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HAMILTONIAN EVOLUTION OF MONOKINETIC MEASURES
WITH ROUGH MOMENTUM PROFILE

CLAUDE BARDOS, FRANCOIS GOLSE, PETER MARKOWICH, AND THIERRY PAUL

ABSTRACT. Consider a monokinetic probability measure on the phase space
RY x Rév, ie. pin = pn(2)8(¢ — U™ (x)) where U™ is a vector field on
RY and pi® a probability density on RY. Let ®; be a Hamiltonian flow on
Ry x RYN. In this paper, we study the structure of the transported measure
u(t) := ®r#u*™ and of its integral in the & variable denoted p(t). In particular,
we give estimates on the number of folds in ®;( graph of U*"), on which M(t)
is concentrated. We explain how our results can be applied to investigate the
classical limit of the Schrodinger equation by using the formalism of Wigner
measures. Our formalism includes initial momentum profiles U with much
lower regularity than required by the WKB method. Finally, we discuss a few
examples showing that our results are sharp.

1. MOTIVATION

Consider the Cauchy problem for the Schrodinger equation in the case of a
quantistic particle whose motion is driven by a potential V = V(x) € R

i€0ppe = —2E A+ V(2)he, z€RY, teR,
Ye(0,z) = z/Jm(x) .

The unknown is the particle’s wave function 1, = 1 (t, z) € C, while 9™ designates
the initial datum. The dimensionless parameter € > 0 is the ratio of the particle’s
de Broglie wave length (see [7] on p. 51) to some macroscopic observation length
scale.

We choose the initial datum 1% in the form of a WKB ansatz

(2) P(@) = 0 (@) e,

where @™ and S are real-valued, measurable functions on R such that

/ a™(z)%dr = 1.
RN

The classical limit of quantum mechanics for a particle subject to the potential V'
corresponds with the asymptotic behavior of the wave function . as ¢ — 0% (see
chapter VII in [7]).

Assume that V € C°°(R") is such that —1€?A + V has a self-adjoint extension
to L2(R”) which is bounded from below, while

(3) V(z) = o(|z|) and 9*V (x) = O(1) for each o € NV as |z| = cc.

(1)
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Let ®; be the Hamiltonian flow

(2, 6) = @4(, &) = (X¢(2,€), Ee(2,€))

defined by the function H(z,¢) := 3|¢|? + V(z) on the phase space R x Ré.v
equipped with the canonical symplectic 2-form d§; A dxy + ...+ déy Adxy. In
other words, t — (X;(z,£),Z¢(x,£)) is the integral curve of the Hamiltonian vector
field (X, E) — (5, -VV (X)) passing through (x,&) at time ¢ = 0.

Assuming that S € C?(R), consider the C! map

for each ¢t € R, and set J;(y) := | det(DF;(y))|.

Denote by Cy the set of critical values of F;, which is Lebesgue negligible by
Sard’s theorem, and set C := {(t,z) |z € C;, t € R}.

Under assumption (3) and provided that

(4) VS (y) = o(ly|) as |y| — oo,

for each t € R and each z € R™ \ Oy, the equation Fi(y) = z has finitely many
solutions denoted y;(t,z) for j =1,..., N (¢, z).

The following result is based on global asymptotic methods developed by Maslov
[12] and stated without proof as Theorem 5.1 in [2].

Theorem 1.1. Let a™ € C™(RY) and S™ € C™ 1 (RYN) with m > 6N + 4. For
all e > 0 and all (t,z) € Ry x RN\ C, set

N (t,x) ain y t . )
5 J i (t,x) /e imvi(t,x)/2
? ]2 Je(y;(t, ) 1/26 ‘ ’

where, for each j =1,... ,N(t,z),

Sj(tvx)izsi"(yj(t,z)ﬂ/o (51 (¢, 2), VS™ (3 (8, 2))) 1 =V (Fi(y; (t, )))) ds

and vi(t,z) € Z is the Morse index of the path [0,t] 3 s — Fs(y;(t,z)) € RY.
Then the solution 1. of the Cauchy problem (1) satisfies

(6) Vet ) = We(t, x) + Re(t,2) + RE(t, )
for all T > 0, where

sw |1 Rellz2somy + swp |t @)] = O()
0<t< (t,x)eK

for each R >0 and each compact K C (R x RV)\ C.

Notice that each phase function S; is a solution of the Hamilton-Jacobi eikonal
equation

St x) + V.St 2)]> + V(z) =
Theorem 1.1 shows that the single WKB ansatz (2) evolves under the dynamics

of the scaled Schrodinger equation (1) into a wave function 1), that is asymptotically
close to a locally finite sum of WKB ansatz for z ¢ C; as e — 0.
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There is a different approach to the classical limit of quantum mechanics, that
is based on the notion of Wigner transform [18]. The Wigner transform at scale
€ > 0 of a complex valued function ¢ € L2(RY) is

We.€) = e [ 6o+ hen)ole — Fee <y

Theorem IV.1 and Example IIL5 in [8] are summarized in the following statement
— see also [4].

Theorem 1.2. Let ™ € L*(RY) and S™ € W) (RN) with [|a”|| 2@~y = 1.
Then

W, [ai"eism/e} (@) = |0 (2) 2y g () in S'(RY x RY)

as e — 0.
Assume that V' is such that —%GQA +V has a self-adjoint extension to L*(RY)
which is bounded from below, and satisfies

VeCH RY)  and V(z) > ~C(1+|a]?)

for some constant C' > 0. Then the solution . of the Cauchy problem (1) with
initial datum (2) satisfies

Weltbe(t, )] — p(t)  in &' (RN x RY) uniformly in t € [0,T)]

for each T > 0 as € — 0, where u € Cp(R;w — P(RN x RY)) is the solution of the
Cauchy problem for the Liouville equation of classical mechanics

Oipp+ € - Vo — dive(uV,V(2)) =0, z,6cRY, teR,
{ (0,2, -) = [a" () by sin(a) -
The initial datum in the Cauchy problem for the Liouville equation
pt () = 0™ (2)? 0y gin (a)

is an example of a “monokinetic measure” on the phase space RY x Rév . According
to Theorem 1.2, the Wigner transform of the solution of the Cauchy problem for
the scaled Schrodinger equation (1) with WKB initial data (2) converges as ¢ — 0%
to u(t) = ®;#u™, the initial monokinetic measure transported along trajectories
of classical mechanics.

Comparing the assumptions in Theorems 1.1 and 1.2 shows that the approach of
the classical limit of quantum mechanics based on the Wigner transform requires
much less regularity on both the potential V and the initial amplitude a™ and
phase S?*. On the other hand, Theorem 1.1 provides detailed information on the
structure of the evolved wave function v.(t) for all ¢ € R. This suggests the
following question.

Problem A. To find the structure of u(t) = ®;#u™™, where p® is a monokinetic
measure and ®; a Hamiltonian flow on the phase space on RY x Rév . For instance,
is u(t) a locally finite sum of monokinetic measures?

This last question is suggested by the following observation. According to Propo-
sition 1.5 in [5] and in view of Example IIL5 in [8], for all a1, . ..,a, € L?(RY) and



4 C. BARDOS, F. GOLSE, P. MARKOWICH, AND T. PAUL

all Sy,...,8, € WEH(RN) such that VSy(z), . .., V.S, () are linearly independent
in RY for a.e. 2 € RV, one has

(M W

Zakeisk/ﬁl (z,) — Zak($)25vsj(z) in S’ RY xRY) ase—0.
k=1 k=1

However, one should not seek to apply Theorem 1.1 and the observation above to
answer Problem A, since the locally finite sum U (¢,-) of WKB ansatz is known to
approximate the solution 1.(¢,-) of the Cauchy problem (1) away from the set C;
only and not globally in the Euclidean space RY.

A preliminary, more formal study of the structure of Wigner measures evolving
from monokinetic measures associated to initial WKB wave functions can be found
in [16]. The main purpose of the present study is to go further in this direction, and
especially to answer the problems posed in this introduction under less stringent
regularity assumptions than those used in Theorem 1.1.

A related question, bearing on the role of the set Cy in Theorem 1.1, is the
following problem.

Problem B. To find the structure of the first marginal p(¢) of the probability
measure p(t) on RY x Rév.

Define A™ := {(z,VS™(z))|z € RY} and A; := ®;(A™). Under the same
assumptions as in Theorem 1.1, by definition of the functions N (¢, z) and y;(t, x)
for j=1,...,N(t,x), one has

(8) AsN((RV\Cy) xRN) = U{(yj(t,:c),VSi"(yj(t,:c))) |z is s.t. N(t,z) > j}.
Jj=21

In other words, the number of WKB terms in the asymptotic formula ¥, for the
solution . of the Cauchy problem (1) in quantum mechanics with initial datum
(2) has a geometric interpretation in terms of the classical Hamiltonian ®;. The
previous equality shows that the function N measures the number of folds in A;.
Notice that A; can be defined for all ¢ € R under assumptions much weaker than
those in Theorem 1.1. (For instance, the Hamiltonian flow ®, is a continuous map
on RY x Rév defined for all ¢ € R under the assumption on V' in Theorem 1.2,
while A" is the graph of a continuous map for S € C*(R”).) This observation
suggests the following question.

Problem C. To estimate the number of folds in A; for all ¢t € R.

Notice that these problems bear exclusively on the propagation of monokinetic
measures under the dynamics defined by the Liouville equation of classical me-
chanics. Problems A-C can be formulated without any reference to the classical
limit of quantum mechanics — which nevertheless remains the main motivation for
studying these problems here.

As noticed above, the regularity assumptions on a™, $™ and V used in Theorem
1.2 are much weaker than those in the WKB method summarized in Theorem 1.1.
This suggests the idea of using the answers to problems A-C to study the classical
limit of quantum mechanics in cases where the assumptions of Theorem 1.lare not
satisfied.

