — yln(t, dededydn)
R3xR3xR3xR3
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where 7(t,-) is any probability measure in II(f(¢,-), fy(t,-)). Mini-
mizing the r.h.s. in 7(¢,-) while maximizing the Lh.s. in ¢ such that
Lip(¢) < 1 and applying the Kantorovich duality theorem (see formula
(5.11) on p. 60 in [19], or Theorem 1.3 on p. 19 in [18] and Remark
7.5 (i) on p. 207 in that same reference) leads to

diStMKR(pfe (t’ ')’ PFnN,e (t’ )) < diStMKR(fE(ta ')7 fN,e(t’ )) )

and one concludes with Theorem 5.1 b).

For the second statement, proceed in the same way, replacing the
test function ¢ with ¢ (x) - v(£), assuming that ¥ € WL>(R3;R3).
Thus

/Rg(jfe(ta 2) = Jpn(t 2)) - ¥ (2)da
_ ‘//RSXRSWx) -v(€) —?/)(y).v(n))w(t,dxdgdydn)'

< 2llellwre +2[¢] o)

x// (LA |2 — gl + 1 A | — ) (t, dedédydn)
R3xR3xR3xR3

Minimizing the r.h.s. in 7(¢,-) while maximizing the Lh.s. in ¢ such
that ||1)][w1.00m3) < 1 leads to

dp. () = dpn () w11 msy < 4ddistyrr(fe(t, ), fae(t,-))

and one concludes again with Theorem 5.1 b).
Now for b). Observe that

t
Bu(t, 1)~ Bt x) = / / VLY. (t—s, 2~y AGs (5, 9) s (5.9))dy
0 R3

so that, for all z € R3, one has

[Be(t.2) = By(t.)| <t sup [|[V.Yi(s, ) lwomimey
<s<t

X Sup ||jfe(t7 ) - ij,e(t7 ')||W*1’1(R3)
0<s<t
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and one concludes by a). The estimate for the electric field is obtained
in a similar way, from the formula

E.(t,x) — En(t, )

t
__ / OVt — 5,2 — 1) (Gig.(5,9) — . (5,))dy
0 R3
t
- / / VLYt — 5,2 — 9)(p7(5:9) — prv. (5,9))dy
0 R3

~ [ (085 Gl = ) g ) = g ()

6. FINAL REMARKS AND CONCLUSION

The discussion above leaves aside several additional questions about
this regularized dynamics.

First, although we insisted on choosing Rein’s regularization proce-
dure because the “pseudo-energy”

Wi = [ st it [ HIBE+ 1B )

is constant under the dynamics of (21) — see Proposition 3.1 — we
have not used this quantity in the mean-field limit itself. (The same
can be said of earlier work in the same direction, first and foremost [3]
and [7].)

Strictly speaking, Rein’s theorem in [16] establishes that W][f] is
constant only in the case where the initial particle distribution func-
tion f™ is a probability density (in fact, in the more general case where
f™ >0 a.e. is a measurable function such that W[f™] < +o00.) There-
fore, even though the empirical measure fx . in Theorem 5.1 is a weak
solution of the regularized Vlasov-Maxwell system in the sense of mea-
sures, Rein’s theorem cannot be applied directly to initial data of the
form fi.

Proposition 6.1. Let N > 1 and € > 0 be fized, let (z™, ™) 1<i<n be
a N-tuple of elements in R® x R?, and let

1 N
=5 > Gy @ Ggin .

i=1
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Let t — (24(t),&(t))1<i<n be the solution of (27) with initial data
(2", €M) 1<i<n, and define

N
fNE 77' = Z ®5£Z(t tZO
Then
W[ fnel(t) = WIfY]
for allt > 0.

Proof. Regularize fi in (x,¢), for instance by replacing fi# with its
convolution fi ¢ ¢, with any (nonnegative, compactly supported)
mollifying sequence ((,),~0 on R* x R3. If |21"[,[¢/"] < R for each
i=1,...,N and supp(¢,) C B(0,n) x B(0,n), one has

supp(f}'\;fn) C B(0,R+n)x B(O,R+n).
Then
Ej\?,e = _VxG *z Xe Xz pf}\? and E}\rfin,e = _VxG *z Xe Xz pf}'\?n

both belong to L?*(R?) since V,G(z) = O(|z|™?) as |z| — +oc.

Denote by (fnn.e; Enge, Bnn.e) the solution of (21) with initial data
(f]i\’,fn, Xe *z EJi\Tfl,n,e’ 0). Applying Rein’s theorem (Proposition 3.1) shows
that

W fnnd(t) = WIS, < +oo, t>0.

Let n — 0. Then f}\’,@n — fi in the weak topology of Borel proba-
bility measures on R3, and

I, @t [[ o)

since supp(fy',) € B(0,R + 1) x B(0,R + 7). On the other hand,

denoting
)= | o g

which is a regularizing sequence on R3, we see that
E}({W =0, %, E}({E — E}({e
in L*(R?). Therefore
WIS = W] < 400 asn—0.

Reasoning as in the proof of Theorem 5.1 and Corollary 5.1, since
fnmeand fy . are two solutions of the same regularized Vlasov-Maxwell
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system with initial data satisfying fi¢, — fy* in weak-P(R? x R?) as
n — 0, we deduce from Dobrushin’s estimate that

Inme(t, ) = fae(t, -, ) in weak-P(R? x R?)
uniformly in ¢ € [0, 7] for each 7" > 0, while
(EN,U,Ea BN,n,e) — (EN,Ea BN,E)
uniformly on [0,7] x R? for each T > 0 as n — 0. (Recall that
(ENy.e, BNn,e) is the solution of the regularized Maxwell system (19)
with initial data (20) with fy . in the place of f., while (Ex., By,) is
the solution of the same system with fy . in the place of f..)

