N
N

N

HAL

open science

Hamiltonian Evolution of Monokinetic Measures with
Rough Momentum Profile

Claude Bardos, Francois Golse, Peter Markowich, Thierry Paul

» To cite this version:

Claude Bardos, Francois Golse, Peter Markowich, Thierry Paul. Hamiltonian Evolution of Monokinetic
Measures with Rough Momentum Profile. 2012. hal-00706180v1

HAL Id: hal-00706180
https://polytechnique.hal.science/hal-00706180v1

Preprint submitted on 9 Jun 2012 (v1), last revised 26 Apr 2013 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://polytechnique.hal.science/hal-00706180v1
https://hal.archives-ouvertes.fr

HAMILTONIAN EVOLUTION OF MONOKINETIC MEASURES
WITH ROUGH MOMENTUM PROFILE

CLAUDE BARDOS, FRANCOIS GOLSE, PETER MARKOWICH, AND THIERRY PAUL

ABSTRACT. Consider in the phase space Riv X R{gy a probability density carried

by the graph of a vector field U on R, i.e. a Radon measure of the form
wn o= pi"(x)§(¢ — U™ (x)). Let &; be a Hamiltonian flow on Ry x RV.
In this paper, we study the structure of the transported measure p(t) :=
O #1°™ and of its integral in the £ variable denoted p(t). In particular, we (a
provide estimates on the number of folds in supp(u(t)) = ®¢( graph of U"),
(b) establish a decomposition of u(t) into a “regular” component whose integral
in the & variable is absolutely continuous with respect to the Lebesgue measure
£N  (c) discuss the possibility of atoms for the measure p(t) and (d) construct
an example in which p(t) is singular with respect to -~ and diffuse. We
conclude our study by explaining how our results can be applied to the classical
limit of the Schrédinger equation by using the formalism of Wigner measures.
Our results hold for initial momentum profiles U*" less regular than C1, for
which the usual notion of caustic is not relevant. The proofs of these results
is based on the area formula of geometric measure theory.

1. INTRODUCTION

The subject of this article is the propagation of a certain class of positive Radon
measures by Hamiltonian flows.

Let H = H(z,£) be a Hamiltonian of class C? on T*RY = RY x Ré-v. Assume
that the system of Hamilton’s equations

(1> Xt - ng(Xt,Et), Xo(.’L',é-) =,
Et - *VIH(XhEt)v EO(Z',g) = 55

generates a global flow
(2) ®4(z,8) = (Xi(x,6),Ee(x,6)) -
Let 4™ be a monokinetic measure on RY x Rév i.e. a Radon measure of the form

where U™ is a vector field on R and p™ € L'(R"). Define

(4) p(t) = u#p™

1991 Mathematics Subject Classification. 81Q20, 81530, 35Q40, 35L03, 28AT5.
Key words and phrases. Wigner measure, Liouville equation, Schrodinger equation, WKB
method, Caustic, Area formula, Coarea formula .
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2 C. BARDOS, F. GOLSE, P. MARKOWICH, AND T. PAUL

the push-forward of p* under ®;. Equivalently, u(t) € Cp(R4;w — M(RN x RY))
is the unique weak solution of the Liouville equation

atu+{Hau}:05
0 (oo

m

plig = 1"
where {-,-} designates the Poisson bracket

{fag}:vff'vzgfvmf'vﬁg'

Our purpose is to study the structure of p(t) and to deduce from it some information
on its support

supp(p(t)) C Ay == &,({(y, U™ (y)) |y € RN}).

While A; is the image under ®; of the graph of U™, it is not in general the graph
of a vector field on R for all values of .

When U™ = V8™ is a smooth gradient field on R, then A, is the union of
graphs of © — V,S;(t, z), where S, is a solution of the Hamilton-Jacobi equation

(6) 0eS(t,x) + H(z,V,S(t,xz)) =0

defined on some open set of R; x RY. The graphs of V,S; are glued along sub-
manifolds of A; where the restriction of the canonical projection

II: T"RY =R) xRY 3 (z,§) » z € RY

is not smooth: see §8 in [4] and §46-47 in [5]. A natural question is to compute,
or at least estimate, the number of solutions S; of the Hamilton-Jacobi equation
needed to obtain A;.