Problem D. To study the propagation under the scaled Schrédinger equation (1)
of a WKB ansatz (2) in the classical limit ¢ — 07 under regularity assumptions on
a', S and V weaker than the level of regularity assumed in Theorem 1.1.
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The paper is organized as follows: our main results are stated in sections 2 and 3.
Section 2 contains our answers to Problems A-D stated above. Section 3 presents
examples and counterexamples showing that the theorems in section 2 are sharp.
From the quantum mechanical point of view, these examples and counterexamples
correspond to wave functions whose Wigner measures are carried by highly singular
subsets of the phase space. The proofs of all the results in sections 2 are given in

sections 5-7, while the proofs of the statements in section 3 are deferred to section
8.

2. MAIN RESULTS I: ANSWERING PROBLEMS A-D

2.1. Assumptions on the dynamics and on the initial data. First we specify
the assumptions on the classical Hamiltonian dynamics used throughout the present
paper.

Although the motivation of our study is the classical limit of the scaled Schrodin-
ger operator —%GQA + V, it would have been equally legitimate to raise the same
questions in the case of the operator H(x, —ied,) obtained by the Weyl quantization
rule from a smooth Hamiltonian H = H (x, ) defined on RY x RY. A first obvious
condition to be imposed on the function H in this case is that the resulting operator
H(z,—ied,) admits a self-adjoint extension to L*(RY) for each ¢ > 0. Therefore
we do not restrict our attention to the only case where H(x,§) = 3|¢[* + V (z).

Throughout the present paper, we assume that H = H(z,¢) € R is a C? function
on RN x R satisfying the following conditions: there exists x > 0, and a function
h € C(R;R4) sublinear at infinity, i.e.

h(:) —0 asr— 400,
such that

\VeH (2,8)] < w(1+[¢])
(9) Vo H(x,8)| < h(|z]) + &[]

IV2H (z,6)] < &

for all (z,£) € RY x RV,

By the Cauchy-Lipschitz theorem, the Hamiltonian H generates a unique, global
Hamiltonian flow denoted ®; on RY x Rév for the canonical symplectic 2-form
déi Ndxy+. .. +déy Adx . In other words, for each (z,€) € RY x RY, the integral
curve of the Hamiltonian vector field (D, H, —D¢ H) passing through (z,§) for t = 0
is t = ®y(x,£). We systematically use the following notation for the flow ®;:

(10) (I)t(.’L',f) = (Xt(.’L',f),Et(.T,f)), $a€€RNa tERa

Next we specify the assumptions on the initial data.

Definition 2.1. The monokinetic measure on RLY x Rév with momentum profile
U and density p is the positive Borel measure p whose disintegration with respect
to the Lebesgue measure on RY and the canonical projection (x,&) — x is

(@, ) = p(x)dy(z) -
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Here U is a continuous vector field on RY and p a nonnegative element of L' (RY).
In other words, for each test function ¢ € C.(RY x Rg ), one has

//RNXRN (x,&)p(dxdf) /qﬁxUm ))p(x)dx.

Notice that, at variance with the case considered in section 1, we treat the case
of monokinetic measures where the -profile U*™ is not necessarily a gradient field.

Let U™ € C(RY; RY) satisfy the following sublinearity condition at infinity
- @)
||

Unless otherwise specified, we assume that its gradient (in the sense of distributions)
DU satisfies the condition

(12) alU,i"‘Q € LM1(Q) for each bounded open @ c RV,

for all k,l =1,..., N. We recall that a measurable function f:  — R belongs to
the Lorentz space LY'1(Q) if

/Oo (LN {z e Q1f@)] > A1) "N dr < 0.

0

By Theorem B in [6], the vector field U™ is differentiable a.e. on RY. We hence-
forth denote by E the .#N-negligible set defined as

(13) E:={y € RY |U™ is not differentiable at y} .

—0 asl|y —0.

Along with the vector field U, we consider the map
(14) Fi: RV sy Fi(y) = Xi(y,U™(y)) € RV

By the chain rule, for each t € R, the map F; is differentiable on R \ E. We
henceforth use the following elements of notation

(15) Ji(y) := | det(DFi(y))| for ally € RN \ E and t € R,
and

P, :={y e RV \ E s.t. Ji(y) > 0},
Zy:={y e RN\ Es.t. Ji(y) =0}.

We generalize as follows the definition of the set C; considered in section 1:

(16)

(17) Cy:={x e RN st. F,'({z})N(Z: UE) # 2},

and define

(18) C:={(t,x) e R xR s.t. x € C;}.

The sets C and C; are referred to as “the caustic” and “the caustic fiber” respec-
tively.

Finally, we designate by p’™ a probability density on R, and we consider the
monokinetic measure ;" defined by

Our purpose is to study the structure of
(20) p(t) = @ #p™  and p(t) = M#u(t)

where II is the canonical projection RY x RY 3 (2,¢) — x € RY.
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A few remarks on the definition (17) are in order.

First, if U™ satisfies (12) but is not of class C!, the equation F;(y) = z may
have infinitely many solutions although z is not a singular value of F}, as shown by
the example below.

Example 2.2. Set N =1 and H(z,£) = 3£2, so that Fy(y) =y + tU™(y). Take
U™(2) := zsin(In |2]) if z # 0, while U™(0) =0.

so that U™ € Lip(R) \ C*(R) and the nondifferentiability set E = {0}. Then for
each t such that [t| > 1, the set F,'({0}) N [~L, L] is infinite for each L > 0.
Assume for instance that t < —1 while L = «; then

FH{0}) N [=m, 7] = {0} U {£yn(t) [n > 0} U {£2a(t) [n > 0},
where
yn(t) := exp(arcsin(—1/t) — 27n) and z,(t) := exp(m — arcsin(—1/t) — 27n),
for n € N. On the other hand Fy(y) =1+ tsinln |y| 4+ tcosIn|y| so that

1Fy (yn ()] = |F/(2n(t))] = V> = 1 #£0.
Hence 0 is not a critical value of the restriction of Fy to [—7, 7].

In view of the observation following (4), this example suggests that the definition
of the caustic fiber for non C'' momentum profiles U should indeed involve the
nondifferentiability set F, as in (17).

Yet there is a definite arbitrariness in the definition of C;. For instance, the
nondifferentiability set £ could be replaced by any other Lebesgue negligible set
E’ in the definition of C;. Since the initial density p € L'(RY), the initial
monokinetic measure ™ is obviously independent of E’. By uniqueness of the
solution of the Cauchy problem for the Liouville equation, the propagated measure
u(t) and its first marginal p(t) are also independent of E’. Consistently with this
observation, we have chosen the minimal regularity requirements on the initial
momentum profile U™ leading to a precise description of the structure of p(t) on
RY \ Oy and for which O is Lebesgue negligible independently of the choice of the
Lebesgue negligible set E’ used in its definition. We refer to Example 3.1 and the
discussion thereafter for a further analysis of this issue.

Along with the probability measures ™ and u(t), we consider the sets

(21) A" = {(z,U™(z)) |z € RV}, and A; := &,(A™), tcR.

In the context of the classical limit of quantum mechanics as in Theorem 1.1-1.2,
the initial momentum profile U™ = VS is a gradient field with S of class C?
at least, so that A; is a Lagrangian submanifold of the phase space for all t € R.
However, the fact that A; is a Lagrangian does not play any particular role in our
analysis, as all our results hold without assuming that U™ is a gradient field.

2.2. Answering problem C: the equation F;(y) = = and the set A;. The
definition of the asymptotic solution in Theorem 1.1 shows the importance of the
equation Fi(y) = x for the unknown y, and especially of the number of solutions
of this equation whenever this number is finite. For each t € R, each x € R" and
each R > 0, set

(22) N(t,z) = #Ft_l({x}) and Ng(t,x) := #Ft_l({x}) N B(0,R)
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whenever these sets are finite, and N (¢, ) = +00 or N(t,z) = +oo otherwise.
Our first main result in the present paper is the following theorem, which solves
Problem C and provides additional information on the equation Fi(y) = x. The
key new pieces of information are the estimates in statements (d) and (f) below.
Theorem 2.3. Assume that U™ is a continuous vector field on RN satisfying (11).

a) For each t € R, the map F; is proper and onto, and satisfies the condition

sup |Fy(y) —yl =o(ly|) as |yl — oo.
| <T

Assume moreover that U™ satisfies (12).
b) For each t € R, the function J; belongs to L} (RY).

loc

¢) For each t € R, the set F{ ' ({z}) is finite for a.e. x € RN.
d) For each t € R, each R > 0 and each n € N, one has

1 K in
LY ({z € RN s.t. Np(t,z) >n}) < EGN 1+ |DU™| HfN(B(OﬁR)) .
e) For each t € R, the set Cy defined in (17) satisfies LN (Cy) = 0.
f) For each T > 0,
AV {(t,y)e[-T, T]xR" s.t. Fi(y)=x})<+oc for a.e. z € RV .
The estimate in statement (d) bears on the localized variant of the counting

function Ng instead of N. With the additional information in statement (a), one
can show that N (¢,z) = Ngr(t,x) for R large enough, by the following observation.

Corollary 2.4. Assume that U™ is a continuous vector field on RY satisfying
(11) and (12), and define
Fo(y) —
Mp(R) := sup sup 1Ew) — ]
wi>Rl<r 1Yl
Let T > 0 and Ry > 0 be s.t. Mr(R%}) < %
a) For each t € [-T,T) and each R > R, one has
N(t,z) = Ng(t,z) for each z € B(0,1R).
b) For each t € [-T,T] and each R > R, one has

forallT,R>0.

BN 1p) 1 K mn
2N ({2 € BO.3R) st. N(t,2) = n}) < =V N1+ [DU™| [ (50,1

If the regularity condition (12) is replaced by the assumption that U is of class
C1, one obtains additional information on the equation Fy(y) = w, especially on
the set of z’s for which this equation has finitely many solutions, on the number of
its solutions, and on the dependence of these solutions in ¢ and z. This additional
information has been gathered in the next theorem for the sake of completeness.
While statements (a-d) are more or less classical consequences of the implicit func-
tion theorem, we believe that statement (e) is new.