Obviously supp(fn,.e(t,-,+)) C B(0,R+n-+t) x R? (since particles
travel at speed < 1). Since

/ prm’e(t, x)dr =1 and / \ij’w (t,z)|dx <1
R? R3

we conclude from the formulas expressing En, . and By ., i.e.
Enpe=—0;VoYoxy Gxy Pz, — VaYexta Pryye — OYe iz Jfnm.e
By e = curly(Ye xee fu,)

that there exists Cr > 0 such that

|Enne(t, )| + | Buge(t, z)| < Cer
uniformly in > 0 as (¢, z) € [0, T] x R®. Therefore, for each ¢ € [0, T,
one has
supp(fane(t,-,)) CB(O,R+n+T) x B(0,R+n+2TC.r)
uniformly in 7 > 0, and
SUpP (P, (1°)) 5 supp sy, (t;-)) € BO, R+ 0 +1).
We also deduce from the formulas expressing EN,W and BNJ,,G that, if
0<t<T, then
E}Vm,e — Y *, Eﬁ(fims and BN,W

have compact support in [0,7] x B(0, R+ n+ €+ 2T).

Since we already know that EfY, ~ — FEf, in L?*(R’?) and that
(ENes Bnne) = (Ene, By,e) uniformly on [0,7] x R? for each T' > 0
as 7 — 0, we conclude that

W[me,e] (t) - W[fN,E] (t)
for each t > 0 as 7 — 0, so that
Wlfnd(t) = WIfN.
for all ¢ > 0. O
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Since the quantity W[fy |(t) is an invariant of the motion for the
dynamics of (27), a natural question would be to check whether (27)
is a hamiltonian system. We have left this question unanswered for
lack of applications of immediate interest. Besides, since the molli-
fied dynamics (27) is not a fundamental law of physics, whether it is
hamiltonian is perhaps a purely academic question.

Several remarks are in order to conclude the analysis presented above.

First, we have chosen to study (27) instead of (28) because empirical
measures constructed on the trajectories of (27) are exact solutions
of (21) in the measure sense. This interpretation disappears if one
neglects the self-interaction term in the regularized system. However,
because of Proposition 3.2, both regularized systems are equivalent for
e > 0 fixed and N — 400. On the contrary, none of these systems
seem to make very much sense for ¢ = 0, and in any case modeling
self-interaction in classical electrodynamics is a source of conceptual
difficulties, as mentioned above. As explained on p. 677 in [8], there is
little hope of deriving the Vlasov-Maxwell system as a mean-field limit
of a particle system without regularization as long as self-interaction is
not better understood.

Also, the work presented here leaves aside several issues mentioned
in [8] without further analysis, such as including spin in the particle
system; as in [8], the regularization procedure used here (based on
convolution with a blob function in the space variable only) is not
Lorentz invariant. In any case, this regularization should not be viewed
as an attempt to depart from a strict point particle model and introduce
some physical effect involving particle size, but as a mere mathematical
expedient.

As a matter of fact, the regularized dynamics (27) could be regarded
as an analogue for the Vlasov-Maxwell system of the well-known vor-
tex blob method used in numerical simulations of incompressible fluid
flows: see section 5.3 in [14] for a concise, yet lucid presentation of this
method. In the present context, one has the following approximation
result.

Proposition 6.2. Let f™ € L>®(R? x R?) be a compactly supported
probability density on R® x R3.
For each N > 1, let (2", &\ )1<icn € (R* x R®)Y be such that

i

N

1 : .

~ § Ogin, ® Ogin — [T dwd€ weakly in P(R? x R?)
=1

i the limit as N — +00.
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For each e > 0, let t — (x(t)in.e, §(t)ine)1<i<n be the solution of the
reqularized dynamics (27). Then, there exists subsequences Ny — +00
and €, — 0 such that

N
1 .
N Z(sa:i,Nk,ek(t) ® 5§i,N,€,ek(t) - f(ta ) )dl‘df weakly in P(Rg X RB)
i=1
uniformly in t € [0, T] for each T > 0, where (f, E, B) is a global weak
solution of the Viasov-Mazwell system (1) with initial data (2)-(3).

The global existence of weak solutions of the Vlasov-Maxwell system
was obtained by DiPerna-Lions [6], with some additional precisions to
be found in [16]. The (very weak) approximation result above follows
from applying Rein’s Proposition 4 in [16] and Theorem 5.1. Indeed,
let f. be the solution of the regularized Vlasov-Maxwell system (17)
with initial data (18) for each € > 0.

By Proposition 4 in [16], there exists a subsequence ¢, — 0 such
that f (t,-,-)dzdé — f(t,-,)dzd¢ in weak-P(R? x R?) uniformly in
t €[0,T] for all T > 0 as €, — 0. Therefore, for each k > 0 and T > 0,
there exists ¢, > 0 small enough so that

distarrer(f(t, - -), foo(t, -, ) < 27571 for each t € [0,T].

Then, for this value of ¢, > 0, by Theorem 5.1, there exists N, > 0
large enough so that

distprxr(fe,(t ), [ (t - 0)) < 2751 for each t € [0,T],

where
1 N
ka,ék <t7 E ) = N Z 51'1’,Nk,ek(t) ® 5£i,Nk,ek () -
=1

One then concludes by the triangle inequality.

Finally, it could be interesting to study fluctuations as Braun and
Hepp [3] did for the Vlasov-Poisson case; this is left for future investi-
gation.
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