Equivalently, the restriction to A; of the canonical projection II is in general not
one-to-one for all . The question above reduces to estimating the number N (¢, z)
of points in A; whose image under II is . Thus, the function A describes the
number of folds in A; induced by the Hamiltonian dynamics ®; on the graph of U™
— even when U™ is not a gradient field.

Another natural question is to study the structure of the push-forward p(t) of
u(t) under the canonical projection IT — equivalently, of the first marginal of the
measure y(t) in the product space RY x Rév . As we shall see, both questions are
intimately related.

The mathematical problem described above appears in a great variety of con-
texts. It appeared first in the theory of geometric optics, in the works of Fermat
and Huygens: see for instance chapter VII in [14], chapter IIT in [10] and chapter 12
§2 in [12]. It appears in the classical limit of quantum mechanics: see for instance
chapter VII in [15] or [22]— we shall give more details on this case below.

In both examples above, the fact that U™ is a gradient field is important. There
are however other types of physical models leading to the same mathematical prob-
lem even when U™ is not a gradient field. Indeed, the Maxwell distribution with
density p, bulk velocity U and temperature 0, i.e.

%e—m—wm?/w
276

converges weakly to the monokinetic measure p(2)dy (5)(§) as 0 — 0. The propa-
gation of this class of measures by the flow ®; generated by the free Hamiltonian
H(z, &) := 3|¢)?, ie. @4z, &) = (x4 t£,€) can be viewed as the kinetic theory of
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pressureless gases, and appears for instance in a cosmological model due to Zel-
dovich [24, 8, 7, 6]. When U™ is a gradient field, the Liouville equation (5) can
therefore be viewed as a kinetic formulation of the Hamilton-Jacobi equation (6).

While the classical mathematical theory of geometric optics or of the semi-
classical limit of quantum mechanics is centered on the geometry of A; in the case
where both the Hamiltonian H and U = VS are smooth, our approach of the
mathematical problem stated above is centered on the propagation of the monoki-
netic measure p(2)dyin (5 (§) by the Hamiltonian flow. Besides, our analysis on the
propagation problem is focussed on mathematical methods and results in which
the initial momentum profile U™ is not required to be everywhere differentiable
— 5o that A, is not even a C'-manifold. Likewise, the Hamiltonian nature of the
dynamics is of limited importance in our analysis, and there is no need for the mo-
mentum profile U™ to be a gradient — or, equivalently, for A; to be a Lagrangian
submanifold of T*RN.

However, we assume that the vector field generating the dynamics is at least
of class C! — or equivalently that the Hamiltonian H is at least of class C? on
RY x Rév — so that the existence, uniqueness and regularity of the flow ®; results
from the classical Cauchy-Lipschitz theory. The classical limit of quantum dynam-
ics with rough potentials, for which the existence and uniqueness of the classical
Hamiltonian flow does not follow from the Cauchy-Lipschitz theory, has been re-
cently studied in [1]. Our viewpoint in the present paper is different and in some
sense complementary: we focus our attention to the special class of monokinetic
measures and to their propagation by smooth Hamiltonian flows, but obtain de-
tailed information on the structure of the propagated measure p(t) even for rough
initial momentum profiles U™,

The outline of the paper is as follows. In section 2 are gathered our assumptions
on the Hamiltonian H with some elementary estimates on the flow ®; that are
crucial in the sequel. Section 3 is focussed on the problem of estimating the number
of folds in the support A; of the propagated measure u(t), while the structure of
u(t) itself is studied in section 5. Section 4 gathers together a few examples showing
that the results in section 3 are sharp. In section 6, we study different exceptional
sets that appear naturally in connection with the structure of the projected measure
p(t) := II#u(t), and explain how these sets are related to the traditional notion
of “caustic” —- introduced by Tschirnhaus in the 17th century in the context of
geometric optics). Section 7 discusses various applications of the theory presented
in sections 3-5, with an emphasis on the classical limit of quantum mechanics.

2. ON THE HAMILTONIAN FLOW

Let H = H(x,&) € R be a C? function on RY x RY satisfying the following
assumptions: there exists k > 0, and a function h € C(R;R) that is sublinear at
infinity, i.e.