Theorem 2.5. Assume that U™ is a C! vector field on RN satisfying (11) and
the condition _

DU (y)| = O(lyl)  as [y| = oc.
a) The set C is closed in R x RY.
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b) The set F ' ({x}) is finite for all (t,r) € R x RN\ C, and the counting function
N is constant in each connected component of R x RN \ C.

¢) Let Oy, be a connected component of R x RN\ C s.t. N =n on O,. For each
j=1,...,n, there exists y; € C*(O,, RY) s.t.

F'{xY) ={nt,x),...,yn(t,x)}  for all (t,z) € O, .

d) There ezists a < 0 < b such that CN((a,b) x RY) = @ and N' =1 on (a,b) x RV.
e) For each (t,z) € R x RN \ C, the positive integer N (t,z) is odd.

The relation of the equation F;(y) = x for the unknown y to A; is obvious:
(z,€) € Ay & there exists y € RY s.t. (z,8) = ®y(y, U (y)) .
Equivalently
(23) A;={(z,&) e RN x RN s.t. € =Z,(y,U™(y)) for some y € F, ' ({z})}.

Under the assumptions in Theorem 2.5 (¢), one has a fairly precise description
of A; in terms of the counting function N and of the solutions y; = y;(¢, z) of the
equation Fy(y) = z. Indeed, defining

A= {(t,x,§)|($,£) € Ay, tER},

one has

n

AN (On x RY) = [ J{(2, Zely; (1, 2), U™ (y;(t,2))) | (t,2) € On}.

j=1

In the more general case where U™ satisfies only the weaker assumptions in Theo-
rem 2.3, the equality (23) and statement (c) imply that, for a.e. z € R",

(Ay)e == Ay N ({z} x RY) is finite and #(Ay), < N(t, ).

Therefore, in both cases, the counting function A/ measures the number of folds in
the set A;. The counting function N itself — or more precisely the distribution of
its values — is estimated by statement (d) in Theorem 2.3 and by statement (b) in
Corollary 2.4.

A last remark is in order: by Theorem 2.5 b, the equation Fi(y) = x has finitely
many solutions if 2 ¢ C;. The converse is not true, in other words, it may happen
that the equation Fi(y) = x has finitely many solutions for z € Cy, as shown by
the following elementary example.

Example 2.6. Set N =1 and H(z,&) = %52 so that Fy(y) = y+tU™(y). Assume
that U™ satisfies (11) and is real analytic on R. Then, for each t,z € R, the set

F7Y({x)) is finite.

Indeed, the map F} is proper because U™ satisfies (11), so that the set F; ' ({z})
is compact for all x € R. Since y — Fi(y) — « is real analytic on R and not
identically 0, the set F, '({z}) of its zeroes consists of isolated points. Then, the
Bolzano-Weierstrass theorem implies that F; !({z}) is finite.
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2.3. Answering problems A-B: structure of yu(¢) and p(t). Our main results
on the structure of the probability measures p(t) and p(t) are summarized in the
following theorem.

Theorem 2.7. Let U™ be a continuous vector field on RYN satisfying (11) and
(12). Let t € R, and let p™™ be a probability distribution on RN. Let u™ be the
monokinetic measure (19), let u(t) and p(t) be the Borel probability measures in

(20).
a) The following three properties are equivalent:

p(t)(Cy) =0 pt) RN\ C) =1 p™ =0 a.e. on Z;.

b) Under any one of the equivalent conditions in statement (a), one has p(t) < LN
with Radon-Nikodym derivative
dp(t) ) N
tr) = —=(x) = .e. x € R
)= Ggm = Y Gl gracs
yeF, ({«})

¢) Under any one of the equivalent conditions in statement (a), the Borel probability
measure ji(t) has a disintegration with respect to the Lebesque measure £~ on RLY
and the canonical projection 11 given by the formula

Py
wu(t,z, ) = Z ?(y))éat(y,[]in(y)) for a.e. x € RV,

yethl({m})

Much less is known on the structure of the probability measures u(t) and p(t)
when the equivalent conditions in statement (a) are not satisfied. The available
information is summarized in the following theorem.

Theorem 2.8. Let U™ be a continuous vector field on RN satisfying (11) and
(12). Let t € R, and let p™ be a probability density on RN. Let u(t) and p(t) be
the Borel probability measures in (20), and let Ay be the set defined in (21).

a) For each t € R, one has supp(u(t)) C Aq.
b) Let p(t) = pa(t) + ps(t) be the Lebesgue decomposition of p(t) with respect to the
Lebesgue measure L on RY, with

pa(t) < LN and ps(t) L LN
Then ps(t) is carried by Cy and
pa(t) = Ft#(pinlpth) ) and ps(t) = Ft#(pin]-Zth) :

Applying statement (b) in Theorem 2.7 shows that

for a.e. x € RY.

_ dpalt) P (Y)1p(y)
-

yeF, ~({z})
Let ui™ be the monokinetic measure with momentum profile U** and density p""1p,;
by statement (c) of Theorem 2.7, ji4(t) := ®;#u'™ has a disintegration with respect
to the Lebesgue measure .2~ on RY and the canonical projection I given by the
formula

P (y)1p,(y)
Z Ji(y)

to(t,x, ) = Oz, (y,Uin(y)) forae. x € RV .

yeFt,il({m})
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While the structure of p,(t) is well understood, the singular part ps(t) of the
probability measure p(t), and the phase space measure ps(t) = u(t)— pq(t) are more
difficult to characterize. The following theorem discusses the existence of atoms for
the measure p(t).

Theorem 2.9. Let U™ be a continuous vector field on RN satisfying (11) and
(12). For each t € R, consider the set

Ay = {rx e RY st. ZN(F'({2})n Z) > 0}.

a) For each t € R, one has A; C C;.
b) Let p'™ be a probability density on RN such that pi* > 0 a.e. on Z;. Then

p(t)({z}) >0 &z € Ay

¢) The set A; is at most countable.

The singular part p,(¢) in the Lebesgue decomposition of the probability measure
p(t) with respect to the Lebesgue measure .~ may indeed have atoms: see example
3.2 in the next section. It may also happen that p,(¢) is a nonzero diffuse measure:
see example 3.3 in section 3 below.

2.4. On the classical limit of Schrodinger’s equation (Problem D). In this
section, we return to the original motivation for the present work, i.e. the classical
limit of the Schrodinger equation. Specifically, we seek information on the solution
1. of the Schrodinger equation (1) with WKB initial data (2), in cases where
Theorem 1.1 cannot be applied for lack of regularity of the initial amplitude a**
and phase function S™. Although lowering the regularity requirements on the
potential V' is not our main purpose in this paper, it is also worth noticing that the
regularity requirements on V' in the theorem below are much less restrictive than
in Theorem 1.1.
We assume in this section that V € C?(RY) satisfies

(24) V(@) +|VV(@)| =o(lz]) and [V*V(x)| =0(1) as|a] = o0

Under this assumption, the Hamiltonian H(z,£) := 1[¢|* + V() satisfies (9) and,
as explained above, generates a global flow ®;(z,£) = (X¢(x,€),Zi(x,&)) for all
teRand 2,6 € RV,

Assume further that

(25) sup / Iyz—y)V (y)dy -0asn—0 ifN>2
zeRN JRN
with
T, (2) Lo, (2D~ if N >3,
Z)= .
! Lo (|2 In(1/]z])  if N =2,

while

x+1

(26) sup / V7 (y)dy <oo HN=1.
z€RN Jz—1

Theorem 2.10. Let 9. the solution of the Schrédinger equation (1) with initial

data (2). Assume that '™ € L*(RYN) satisfies the normalization ||a™|| 2@~y =1

and that S € CY(RYN) is such that U™ := VS satisfies (11) and the regularity

condition (12). Lett € R.
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a) For each x € Co(RYN) s.t. x(F(y))p™"(y) =0 for a.e. y € Z;, one has
n|2
1p
)| e (t, x de%/ T |a|7t dx
| x@tabas [ @ Y S

yeF; " ({a})
as € — 0.
b) For each x € Co(RY) s.t. x(Zi(y, VS™(y))p™(y) =0 for a.e. y € Z;, one has
_ in ain 21Pt
| x@Fpdora | X, 95 () T ()
RN RN = t
yEF ({=})
as € = 0, where the e-Fourier transform F. is defined as follows:
1

.z
—_— v e dr.
(27T6)N/2 /LZ(RN) (:L')e v

In other words, even though the regularity assumptions on a*, S and V do
not allow us to apply Theorem 1.1, statements (a)-(b) in Theorem 2.10 provide
information on [¢)|> and on |Fetbe|? which is consistent with the approximation (6)
by the WKB asymptotic solution (5) in view of (7).

Theorem 2.10 is a consequence of the Lions-Paul Theorem 1.2, and of our Theo-
rem 2.7 on the structure of the propagated Wigner measure. Whether more infor-
mation on v itself (instead of [1)¢|? and | F.1)|?) can be extracted from the approach
of the classical limit of quantum mechanics based on the Wigner transform seems
to be an interesting open question.

FU(E) =

3. MAIN RESULTS II: EXAMPLES AND COUNTEREXAMPLES

This section gathers various examples showing that our results in the previous
section are sharp. All these examples are in space dimension 1, so that the initial
momentum profile U*” is the gradient of the phase function

(27) S (z) = /0 Ui ().

3.1. On the regularity condition (12) on the momentum profile U". The
regularity condition (12) on the initial momentum profile U™ was chosen in order
to apply the area formula of geometric measure theory. This formula is the key
argument in the proof of statements (c¢)-(d)-(e)-(f) in Theorem 2.3, of statement
(b) in Corollary 2.4) and of statements (b)-(c) in Theorem 2.7.

If the Hamiltonian function H satisfies the assumptions (9), it generates a global,
C'! Hamiltonian flow ®; as explained in section 2.1. Let U™ be a continuous vector
field on RY and p'* be a probability density on RY, and let 1’ be the monokinetic
measure with momentum profile U™ and density p™ (see Definition 2.1). Then
u(t) == &, #pu™" is a well defined element of Cy(R;w — P(RY x Rév)), which is a
solution of the Liouville equation of classical mechanics:

Op + divy (uVeH (2, €)) — dive(uV, H(z,€)) = 0.

This suggests the following questions: can one extend the validity of our Theorem
2.7 on the structure of u(t) to cases where U™ does not satisfy the regularity
assumption (12)? In other words, is is still true that the disintegration of u(t)
is given by an a.e. finite sum of monokinetic measures in the complement of the
Lebesgue-negligible caustic fiber Cy?
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The example below answers these questions in the negative. In this example, the
Hamiltonian flow ®; is the free flow, the space dimension is 1, the initial momentum
profile is continuous with compact support, and even of bounded variation, but not
absolutely continuous. We prove that the caustic fiber C; is not Lebesgue-negligible
for some instant of time ¢ > 0.

Example 3.1. Let N =1 and H(z,&) = ££2, so that ®,(z,&) = (z + t€,€). Let
K C [0,1] be the ternary Cantor set. We recall that K satisfies 7°(K) = 1 with
s=1n2/In3. Set

oo if 2 ¢ 10,1],
U (Z)-—{%s([o’z]m}()—z, if z €10,1].

a) Then U™ € C.(R) N BV (R), but the signed measure (U™)' is not an element
of LY1(R) = LY(R), so that (12) is not satisfied.
b) At t =1, the map Fy is the Cantor function, given by the formula

y ify¢[0’1]a
ﬂ@%Z{%ﬁpmme ify €[0,1].

In particular, F1 € C(R) and is increasing (and therefore Fy € BVj,.(R)).

¢) The map Fy is differentiable on R\ K, with F{(y) = 0 for all y € [0,1] \ K;
besides, Fy is not differentiable on K.

d) The caustic fiber at time t =1 is Ch, = [0, 1].

In other words, any initial wave function (2) for the free Schrodinger equation
with initial phase (27) leads to a caustic fiber of positive measure at time ¢ = 1.

Notice that, in this example, the set Z; = (F})~*({0}) = [0, 1]\ K is an open set
of (0,1). Assuch, Z; is a countable union of open intervals on which F} is a constant,
and thus Fj(Z;) is at most countable and therefore Lebesgue negligible. In other
words, the fact that C; is of positive Lebesgue measure strongly depends upon the
inclusion of the nondifferentiability set E of F; (here E = K) in the definition
(18) of the caustic fiber. If one seeks to extend our analysis of the propagation
of monokinetic measures to the case of momentum profiles U™ less regular than
those considered in the present paper, the choice of the Lebesgue negligible set used
in the place of E in the definition of the caustic fiber becomes crucial in order to
avoid caustic fibers of positive Lebesgue measure. This choice however does not
have any effect on the measures p(t) and p(t), as explained above. These issues will
be addressed elsewhere.

3.2. On the structure of the singular measure p4(t). As explained above, the
singular part ps(t) in the Lebesgue decomposition of the measure p(t) with respect
to the Lebesgue measure .# may have an atomic part, which can be constructed
easily following statement (b) in Theorem 2.9. Here is an example.

Example 3.2. Let N = 1 and H(z,&) = ££2, so that ®,(z,€) = (z + t€,€). Let
U™ € C°(R) be defined by the formula

Un(z):= —/ v(z)dz
0
where v € C°(R) s a bump function chosen so that

supp(v) C (=1,1), w(z) =1 for |z <5, 0<w(z) <1 for|z[ € (3,1).
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For eacht € R, the map F; : R — R is given by the formula Fy(y) = y+tU™(y).
Fort =1, one has Zy = [—3,3] and F\(Z,) = {0}. Therefore A; = Cy = {0}.
Thus, if p'™ € C*®(R) is a probability density with supp(p™) C (—3,3), one has

272
p(1) = Fi#(p" L) = bo .

Notice that the initial momentum profile U™ and the initial density p™ can
be chosen as C*° functions. In other words, the assumptions of Theorem 1.1 are
satisfied in this example (with potential V' = 0). Not much information can be
gained from applying Theorem 1.1 in this case, since the asymptotic WKB wave
function ¥, in this case would satisfy ¥.(1,-) = 0 on R\ Cy. Yet, the solution
of the free Schréodinger equation for an initial wave function (2) with initial phase
function (27) and p™ = (a™)? where a™ is a C* function with support in (-3, 1) is
a semiclassical Lagrangian distribution, and Example 3.2 can be formulated within
the formalism of Lagrangian distributions. (See for instance §2.2 and 4.2 in [13] for
an account of this theory.)

Showing that the singular part ps(t) in the Lebesgue decomposition of the mea-
sure p(t) with respect to the Lebesgue measure .~ may be a nontrivial diffuse
measure is less obvious.

Example 3.3. Let N =1 and H(z,€) = $&2, so that ®,(z, &) = (v + t&,€). Pick
K, a compact subset of (0,1)\ Q such that L' (K) € (3,1]. For each k > 1,
there exists U™ € C’f(R) such that the map Fy; : R — R, defined by the formula
Fi(y) =y +tU™(y) satisfies the following conditions:

a) for t =1, the map Fy is increasing on R and onto;

b) one has Fi(y) >0 for ally <0, ally > 1 and ally € (0,1)\ K, while F{(y) =0

for all y € K U{0,1}, so that the caustic fiber at time 1 is C1 = Fy (K U{0,1}).
Then, for any probability density p'™ on R such that p™™ = 0 a.e. on R\ K

— for instance, p™ = %IK — the measure p(1) = Fi#(p™ L) satisfies the

following properties

p(HR)=1, p(1) LL* =0, andp1)({z})=0 foralzcR.

Notice that the initial profile U™ can be chosen as a C* function with k arbitrar-
ily large. However the initial density p’™ is not smooth in this example, so that the
regularity assumptions of Theorem 1.1 are not satisfied. In the language of wave
functions, this example corresponds to the propagation (under the dynamics of the
free Schrédinger equation) of a WKB ansatz (2) with initial phase function (27)
of class C* with k arbitrarily large. Yet the usual tools of semiclassical analysis
(such as the formalism of Lagrangian distributions) do not apply to this case, as
the initial amplitude a’™™ = /pi™ cannot be smooth, or even continuous, in this
example.

3.3. On the Hausdorff dimensions of the caustic fiber and of the support
of ps(t). The singular part p,(t) in the Lebesgue decomposition of the probability
measure p(t) with respect to Z% is carried by the caustic fiber C; which is a
Lebesgue-negligible set. The next example shows that supp(p(t)) can be of arbitrary
Hausdorft dimension.

We briefly recall the following construction (see [3] on p. 15) which generalizes
the construction of the ternary Cantor set.
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Let 6 € (0, %) Set Ey :=[0,1], let By :=[0,0]N[1 —6,1], and obtain E, ;1 from
E,, by removing the open segment of proportion 1 — 26 from the center of each
connected component in E,. Therefore E,, is the union of 2™ closed segments of
length ™. In other words,

0,1\E,= |J Ins

where
Ik = (Qmk — Tm, Qmk + 7)) With 7y, = %(1 — 2091,
Then
K(0) = () En
n>0

is a compact subset of [0, 1] such that (K (0)) =1 with s =1n2/1n(1/6).

Example 3.4. Let N =1 and H(z,£) = £&2, so that ®4(z,€) = (v + t£,€). Let
s€(0,1), and let § =271/, Set

Q0) = | Jmx
with
Jm,k = (am,k — 07, Um kT 97’m) )

and let K(0) = [0,1]\Q(0). Define the initial momentum profile U™ by the formula

1 .

72 QOO -y ifyelo],

0 ify ¢10,1],

so that U™ € Lip(R) and supp(U™) C [0,1]. Let Fi(y) = y + tU™(y) for all
t,y € R. Then

a) fort =1, the function Fy is increasing on (—o0,0)UQ(#) U (1, +00) and nonde-
creasing on R; }

b) fort =1, one has Fy ((—o0, 0)UQ(O)U(1, +0)) = R\K (0) and F1 (K (0)) = K(0);
c) for p'" = ﬁlk(e); let 1" be the monokinetic measure with momentum profile
U™ and density pi, and let u(t) = &1 #u"™. Then

U™ (y) =

2m,—1

1
u(l) = 14 Z Z (O i —rm @ L(—(1-0)r1n,0) T Oy xt7m @ L(0,(1-0)r,n)) }

m>1 k=1

¢) under the same assumptions as in statement (c),

277171
p(l) = Fl#pm = H#N(l) = %(1 - 29) Z ot Z (5am,k—rm + 6am,k+TWL)’
m>1 k=1

so that
p()(R) =1, supp(p(1)) = K(0), andp(1) L £*;

e) fort =1, one has C1N(0,1) = K(0) N (0,1), so that 7£°(C1) = #*(K(0)) =1
with s =1n2/1n(1/6).
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This example corresponds to the propagation (under the dynamics of the free
Schrodinger equation) of a WKB type initial wave function (2), with initial phase
(27), leading to a Wigner measure at time ¢ = 1 which is carried by the set
(28)

U < U {am.x rm}> x(—=(1=0)rm, 0)U ( U {@m.k +rm}> % (0, (1=60)rp).

m>1\ k=1 m>1 \ k=1

Since the solution of the Cauchy problem for the free Schrodinger equation is given
by an explicit formula, this construction provides an example of a wave function
whose Wigner is concentrated precisely on the set (28) above.

Notice that ps(1) is carried by the countable set

{amptrm |1 <k<2™ 1t m>1}

even though supp(ps(1)) = K(0) is of Hausdorff dimension s = In2/1n(1/6).