@ -0 asr—+o0
such that
Vel (z,8)] < (1 +[£])
(7) Vot (2,6)] < h(|2]) + &€
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for all (z,£) € RY x RV,

Lemma 2.1. Any Hamiltonian H € C?*(RYN xRYN) satisfying (7) generates a global
Hamiltonian flow ®, on RN x RY. The map

R xRY xRN 35 (t,2,86) s ®4(2,¢) e RV xRN
is of class C*. Moreover, for each n > 0, there exists Cy > 0 such that

sup [X(z,8) — x| < Cy(1 4 [£]) + ||
tI<T

for each x,£ € RN, and
|D® (2, &) — Idgn g | < et —1
for allt € R.

Proof. By (7), one has the following a priori estimates, with the notation (2).
First

t t
Xiw.6) | < [ [VeH (@ €)lds <wt 4 [ [Eu(a©)lds
0 0
and

(6] < €] + / Vo H (®4(2, €))ds

t t
<l n [ EuleOlds+ [ B €)ds.
0 0
By Gronwall’s inequality, for all 0 < s <t
t
5) 0l < (I + [ 1o 9ar) e,
0
so that

| X¢ (2, &) — x| < Kkt + /i/ot e"*ds (|£| + /Ot h(XT(x,f))dT)
< Kkt +e™ <|§| + /Ot h(XT(:c,g))dT> .

Since h is sublinear at infinity, we have, for every R > 0

h(r

(9) h(r) < 1p,p)(r) sup h(r) + 1(g 4o0)(r)r sup Qn < Mpgr+rmpg,
0<r<R r>R T
where
h
Mg = sup h(r) and mpr = sup (r) ,
0<r<R r>R T
so that
mp -0 as R— +oco.

Therefore

t
| Xe(2,€) — 2| < (k5 + Mge™)t + ™ [¢] + mpe"™ / | Xs(z, &)lds
0

¢
< (k 4+ Mge™)t + e"*|¢| + mpe"™|z| + mRe“t/ | Xs(z, &) — x|ds .
0
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By Gronwall’s inequality,
(10)

Kt
| Xe(2,€) — @ < ((k + Mpe™)t + (€] + mpe™|z])e"™ e

< kte! ™R 4 Mptet(ntmae™) 4 (g|etntmaet) oy et (s tmre™)

The same estimates hold for —T < ¢ < 0 after substituting [¢| to .

In view of (10)-(8), for each (x,&) € RY x RY, the trajectory (z,&) — ®4(z,§)
cannot escape to infinity in finite time, and is therefore globally defined.

Besides, since mrp — 0 as R — 400, the estimate (10) obviously implies the first
inequality in the lemma with
)

ni= mReT(m-l-mRe"T) and O”] — (1 + kT + MRT)GT(H—H”R@N

Since H € C?(RN x RY), the map (t,z,£) + ®¢(x,€) is of class C! on its
domain of definition R x RY x R”. Differentiating the Hamilton equations (1)
with respect to the initial condition, one finds that

DX =+V2 H(®) DX, + Vi H(®) DEy,
DZy = —V2 H(®;) DX, — V2 H(®,) DZ,
so that
It]
|Dq)t — IdRNXRN | S K,/ |Dq)s|d8 .
0

The second inequality in the lemma follows from Gronwall’s inequality. (]

3. ON THE NUMBER OF FOLDS IN A;
Let U™ € C(RN;RY) satisfy the condition

U™ (y)l
lyl

The present section is focussed on the structure of the set A; in the introduction,
defined as

(12) A= ®({(5, U™ () |y € R¥}), teR.

(11)

—0 asl|y —0.

Consider the map
(13) F: RN 5y Fi(y) = Xi(y, U™ (y)) € RY.

Whenever U™ is differentiable at y, the map F} is also differentiable at y by the
chain rule; for any such y, define absolute value of the Jacobian determinant
(14) Ji(y) = |det(DFi(y))|.
We also introduce the set
(15) C = {(t,2) e R x RV | F; '({z}) N J7 ' ({0}) # 27},
Cy:={x e RN |(t,z) € C}.

For want of a better terminology and by analogy with geometric optics, C' will be
referred to as the “caustic” set.
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Proposition 3.1. Under the conditions above, for eacht € R, the map Fy is proper
and onto. Moreover

(16) sup [Fi(y) —yl

0 aslyl — .
[t|<T |y|

The proof of this proposition and the next one will use the following topological
argument.

Lemma 3.2. Let g : RY — RV be a continuous map satisfying the following
condition: for some R >0

(g(z)|z) >0  for all z € RY such that |z| = R.

Then

a) there exists x € RN such that |x| < R and g(x) = 0;
b) if g is of class C* on RN and 0 is a regular value of g, then g=*({0}) N B(0, R)
is finite and #(g~1({0}) N B(0, R)) is odd.
Proof. Consider the homotopy G € C([0,1] x RY; R") defined by
G(t,z) =tz + (1 —t)g(x).
One has
G(t,z) #0 whenever t € [0,1] and |z| = R.
Indeed, G(1,z) = x # 0 if || = R > 0; besides, if t € [0,1[ and G(¢,z) = 0, one
has t t t
___ v _ 2_ __t po
g(z) = T3¢ %0 that (g(x)|z) 1_ﬁ|:v| 1—tR <0
for all z € RY such that |z| = R, which contradicts our assumption.
By the homotopy invariance of the degree (see Properties 7, 8 and Theorem 12.7
in chapter 12, §A of [21])

d(g, B(0, R),0) = d(I, B(0, R),0) = 1.

This implies a). Moreover, if g is of class C! on R" and 0 is a regular value of g,
all the elements of g=1({0}) are isolated points by the implicit function theorem,
so g~ 1({0}) N B(0, R) is finite. Besides (see Property 2 in chapter 12, §A of [21])

d(g,B(0,R),0) = Z sign(det Dg(z)) =1.
z€g~1({0})NB(0,R)

Therefore, there exists an integer m € N such that

#{x € B(0,R) | g(x) =0 and det(Dg(z)) >0} =m+1

#{x € B(0,R)|g(z) =0 and det(Dg(z)) <0} =m
so that #(g~*({0}) N B(0, R)) = 2m + 1, which proves b). O
Proof of Proposition 3.1. By the first inequality in Lemma 2.1 and the condition
(11 on U™, for each n > 0, one has

— F, _
Fm sup |Fi(y) — vl

=1
lyl—=+oo |¢|<T ]

— )

so that (16) holds.
Because of (16), the continuous map F; satisfies

(17) (Fy(y) —zly) = yI* +o(ly]*) as |y| = +o0
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so that F; is onto by applying Lemma 3.2 to the map g : y — Fi(y) — 2. On the
other hand
[Fi(y)] = +oo  as Jy| = +oo

so that I} is proper. ([

By Proposition 3.1, we know that, for each (t,#) € R x RY, the equation
Fi(y) = x has at least one solution y € R when U™ is a continuous vector field
sublinear at infinity, i.e. satisfying (11). In the next proposition, we study the
number N (¢, ) of solutions of this equation in the case where U™ is of class C* at
least. Equivalently, N'(¢,x) is the number of intersections of the manifold A; with
T:RY ~ {2} x RN. Therefore, the integer-valued function N’ measures the number
of folds in the manifold A; resulting from the interaction of the Hamiltonian flow
®; with the initial profile U™,

Proposition 3.3. [Smooth case] Assume that (11) holds for U™ € CY(RY, RY)
and that

|DUi"(y)| =0(1) asly| — +.

a) For each t € R, one has N (C;) = 0.
b) The set C is closed in R x RY.
¢) For each (t,z) € Rx RN\ C, the set F; ' ({x}) is finite, and henceforth denoted
by

{y;(t,x), j=1,...,N(t,z)}.
The integer N is a constant function of (t,z) in each connected component of
R x RN\ C and, for each j > 1, the map y; is of class C' on each connected
component of R x RN \ C where N > j.
d) There exists a < 0 < b such that CN((a,b) x RY) = @ and N' =1 on (a,b) xRV
e) N(t,z) is odd for each (t,z) € R x RNV \ C.

Proof. It U™ € C*(RY), the map F; is of class C* from R to R, being the com-
position of C! maps. Since C; is the set of critical values of F, one has £V (Cy) = 0
by Sard’s Theorem (in the equal dimension case), which proves a).