Example 3.4 is vaguely reminiscent of Example 3.2: it corresponds to an infinite
accumulation of wave functions as in Example 3.2, except that the initial amplitude
cannot be chosen smooth, or even continuous. The concentration of the Wigner
measure on the set (28) at time ¢t = 1 is produced by the combination of oscillations
in the WKB initial data (2)-(27) at the same scale as the characteristic scale e of
the Wigner transform with the dynamics of the free Schrodinger equation. The
importance of fast oscillations in this concentration phenomenon can be seen in the
fact that the support of the Wigner measure at time ¢ = 1 is not included in the
null section RY x {0} of the phase space R} x RYY.

At this point, we return to the remarks on our definition of caustic fiber following
(17) and Example 3.1. Examples 3.1 and (3.4) show that the regularity in assump-
tion (12) corresponds to a threshold in the size of the caustic fiber defined in (17),
at least in the case of space dimension 1. Indeed, if U™ satisfies (12), the caustic
fiber is Lebesgue negligible, but can be of arbitrary Hausdorff dimension in (0, 1),
while if U™ is of bounded variation but does not satisfy (12), the caustic fiber can
be of positive Lebesgue measure. Thus the definition (17) of the caustic fiber is
consistent with the regularity condition (12). Of course, as explained above, our
choice in the definition of the caustic fiber does not have any effect the propagation
of the monokinetic measure.

4. THE HAMILTONIAN FLOW ®;

In this section, we have collected the properties of the Hamiltonian flow ®;
defined in (10) which are used throughout the paper.

Lemma 4.1. The map (t,z,&) — ®4(z,&) is of class Ct on R x RN x RN, For
each n > 0, there exists C,, > 0 such that

sup | X¢(z, &) — x| < Gy (1 + [¢]) + 7|
tI<T

for each z,& € RN. Moreover
|D®,(2,&) — Idgw gy | < el —1
for all t € R and each z,& € RY.

Proof. The existence a,d regularity of the flow on its domain of definition follows
from the classical Cauchy-Lipschitz theory.
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By (9), one also has the following a priori estimates, with the notation (10).
First

t t
Lﬂwéwﬂdé/IVJH@@£Dwaim+n/I&@£WB
0 0
and

t
|a@ame1]mH@wwmw

t t
smw+n/|zxmows+/“mxxa®Ms
0 0
By Gronwall’s inequality, for all 0 < s <t
t
(29 0l < (I + [ 1o 9ar) e,
0

so that

t t
| Xe(2, &) — x| < Kt + :‘i/o e™ds (|£| —l—/o h(XT(x,f))dT)

t
S CRy N
0
Since h is sublinear at infinity, we have, for every R > 0

h(r)

(30) h(r) <1pp(r) sup (1) + 1(g 4o0)(r)r sup —=n < Mp + rmg,

0<r<R r>R T
where

h
Mpr = sup h(r) and mpg = sup (r) ,
0<r<R r>R T
so that
mp -0 as R— +oo.

Therefore

t
[ Xi(2, &) — 2 < (k5 + Mpe™)t + e"'[¢] + mpe™ / | Xs(,8)|ds
0

t
< (k+ Mge™)t + e |¢| + mpe™|z| + mRe”t/ | Xs(x, &) — x|ds.
0

By Gronwall’s inequality,
(31)
|Xt($a €) - $| < ((FG + MRe”t)t + e"””t|§| -+ mR€”t|$|)€tmR€"

< HtetmRem + MRtet('H_mRem) + |§|et(n+mRem) + mR|z|et(fi+mRe“t) )

The same estimates hold for —T < ¢ < 0 after substituting [¢| to t.

In view of (31)-(29), for each (x,&) € RN x RY, the trajectory (x, &) — ®4(x, §)

cannot escape to infinity in finite time, and is therefore globally defined.

Besides, since mrp — 0 as R — 400, the estimate (31) obviously implies the first

inequality in the lemma with

)

1= mpeTFmR)and €, i= (14 KT + MpT)eTtwtmne”
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Since H € C?(RN x RY), the map (t,2,£) — ®4(x,€) is of class C! on its
domain of definition R x R™ x R¥. Differentiating the Hamilton equations with
respect to the initial condition, one finds that

DX =+V2 H(®) DXy + Vi H(®¢) DEy,
DE; = —V. H(®;) DX, — V3 H(®;) - DE,,
so that W
t
|D(I)t — IdRNXRN | < K,/ |D(I)5|d8 .
0

The second inequality in the lemma follows from Gronwall’s inequality. (]

5. PROOFS OF THEOREMS 2.3 AND 2.5 AND OF COROLLARY 2.4
We shall need the following more or less classical topological argument.

Lemma 5.1. Let g : RY — RV be a continuous map satisfying the following
condition: for some R >0

(g(z)|z) >0  for all z € RN such that |z| = R.

Then

a) there exists x € RN such that |z| < R and g(z) = 0;

b) if g is of class C* on RN and 0 is a regular value of g, then g~*({0}) N B(0, R)
is finite and #(g~1({0}) N B(0, R)) is odd.

Proof. Consider the homotopy G € C([0,1] x RV; R”Y) defined by
G(t,z) =tz + (1 —t)g(x).
One has
G(t,z) #0 whenever t € [0,1] and |z| = R.

Indeed, G(1,z) = = # 0 if |z] = R > 0; besides, if ¢ € [0,1[ and G(t,z) = 0, one
has
g@) = ———2  sothat (g(z)|a) = ———|aP = ———R2 <0
1-t¢ 1-t¢ 1-t¢
for all z € RY such that |z| = R, which contradicts our assumption.
By the homotopy invariance of the degree (see Properties 7, 8 and Theorem 12.7

in chapter 12, §A of [15])
d(g, B(0, R),0) = d(I,B(0,R),0) =1.
This implies a).
Moreover, if g is of class C' on R and 0 is a regular value of g, all the elements of

g~ 1({0}) are isolated points by the implicit function theorem, so g=*({0})NB(0, R)
is finite. Besides (see Property 2 in chapter 12, §A of [15])

d(g,B(0,R),0) = Z sign(det Dg(z)) =1.
z€g~1({0})NB(0,R)

Therefore, there exists an integer m € N such that
#{x € B(0,R) | g(x) =0 and det(Dg(z)) >0} =m+1
#{x € B(0,R)| g(z) =0 and det(Dg(z)) <0} =m
so that #(g~1({0}) N B(0, R)) = 2m + 1, which proves b). O
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5.1. Proof of Theorem 2.3. The map F; is continuous, being the composition of
the continuous maps y — (y, U (y)) and (x, &) — Xi(x,€). By the first inequality
in Lemma 4.1 and the condition (11) on U™, for each n > 0, one has

_ Foly) —
Tm sup |Fy(y) — vl <

lyl—=+oo |t <T Y]

which is precisely the estimate in statement (a).
This estimate implies

(32) (Fy(y) —zly) = [yI* +o(ly|*) as |y| = 400,

so that F; is onto by applying statement (a) in Lemma 5.1 to the map g : y —

Fi(y) — .
It also implies

[Fi(y)l = 400 as |y| = +o0
so that F; is proper. This establishes statement (a).
By the second estimate in Lemma 4.1
(33) D2 Xe(y, U™ (y)) + DeXo(y, U™ (y)) - DU ()| < e + (eI — 1)| DU™ (y)]
so that
Je(y) = [det(DaXe(y, U™ (y)) + DeXe(y, U™ (y)) - DU™ (1))

(34) < N1 4 (1 — e~ 1) DU (y) NN

by Hadamard’s inequality. Since U™ satisfies (12) and since LY1(B(0,R)) C
LY (B(0, R)) for each R > 0, this inequality implies statement (b).

Since the map F} is proper by statement (a), the set K;,, = F; '(B(
compact for each m € N*. Applying the area formula (Theorem 3.4 in
Theorem A in [6]), one has

0,m)) is
[10] and

#(F7 ({z}) N Ky )d = /K Ji(y)dy < +o00.

Therefore #F; ' ({z}) < oo for a.e. € B(0,m), i.e. for all € B(0,m) \ E,, with
ZN(E,,) = 0. Thus

#F, ' ({z}) < oo forallz e RN\ ] En,

m>1

RN

and

LN Em | €D LN (ER) =0,
m>1 m>1
which is statement (c).
Next we prove statement (d). Let R > 0; applying again the area formula shows
that

Ng(t,x)dx = /

RY B(0,R)
By the Bienaymé-Chebyshev inequality, for each n > 1

N ({:c cRY st Nr(t,z) > n}) < l/ Je(y)dy .
B(0,R)

Ji(y)dy -

n
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In view of (34), one has

[y <N [ ag @ e thpun )y
B(0,R) B(0,R)
<N+ DU ()12~ (30, 7)) -

With the inequality above, this is precisely the estimate in statement (d).

Let m € N* and By, = (Z: U E) N K with Z; as in (16) and K, ,, as in the
proof of statement (c). Thus the set By, is measurable and bounded. Applying
the area formula as in the proof of statement (c) shows that

#(F ' ({}) N By ) da = / Ji(y)dy =0

RN Bi,m

since Ji(y) = 0 for all y € By, \ E, i.e. for a.e. y € By By the Bienaymé-
Chebyshev inequality,

LNz e RY sit. #(F7 ' ({=z}) N Biw) > 1}) =0
and therefore
LN = LY {z e RY st. F'({z}) N (Z, UE) # 2})
= ZN({z e RY st #(F7'({2}) N (Z: UE)) > 1})
<3 #N({w e RY st #(F, ({#}) N Bom) > 1}),

m>1

which is precisely statement (e).
Next consider the continuous map

F:[-T,T] xRN 5 (t,y) — F(t,y) € RV.