Pick any sequence (t,,x,) € C such that (t,,r,) — (t,2) in Rx R as n — oo.
By definition of C, there exists y, such that F; (y,) = z,. Since the sequences
t, and x, converge, they are both bounded. Let T = sup,, |t,|; assume that the
sequence y,, is unbounded; if so there exists a subsequence y,,, such that |y,,| — oc.
By (16)

%, — Y| = |Ftnl (Yni) = Yni| < sup [Fe(Yn,) — Yy | = 0(|yn, |)
[tI<T
so that |zn,| ~ |yn,| as n;y = +o0. Since this contradicts the fact that the sequence
T, is bounded, we conclude that the sequence y, is bounded. Therefore, there
exists a convergent subsequence y,,, of y,; call y its limit as n; — +o00. Passing to
the limit in both relations

Fi,, (Yny) = 2ny, - and Ji, (yn, ) = |det(VE, (yn,))]| =0,
we conclude that (¢, x,y) satisfies
Fi(y)=2 and Ji(y) =0
and therefore that (¢,z) € C, which proves b).
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For (t,7) € R x RY \ C, all the solutions of the equation F;(y) —x = 0 are
isolated by the implicit function theorem. The set of all such points, F, ({z}), is
therefore compact since F; is proper. By the implicit function theorem, the integer
N is a locally constant function of (t,z) € R x R™\ C, and is therefore constant on
each connected component of R x RY \ C. Let j € N*, and let {2 be a connected
component of R x RY \ C; by the implicit function theorem y; € C*(Q2). This
proves c).

Assume inf{t > 0| C; # @} = 0. Then, there exists (¢, Zn, yn) such that

th =07, F (yn)=2n, andJy, (y,)=0.

Assume that a subsequence y,,, of the sequence y, is bounded. Up to extraction
of a subsequence, one can assume that y,, — y, so that 0 = J;, (yn,) — Jo(y)-
But since F; = Idgw, one has Jy(y) = 1. Therefore |y,| — +o00. By the second
inequality in Lemma 2.1

1D Xe, (s U () — g | < efleo] 1,
[DeXe, (U (9)) - DU (5)] = O (1] 1) .
so that
0=y, (yn) = | det(Ds Xe,, (g, U™ (yn)) + De X1, (y, U™ (yn)) - DU ()|
— |det(Idgn)| =1 asn — oo.
Thus the assumption ¢, — 0 leads to a contradiction. Therefore,
inf{t >0[Cy # @} =b>0.
By the same token,
sup{t <0[C; # F} = a < 0.

Thus (a,b) x R¥ is contained in the connected component of {0} x RY in RxRN\C.
Since Fy = Idgw~, one has N'(0,z) = 1 for all z € R”, and since A is constant on
each connected component of R x R \ C, one concludes N' =1 on (a,b) x RV,
which proves d).

If (t,7) € R x RN \ C, the point z is a regular value of F;. Since F} is proper,
F7'({x}) is compact, and therefore bounded. Pick R > 0 such that

F7'({z}) € B(O,R).
By (17) and Lemma 3.2 b) applied to the map g: y— Fi(y) —x
#E7 ({a}) = #(F ({z}) N B(0, R)) is odd,,
which proves e). O

When U™ is not of class C'!, the arguments used to prove Proposition 3.3 are no
longer valid. However one can still obtain some information on the number A (¢, )
of solutions y of the equation Fi(y) = z by a completely different method, involving
the area — or co-area formula.

Assume that U™ € C(RY; R”) satisfies (11) and that its gradient (in the sense
of distributions) DU satisfies the condition

(18) alU,i"‘Q € LM1(Q) for each bounded open Q@ c RV,
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for all k,1 =1,..., N. We recall that a measurable function f: Q — R belongs to
the Lorentz space L™V1(Q) if

/ (LN{z e Q||f(@)] = A1) dr < .
0
By Theorem B in [13], the vector field U™ is differentiable a.e. on RY. Let F be
the .2~ -negligible set defined as
(19) E:={y € RY | U™ is not differentiable at y} .
By the chain rule, the absolute value of the Jacobian determinant
(20) Je(y) = |det(DaX(y, U™ (y)) + DeXe(y, U™ (1)) DU (y))]
is defined for all (t,y) € R x (RV\ E).

Henceforth, the notation J;*({0}) designates the set

(21) JH({0}) == {y e RV \ E| Ji(y) = 0},
and we shall also consider the set
(22) Zy = J ' ({0HUE.

Theorem 3.4. [Rough case] Assume that U™ € C(RN;RY) satisfies (11) and
(18).
a) for all t € R, the function J; € Li (RN);

loc

b) for all t € R, there are finitely many solutions y of the equation
(23) F(y) ==

for a.e. x € RN — in other words, N'(t,x) is finite for a.e. x € RN, for allt € R;
c) for each bounded B C RY, denote by Ng(t,x) the number of solutions y € B of
(23); then, whenever B is bounded, for each t € R and each n € N, one has

N ({z e RN | Np(t,z) > n}) < l/ Ji(y)dy
B

n

IN

1 K —K mn
N4 (1= e ) DU Yy s

d) let t € R; then for a.e. x € RN, all solutions y of (23) satisfy
y € RN\ E and J;(y) > 0;
e) for allT >0
A ({(t,y) € [FT,T) x RV | Fy(y) = 2}) < +o0

for a.e. x € RV.

Remarks.

a) By the first statement in Proposition 3.1, N (¢t,z) = Ng~(t,z) > 1 for all
(t,z) €e R x RM.

b) Even in the smooth case, i.e. assuming in addition that U™ € C1(RY), state-
ment ¢) in Theorem 3.4 provides information on the number of folds of A, that is
the image under ®, of the graph of U, which seems to be new at the time of this
writing.
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Proof. By the second estimate in Lemma 2.1
(24) [D2Xo(y, U™ (y)) + DeXo(y, U™ () - DU™ ()| < eI + (e = 1)| DU ()]
so that
Ji(y) = | det(D2 X (y, U™ (y)) + DeXi(y, U™ (y)) - DU (y))|
< M1 4 (1= e DU (y))Y

by Hadamard’s inequality. Since U™ satisfies (18) and since LY-}(Q) c LN (Q),
this inequality implies statement a).

Since the map F; is proper by Proposition 3.1, the set Ky r = Ft_l(B(O, R)) is

compact for each R > 0. By the area formula (see Theorem 3.4 in [18] and Theorem
A in [13])

(25)

#E (oD N Koo = [ Dy < +oc.

RN K r

Therefore #F; ' ({z}) < oo for a.e. = € B(0, R); since this is true for all R € N,
one concludes that #F; ! ({z}) < oo for a.e. € R¥, so that b) holds.

Let B be a measurable subset of RY; applying again the area formula shows
that

Ng(t, z)dx :/ Ji(y)dy .
RN B
By the Bienaymé-Chebyshev inequality, for each n > 1

LN ({z e RN |Np(t,z) > n}) < %/Bjt(y)dy,

which is precisely the first inequality in ¢). The second inequality follows from (25)
and Holder’s inequality.

Let n=1and Z; := J; '({0}) UE. Let B = Z; N K} g; the set B is measurable
and bounded. Then

[ =0

B

since J;(y) = 0 for all y € B\ E and ¢V (E) = 0. Applying c) shows that
LYz e RY ||z] < Rand Ny, (t,z) > 1}) =0,

which entails d) by monotone convergence, letting R € N tend to infinity.
Consider next the continuous map

F:[-T,T] xRN > (t,y) — F(t,y) € RV.
In view of (16), |F(t,y)] — oo as |y| — +oo uniformly in ¢ € [T, T]. Therefore,

the set K := F~1(B(0, R)) is compact for each R > 0. Then, for each t € [T, T]
and each y € RY \ E, the Jacobian DF(t,y) is the column-wise partitioned matrix

DF(t,y) = [V(t,y), M(t,y)],

with
V(t,y) = VeH (®:(y, U™ (y)))
and
M(t,y) = Dy X4(y, U™ (y)) + DeXe(y, U™ (y)) DU™ (y) .
Therefore,

DF(ta y)DF(t’ y)T = V(ta y)V(ta y)T + M(ta y)M(ta y)T
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so that, by the co-area formula (Theorem 1.3 in [19])

- AN F{x}) N KR)dx

- /K AV (L )V (9)T + Mt y) Mt y)Tdedy

By Lemma 2.1, (¢,2,€&) — ®4(x,€) is of class C* on R x RY x R, so that the map
(t,y) — V(t,y) is continuous on R x R™, and therefore bounded on the compact
Kpg. On the other hand, by (24)

‘S&%IM(t,y)l < e+ ("~ 1)|IDU™(y)| € L (RY),
1<

since U™ satisfies (18). Denoting
Kp = {y € RV | there exists t € [-T,T] s.t. (t,y) € Kr}

that is compact in R (being the projection of the compact Kr on the second
factor in R x R™), one has

N/2 _
VvT + MMTHL/V/Z(KR) <2V ey LN (K R) + 2V 2T M| e
< 0.