In view of statement (a), |F(t,y)| — oo as |y| — +oo uniformly in t € [-T,T].
Therefore, the set K,, := F~1(B(0,m)) is compact for each m € N*. Besides, for
each t € [-T,T] and each y € RY \ E, the Jacobian DF(t,y) is the column-wise
partitioned matrix

DF(t,y) = [V(t,y), M(t,y)],

with
V(t,y) = VeH (P:(y, U™ (y)))
and
M(t,y) == Do Xe(y, U™ (y)) + DeXe(y, U™ (y)) DU (y) -
Therefore,

DF(t,y)DF(t,y)" =V (t,y)V(t,y)" + M(t,y)M(t,y)"

so that, by the co-area formula (Theorem 1.3 in [11])

/ AN F({2}) N K,p)da
RN

- /K VetV (£ )V (8, 9)T + M (t,y)M (¢, )T )dtdy
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By Lemma 4.1, (t,2,&) — ®4(x,€) is of class C* on R x RN x R, so that the map
(t,y) — V(t,y) is continuous on R x R, and therefore bounded on the compact
K,,. On the other hand, by (33)

sup [M(t,y)| < ™" + (™" = 1)|DU™ (y)] € Ly (RY),
[tI<T
since U™ satisfies (12). Denoting
K! :={y € RN | there exists t € [-T,T] s.t. (t,y) € K,n}
which is compact in RY (being the projection of the compact K,, on the second

factor in R x R”), one has

N/2 —
VT 4 MMTIN, o) < 2PV e 2V (B R) + 2V 2T M| P

< 00.
Therefore, 1 (F~1({x})NK,) < 400 is finite for a.e. x € B(0,m) for each m > 1,

i.e. for all x € B(0,m) \ E/, with #~(E! )= 0. Since this is true for all m € N*,
one concludes that

ANF ({x}) < +oo forallz e RV | | J B, |

m>1
and
(U)X 2 -0,
m>1 m>1

which is statement (f). The proof is complete.

5.2. Proof of Corollary 2.4. By statement (a) of Theorem 2.3, Mp(R) — 0 as
R — co. Therefore there exists R > 0 such that Mp(R}) < 1. Since the function
M is nonincreasing by construction, Mr(R) < % for all R > R}. Therefore, if
R > R}, then

lyl > R=[|F:(y)| = lyll <1E:(y) =yl < 5lyl = 1B ()] > 3ly]
for all t € [-T,T], so that
FRY\B(0,R)) cRV\ B(0,1R).
In other words, if ¢t € [-T,T] and if R > R, then
F;'({z}) € B(0,R) for all z € B(0, 3R),
so that
[t| <T and |z| < AR = N(t,z) = Ng(t,z).

This proves statement (a).
Thus, for each t € [-T, T,

N ({g;eB( 1R)st N(t,z) > n})
=N ({xeB( R) s.t. Ng(t,z) > ”})
<N ({z € RY s.t. Ng(t,z) > n}),

and we conclude by statement (d) in Theorem 2.3.
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5.3. Proof of Theorem 2.5. Since U™ is of class C' on R, the map F; is of class
C! on RY for each t € R, being the composition of the C* maps (x, &) — X (x, )
and y — (y, U™ (y)). In particular, the nondifferentiability set in (13) is E = & so
that the caustic fiber C} reduces to

Cr={zeRN st. F7'({a})NZ # @} = F(Zy) .

Since F; is of class C! on RY, the absolute value of its Jacobian determinant J; is
continuous on R, and therefore Z; = J;*({0}) is closed in RY. By statement (a)
in Theorem 2.3, the continuous map F; is proper; therefore C; = F;(Z;) is closed
in RY, being the image of a closed set by a continuous and proper map on R¥.
This proves statement (a).

Let t € R. For each x € RY, the set F, *({x}) is compact since F} is proper. If
moreover z € RV \ C}, all the solutions of the equation Fy(y) — x = 0 are isolated
by the implicit function theorem. Therefore the set F, '({z}) is finite for each
xr € RV \ Cy. Besides, the implicit function theorem implies that the integer-valued
counting function A is a locally constant function of (¢,z) € R x RY \ C. Thus
the counting function N is constant on each connected component of R x RY \ C.
This completes the proof of statement (b).

Let j € N*, and let Q be a connected component of R x RY \ C such that
N(t,z) =n > j for all (t,z) € Q. Then the implicit function theorem implies that,
for all (¢,x) € Q, the set of solutions y of the equation F;(y) —x = 0 takes the form
{yp(t,2) |1 < k < n}, and one has y; € C'(Q2) for all k = 1,...,n. This proves
statement (c).

Assume inf{t > 0| C; # @} = 0. Then, there exists (¢, Zn, yn) such that

th =0, F (yn)=x,, andJy, (y,)=0.

Assume that some subsequence y,, of the sequence y,, is bounded. Up to further
extraction of a subsequence, one can assume that y,, — y, so that 0 = J, (Yn,) —
Jo(y). But since Fy = Idgw~, one has Jo(y) = 1. Therefore |y,| — +00. By the
second inequality in Lemma 4.1

| Do Xt,, (Yn, Um(yn)) —Idgw~ | < erltnl — 1 )
[DeX, (yns U™ (9) - DU (ga)| = O (e = 1) |
so that
0= Ji,(yn) = |det(DaXe, (Yn, U™ (yn)) + DeXe, (yn, U™ (yn)) - DU (yn))|
— | det(Idgn~ )| =1 asn — oco.
Thus the assumption ¢, — 0 leads to a contradiction. Therefore,
inf{t >0|C; #2}=b>0.
By the same token,
sup{t < 0|Cy # @} =a<0.
Thus (a,b) x R¥ is contained in the connected component of {0} x RY in RxRN\C.
Since Fy = Idgw~, one has N'(0,2) = 1 for all z € R, and since A is constant
on each connected component of R x R™ \ C, one concludes N' = 1 on the strip
(a,b) x RY, which proves statement (d).

As for statement (e), it follows from the inequality (32) implied by statement
(a) in Theorem 2.3 and from statement (b) in Lemma 5.1 applied to the map
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g: y— Fi(y) —z. Indeed, 0 is a regular value of this map since it is assumed that
x € RN\ C;. The proof is complete.

6. PROOFS OF THEOREMS 2.7, 2.8 AND 2.9

6.1. Proof of Theorem 2.7. For each ¢t € R, the Borel measure p(t) is a proba-
bility measure on RY, so that p(¢)(C;) = 0 if and only if p(t)(RY \ C;) = 1. Next,
observe that

since ™ is a monokinetic measure with density p* and momentum profile U™

while Fy(y) = X;(y, U (y)). Thus

p)(Co) = "N (EC) = [ oy =0
t
if and only if p" = 0 a.e. on Z;, which proves statement (a).
Assume that p™™ = 0 a.e. on Z;, and consider the measurable function defined
a.e. on RN by the formula

P (y)
for a.e. y € Py,
(36) by) =1 Ji(y) t
0 for each y ¢ P;.

With this definition, one has

pn N = b 2N
In particular p" N < J;.ZN, so that the class of the measurable function b
modulo equality J;.Z"-a.e. is the unique element of L'(RY; J,.#") such that the
equality above holds, by the Radon-Nikodym theorem (Theorem 6.10 in [14]).

Let x € C.(RY). By (35) and the area formula (see Theorem 3.4 in [10] and
Theorem A in [6])

O = (Ftt" )00 = [ x(Fl)o™ )y

— / X(E:(y)b(y) J: (y)dy
RN

BRY \yer (e}

By Theorem 2.3 (c), the set F; ' ({x}) is finite for a.e. z € RN, so that the formula
Bla):= > bly)
yethl({m})
gives a measurable function 3 defined a.e. on R, and p(t) = 3.Z". In particular

p(t) < ZN, and % =3 ae onRY.

In view of the formula giving b, this is precisely statement (b).
Let ¢ € C.(RY x Ré.v) Then

(u(t), ) = (U™ o ®y) = - V(F (), Be(y, U™ (1)) p™ (y)dy -
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In terms of the function b defined above, one has

). ) = [ ). Z 0 U ) )

and applying the area formula as above shows

(ult), ) = / S bl S, U W) | de

RY \yer(a})

- / S b)) By ¥ ) | do

RY \yer({e})

This shows that wu(t) has a disintegration with respect to the Lebesgue measure
N on RY and the canonical projection II given by

u(t,x, ) = Z b(y)dz,(yuin(y) forae. z€ RN,
yeFfl({m})

(Notice that the set F; '({z}) is finite for a.e. x € RN by Theorem 2.3 (c).) In
view of the formula defining the measurable function b, this last equality is precisely
the conclusion in statement (c). The proof is complete.

6.2. Proof of Theorem 2.8. Let ¢ € C.(R} x RY) satisfy supp(y) N A; = @.
Then

(1(0). ) = @™ ) = (" o) = [ (@i, U )" )y = 0.

Indeed
supp()) N Ay = @ = ¥(Ay) = {0} = v 0 &,(A™) = {0}
= (®4(y, U™ (y))) = 0 for all y € R .
Since (u(t),v) = 0 for each ¢ € C.(RY x Ré.v) such that supp(y)) N A = &, one
concludes that supp(u(t)) C A¢, which is statement (a).

Since N (E) = 0, one has p'™ = pi"1p, + p'"1z, a.e. in RV, and therefore
p(t) = pa(t) + ps(t) with pe(t) := F#(p"1p, LN) and ps(t) :== F#(p" 12, 27N).
By statement (b) in Theorem 2.7, one has p,(t) < ZN.

Let us check that p,(t) is carried by C;. Let A C RY; then

ANCi=2=F ' (ANZ Cc F;Y (AN(Z,UE) =2,
and

A )
F7N(A)NZ,

Hence ps(t) is carried by Cy, and since £~ (C;) = 0 by statement (e) in Theorem

2.3, we conclude that p,(t) L #N. Thus, with p,(t) and ps(t) so defined, one has

pa(t) < LN, py(t) LY, and p(t) = pa(t) = ps(t) .

Thus the pair (p.(t), ps(t)) is the Lebesgue decomposition of p(t) with respect
to N, which is precisely statement (b). (For the uniqueness of the Lebesgue
decomposition, see Theorem 6.10 (a) in [14].) This completes the proof of Theorem
2.8.
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6.3. Proof of Theorem 2.9. If z € A;, then .ZV(F'({z}) N Z;) > 0; hence
g # F'({a})NnZ € E7 ({z}) N (Z: UE) so that z € Ct, which proves statement

(a)-
Using (35) and the Lebesgue decomposition in statement (b) of Theorem 2.8
shows that, for each z € RN

pa(t)({z}) = 0 and therefore p(t)({z}) = ps(t)({z}) = (0" 12, L") (F; " ({z})).
In other words
x}) = " (y)d
p)th) = [ L

pt)({z}) > 0= LN(F ' {2})NZ) >0=a€ A, .

Conversely, assume that p™™ > 0 a.e. on Z;. The expression above for p(t)({z})
shows that

=pt)({z}) = /Z pi"(y)lthl({x})( )dy = p-t((a p(w) =0 forae yeZ.

Hence

In other words, 2N (F, *({z}) N Z;) = 0 and therefore = ¢ A;. This proves state-
ment (b).
Let p™ be a probability density such that pi* > 0 a.e. on Z;. By statement (b),

A= o € R p)((2)) > 0) = | {= € R |pto)(teh) = 7

By the Bienaymé-Chebyshev theorem

# o RV 1)) 2 1} < nalt)(RY) =

so that A; is countable, being a denumerable union of finite sets. This proves
statement (c) and concludes the proof of Theorem 2.9.

7. PROOF OF THEOREM 2.10
Denote g.(z) = (re)~N/2e~121"/¢ and G (x,€) = ge(x)ge(€). Then, one has
Ge(xO - 1'550 - 5) = We[\P?O’&’](z,g) )

where
\Ilf“’f“(:c) — (We)fN/4ef|x—mU‘2/256i§U.z/e.

Along with the Wigner transform W¢ [ (¢, -)], consider the Husimi transform

We[wﬁ(ta )] =W [wﬁ(ta )] *g,& Ge.

A straightforward computation shows that, for each xg, & € R and each € > 0,

Wit Neonéo) = [ Wit W), € dnds

1
= g (et I 2 0,
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Therefore

| Welelt, )0, §0)d6o = (ge % [¥elt, )*) o) and
(37) N
Welte(t, N)(wo, €0)dr = (ge * |Fee(t, ) ) (&),

RN
while
d$0 dfo

Welte(t,- ,€0)dxodéy = W00 |4y (£,)) |2

) //RNxRN Welte(t, )] (o, &o)dzodEo //NX N|( L0801 4h ()] EreN
/ ge * |1 (t, .)|2(:c0)d:c0 = HQEHLl(RN)H?/)e(t, ')”%Q(RN) =1,
RN =

where the penultimate equality follows from the conservation of the L? norm under
the Schrodinger group.
On the other hand

@) [ wttdsag = [[ o) = " ) =1

since u(t) is the push-forward of the probability measure 1(0) under the Hamilton-
ian flow of 1|¢|2 + V().

Since W [¥e(t,-)] > 0 and

b T e [[[ e gute v
)

for each x € C.(RY x R™) by Theorem III.1 (1) in [8], we conclude from (38)-
(39) that the convergence (40) holds for each y € C,(RY x RY) (see for instance
Theorem 6.8 in chapter IT of [9]).

On the other hand, for each x € C}(R")

/RN X(@)([We(t 2)* = [We(t, ) * ge(@))da

< / (@) — X %o ge(@)| et 2)Pde
RN
< VeVl /R lylgr(y)dy — 0.

and likewise

[ MONF O [Pttt P ()] 0.

We conclude from (37) and (40) that, for each y € CL(R")

/ ()|1/)Et:c|dza//RNXRN w(t, dxed€)

| x@Fsdeora [ @ntdug)

as € = 0. On the other hand,

1:/RN Iwe(t,z)lzd:c:[RN | Fetpe(t, €)[dé = pu(t, dad€)

RN xRN

(41)

so that (41) holds for each y € C;,(R™) by a standard density argument.
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If X(Fy(y))p™™(y) = 0 for a.e. y € Z;, one has
//RNXRN x(z)p(t, dvdf) = /RN x(@)p(t,dr) = /RN X(Fe(y)p™ (y)dy
— [ XE@"1nWd = [ x@pa(t.do
RN

RN
by Theorem 2.8. With the first convergence statement in (41) and Theorem 2.7
(b), this equality implies statement (a).
If x(Zt(y, U™ (y)))p""(y) = 0 for a.e. y € Z;, one has

//RN xRN X(E)ult, dedt) = //RNxRN X(E(y, n))ui"(dydn)

= [ XE T ) L ).

With the second convergence statement in (41) and Theorem 2.7 (c), this equality
implies statement (b) and completes the proof of Theorem 2.10.

8. DISCUSSION OF THE EXAMPLES

In this section, we prove some of the statements in the examples presented in
section 3.

Example 3.1 is based on classical material on the Cantor function which can be
found for instance in Exercise 1.6.47 of [17]. Example 3.2 is based on a straightfor-
ward computation and therefore needs no further discussion.

Examples 3.3 and 3.4 are more involved and require detailed proofs.

8.1. Proof of the statements in Example 3.3. By regularity of the Lebesgue
measure £, there exists a compact set K C (0,1)\ Q such that 1 < £ (K) < 1.
Let © = (0,1)\ K; since € is open in (0,1) and contains (0,1) N Q, it is a countably
infinite union of disjoint nonempty open intervals:

Q=[] I, sothat £ (Q) =Y £(I).

neN neN

Besides .Z1(1,,) > 0 for each n € N (indeed each I, is an open interval that contains
at least one rational), so that A := Z1(Q2) > 0. For each n > 1, we denote by a,
and b, the endpoints of I, so that I, = (an,by).

Let x € C*°(R) satisfy the following properties:

supp(x) C [-1,1], and x(z) >0 for all x € (—1,1).
Let k > 1; define

ga(2) 1= (bn — an)x (u) .

bn*an
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Observe that, for each j =1,...,k — 1, one has

S 19N~ @ = IXDllee@) Y 27 (bn — an)*™
n>0 n>0

< 2J||X(])||L°°(R) Z(bn - an)
n>0
= 27X | oo () L () < 27XV Lo m) 5
so that
9= g €CF'(R).
n>0

Pick h € C=(R) s.t.
h‘[o,u =0, h‘(foo,fl]U[ZJroo) =land h>0on R\0,1],
and set f := g+ h. Define

_ y
U™(y) 5:/ f(z)dz—y foreachy e R.
0

By construction U™ € C*(R), and one has

0
1 —/ h(z)dz for y < —1,
U™(y) == -

2 1
/ h(z)dz + / g9(z)dz — 2 fory > 2,
1 0

so that U™ € CF(R) and therefore satisfies the sublinearity condition (11).
With H(z,&) = 5€2 so that ®4(z,&) = (x +t£,€), one has Fy(y) := y + tU"(y)
so that, for t =1,

y
Fi(y) = / f(z)dz foreachyeR.
0

8.1.1. Proof of statement (a). Observe that F; € C*(R) and that F{(y) = h(y) > 0
for each y € (—00,0) U (1,400). On the other hand, for each y1,y2 € [0, 1] such
that y1 < yo, the nonempty open interval (y1,y2) C (0,1) contains at least one
rational point. Therefore, (y1,y2) N Q # @. In particular, there exists a nonempty
open interval (a, 8) C QN (y1,y2). Therefore 0 < a < 8 < 1 and

B
Fl(y2)—F1(yl)Z/ g(y)dy > 0.

«@
Therefore F} is increasing on R. In particular, F} is one-to-one.
On the other hand Fi(y) ~ y as |y| — oo since U™ is bounded on R. In
particular

Fi(y) > —occasy — —oco, and Fi(y) = +ooasy — +00.
Since F} is continuous on R, it is onto by the intermediate values theorem.
8.1.2. Proof of statement (b). By construction F(y) = h(y) > 0ify < Oorify > 1.
On the other hand, for each y € [0, 1], one has F{(y) = g(y), so that F}(y) > 0 for
all y € Q, while F{(y) = 0 whenever y € K U {0,1}.

Since F} is one-to-one, the set of critical values of FY, i.e. the caustic fiber C; at
timet =1is Cl = Fl(KU {0, 1})
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8.1.3. Conclusion. Set p™ = 21k and p(t) = F;#(p™ZL?") for each t € R. In
particular p(1) = Fi#p™ and
L= p(1)(R) 2 p(1(C) = [ = 1y 2 () = 1.

Since .Z1(C1) = 0 by Sard’s theorem and p(1) is a probability measure supported
in C7, we conclude that

p(1) LN
On the other hand, since F) is one-to-one and onto, for each z € R, one has
#F7'({z}) = 1. In particular, for each 2 € C; = F;(K), one has

Fri({e}) € (F)7H({0})
so that
#(F ({2 0 (F) 71 ({0}) = #F7 ' ({=}) = 1.
In particular, for each = € Cf,
(PN (F ({=h) N (F)7H{0}) =0,
which means that © ¢ A;.

On the other hand, one has p > 0 on K and therefore a.e. on Z; = K U{0,1}.
By statement (b) in Theorem 2.9, one has

p(1)({z}) =0.
Hence p(1) L #! and is diffuse, with p(1)(C4) = 1.
8.2. Proof of the statements in Example 3.4. We begin with the following
lemma, which is the key in understanding how the map Fj acts on [0, 1]. Obviously
Y ify ¢[0,1],

Fily) =y +U"(y) = SLQON0,y)  ifye 1),

Lemma 8.1. Consider the transformations
H:[0,1]32—02€[0,1], andS:[0,1]22+—1—2€[0,1].
a) One has F1oH=H o Fy and F1 0S5 = S0 F; on [0,1].
b) The sequence of interval centers am i satisfies
Fi(ampg) =ami forallm>1andk=1,...,2m"".
Proof of Lemma 8.1. Obviously [0,1]\ Ey = (6,1 — 0) =: I; ; so that
=1
The interval centers a,, , satisfy the following induction relations
Amitg = H(amx) 1<k<2m !,
{ A1k = S(Amt1,2m41-k) 2Tl 1<k <2m.
Therefore
I p = H(Im k), 1<k<2mt
{Jmﬂ,k =S(Ins1,0mi1-k), 2" PH1<k<2m,
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and
Jm-i—l,k = H(Jm,k) ) 1<k< 2m—1 )
Im+1,k = S(Jmt1,2m+1-k) 5 2l 1<k <2m,
In particular
Q0)=H(QO)USoH(QO)), HQO))NSoH(Q0)=92.
Thus, for each z € [0, 1], one has
Q0) N (0,H(z)) C[0,0)
so that
Q(0) N (0, H(z)) = H((0)) N (0, H(z)) = H(2(0) N (0,2)),
and therefore
Fi(H(2) = 5.24(900) N (0, H(2)) = 5.2 (H(©(0) N (0, )
=210)N(0,2)) = 0F(2) = H(F\(2)).
Likewise, for each z € [0, 1],
Q(0) N (S(2),1) =Q0) N S(0,2) = S(Q0)) NS((0,2)) = S(2(0) N (0,2)),
so that

Fi(S(2)) = 5.2 (9(0) N (0.5(2))) = 5.2 (0(6)) ~ 7.2 ((6) N [S(2), 1)
=1 221001 (5(:),1) =1~ 5L (S(6) N (0,2)

=1-Fi(z) = S(Fi(2)).

This proves statement (a).

As for statement (b), we first observe that a1,1 = 3 = S(3) = S(a1,1). Therefore

F(alﬁl) = F(S(alyl)) =1- F(alﬁl) SO that F(alyl) = % = a111 .

This observation, together with the induction relations on the sequence of a, ; and
the commutation properties of F} with H and S, implies that each interval center
am, 1 is a fixed point of Fi. O

8.3. Proof of statement (a) in Example 3.4. The vector field U™ is Lipschitz
continuous on [0, 1] (as the antiderivative of the bounded measurable function 41—
1). Its extension by 0 to the R\ [0, 1] is Lipschitz continuous on R since .£*(Q) = 0.

The function Fy : R 3 y — y+U™(y) € R is therefore Lipschitz continuous. It is
nondecreasing on R (as the antiderivative of the nonnegative measurable function
1(—o0,0)U(1,400) + %19(9)). Since (0) is an open subset of (0,1), the map F is
differentiable on (—o00,0) U Q(6) U (1, +00) and one has

- 1 if y € (—00,0) U (1,+00),
1) = 1/6 if y € Q(0).
In particular, F{ > 0 on (—o0,0) UQ(f) U (1,400). Since we already know that F}

is nondecreasing on R, we infer that the map F} is increasing on (—oo,0) U Q(0) U
(1,+400). This proves statement (a).
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8.4. Proof of statement (b) in Example 3.4. Observe that Fi(am.k) = Gm.k
forallm > 1and all k = 1,...,2m~ 1 while F|(y) = % for all y € Q(#). Therefore
Fl(Jm,k) = Im,k, and

Fl(Q(e)) = U Im,k = [O’ 1] \ K(@) :

ISkSZnL—l
m>1

Since F; coincides with the identity map on (—o0,0) and on (1, +00), we conclude
Fi((—00,0) UQ(#) U (1,+00)) =R\ K(9).

Since F} is continuous and Fi(y) — o0 as y — +oo, we conclude that F is onto
by the intermediate values theorem. Therefore

which concludes the proof of statement (b).

8.5. Proof of statement (c) in Example 3.4. Set

00) =0, I\NK®) = |J Inw

ISkSZnL—l

m>1

so that

U ((am,k — Tm, Qm k. — on) U (am,k + 9Tm, Am, k + rm))

1<k<am—1
m>1
COB)\ Q) C[0,1]\Q0) = K(6).

By Lemma 8.1, one has Fy (am k) = am,x for each m > 1 and each k =1,...,2m~1;
besides,

1 _ -
Y E I CQO) = Fl(y) = 7 while y € I \ Jm ke € K(0) = Fi(y) =0.

Hence

Fl(am — 0rm) = am i — mm for all y € (amk — Tmy @m ke — Orm)

Fi(y)
Fl(y) = F{(amk + 0rm) = amk + mm for all y € (am x + Orm, Gm ke + Tm) -

Thus, for each ¢ € C.(RY x RY)

J]o eteontudsag = [[ ot ounag)
1

10 Jxe AU )y

=L (R Fi) - wdy.
16 Jk@)
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If ¢(z,€) > 0 for all x,& € RV, one has

[ k+9rm

Ak —0Tm
> 1i / ¢(am,k —Tm,Gmk — Tm — y)dy
a

2™ Ay k+Tm
+1T19 Z / ¢(am,k + T'm, am,k + T'm — y)dy

m>1 k=1 Am, k+0Tm
2mt 0 (1-6)
= ﬁ (/ ¢(am k T'm, )dZ +/ ¢(am k + T'm, )dZ)
m>1 k=1 —(1=0)rs, 0
Thus
)= 15 Z Z ami=rm @ L (1=0)rn,0) T Ot itro @ L(0,(1=0)r,)) -
m>1 k=1
On the other hand
2771, 1
< Z > Oap—r ®L—qa- 0>rm,o>+5am,k+rm®1<o,<1e>rm>)a1>
m>1 k=1
1 2711.71 277171 277171
=g 2 2 21O = 0 3 2=y Y 21200
m>1 k=1 m>1 k=1 m>1 k=1
QWL 1
(1=20)> > omt=(1-20)) 2" "' =
m>1 k=1 m>1
Since

//RNXRN w(1, dzdé) =1,

the inequality above is in fact an equality, which is precisely statement (c).
8.6. Proof of statement (d) in Example 3.4. Observe that

( ) H#,LL Z Tm Z Am k—Tm + 5am ktTm o

m>1

which gives the first equality in statement (d), since ry, = (1 — 26)¢™~!. Thus

p(1RY) = u(1)(RY x RY) =y (RN x RY) = /R Py =1

and

supp(p(1)) = Tamr Erm T S 1, K= 1,27 ] € K(0).
Since £ (K (0)) = 0, this implies that p(1) L.Z".
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It remains to prove that
K(0) C{amg £rm,m>1, k=127 1}

Let z € K () and let € > 0; pick n > 1 large enough so that 6" < e. We recall that
K(0) C E,, and that E, is the union of 2" closed segments of length ™. The set
of endpoints of these segments is P, U {0, 1}, where

Py ={amptrm|m=1,...,nand k=1,...,2m '},

Hence
dist(z, P,) < 0" < e,
which shows that P, is dense in K(6), and concludes the proof.

8.7. Proof of statement (e) in Example 3.4. For each n > 1, set

Ep:=[0,1\ |J Tmk.

ISkSZnL—l

1<m<n
Then
En=|J lonk Bnil
1<k<2n
with
0<an1 <Ppi1<...<apon <Ppom=1, Bpr—anr=0".
Obviously

{1 <k <23U{Bpil 1 <k <2"} ={amptry, |1 <k <271 1<m<n}.
By construction F is differentiable on I, \m, and one has
Fl=00n L\ Jmk = (@t — Tm, @k — 07m) U (@mk + O, Gk + ) -
An elementary computation shows that r,, = p§™1, so that
Fl =0on (anr —p0" " ani) U Bk, Bk + p0" 1)
Let z € K(0)\ {0,1}. First, if v € {an k|1 <k <2"}U{Bnk|1l <k < 2"}, then
{2} = Fi((ang — p0" Y ang)) if o = ang,
{z} = Fu((Bnk, Bk + p0" 1)) if & = B g,

so that z € F1(Z;), i.e. x is a critical value of F;.
Next, assume that

z € K(0)\ {on ke, B | 1 <k <2}
Since
{an ks Bk |1 <k < 2", n>1} is dense in K(6)

and fpr — ank = 0™ — 0 as n — oo, there exists a sequence (ky)n,>1 such that
HAS (an,knyﬂn,kn)-

Since F is continuous and Fi(ay k,) = Qnk, while F1(Bnk,) = Bnk,, there
exists y € (an k., , On.k, ) sSuch that Fi(y) = z.

Assume that F} is differentiable at y. For each n > 1, pick &,,n, so that

gna n S (an,kn - penfl’ an,kn,) and T — €n = pen .



34

The

0=

C. BARDOS, F. GOLSE, P. MARKOWICH, AND T. PAUL
n
Fi(nn) — F1(6n) _ Fi(nn) — Fi(y) ma —y i Fi(y) — F1(&) vy —&a
N — &n T —Y M — &n Yy —&n M — &n
= (Fi(0) + ol — ) 2L (Fl(a) + oty - ) L=
:F{(y)er(nnfy)% +w(yf§n)%

where w(r) — 0 as r — 0. Observe that
_ _ n—1 n 1 1
T =Y | =yl p0" 40" L1
Mo — &n po” po” o p
_ _ n—1 n
y—&n §|y §n|§p9 +90 Sl‘i‘l,
M — &n po" po" 0 p
so that
Th —Y yfgn
W —y)——F +w(y — &) ——7— =0
M — €n Nn — gn
as n — 00.

Thus, if Fy is differentiable at y, then Fj(y) = 0, so that x = Fy(y) € F1(Z1).
Otherwise y € E, so that x = Fi(y) € F1(E).
In all cases, one has z € Cy, so that K(0)\{0,1} C Cy. Since F} is differentiable

and
one

F| > 0on (—o0,0)U(8)U(1, 00) while Fy((—o0,0)UQ(A)U(1,00)) = R\ K(0),
has also C; C K(6).
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