Therefore 7 (F~1({x})NKR) < +00 is finite for a.e. z € B(0, R), and since this
is true for all R € N, one concludes that s#1(F~'({z})) < +oc for a.e. x € R,
which is statement e). O

Theorem 3.4 suggests considering the sets
(26) C) = {z € RN | F,'({z}) is infinite}

for all t € R.
On the other hand, the definition of the caustic (15) in the smooth case should

be modified as follows when the continuous vector field U™ is not of class C' but
satisfies (11) and (18):

Cy={z e RV |F'{z})nZ # @},
(27) ¢ =,
teR

where Z, is defined in (22). Notice that this definition coincides with (15) whenever
U is differentiable everywhere. However we do not know whether C' or C, are
closed whenever U is not of class C*.

The first part of statement c) in Proposition 3.3 is equivalent to the inclusion

(28) C) C Cy forallt € R.
Statements b) and d) in Theorem 3.4 can be recast as follows
(29) 2N =0and £V (C;) =0, forallt € R.

This is the analogue of statement a) in Proposition 3.3 in the case of a rough
U™, Notice that (29) is a consequence of the area formula while statement a) in
Proposition 3.3 follows from Sard’s theorem (see Remark 2.97 on pp. 103-104 in
[2], discussing the relation between Sard’s theorem and the co-area formula).
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4. SOME EXAMPLES

While the notion of caustic C' naturally occurs in studying the geometry of A; in
the smooth case, its relation to the number of solutions y of the equation Fi(y) = x
is slightly less obvious, as shown by the following examples. In all these examples,
the Hamiltonian is

H(z,€) = 5€
generating the free flow
O, : RXxR3 (2,8~ (x4t eRXR.
Thus
F:Roy—y+tU"(y) €eR.

The first example below shows that the set F;!({z}) may be finite even if z € C;.

In other words, it may happen that the inclusion (28) is strict for all ¢ € R.

Example 1. Set N = 1, and let U™ be real analytic on R and satisfy (11).
Therefore F; is real analytic on R for each ¢ € R. For each x € R, the set
F7'({x}) is the set of zeros of the analytic function y ~— Fi(y) — «. Since U™
satisfies (11), one has Fy(y) ~ y as |y| — oo, so that, for each t € R, the function
F; is not a constant. Therefore the zeros of y — Fi(y) — x are isolated for each
(t,z) € R x R. Equivalently, the set F, *({}) consists of isolated points. On the
other hand, for each (t,z) € R2, the set F, *({x}) is compact since F}; is proper by
Proposition 3.1. Therefore the set F; ' ({z}) is finite for all (t,2) € R2.

The next example shows that the set F, '({z}) may be infinite for infinitely
many times ¢ — in this case, for all ¢ in a nonempty, open interval of R.

Example 2. Set N =1, and let U™ be defined by

[rin tanh(z) sin(ln|z|) if >0,
=10 itz=0.

Clearly U™ € C'(R*) and, for all z € R*, one has

(U™ (2) = (1 — tanh?(2)) sin(In |2]) +

tanh
tanh(z) cos(In |z]) .
z

Observe that (U™)'(z) = v/2sin(In ||+ Z) 4+ O(z2) does not have a limit for z — 0,
so that U™ ¢ C*(R). On the other hand

sup [U™(2)| =1 and sup |(U™)'(2)| < 2
zER 270
so that U™ is Lipschitz continuous on R and the map F; is proper on R.
Let « = 0; for each ¢ such that [¢t| > 1, the set F;'({0}) is infinite.

Indeed, the set F, *({0}) obviously contains z = 0; besides, F, *({0}) contains
also a decreasing sequence y, — 0 as n — +o00, which satisfies

sin(In |y,|) — =1/t as n — 0o.
Therefore F;'({0}) is countably infinite whenever [¢| > 1.
Notice that, in example 2, whenever T > 1
{(t,y) € [T, T x R|Fi(y) = 0} = (=T, ~1 U[1,T]) x {0} U{yn|n > 1})
so that
A ({(ty) € [-T,T) x R| Fy(y) = 0}) = +o0.



MONOKINETIC MEASURES WITH ROUGH MOMENTUM PROFILES 13

In other words, the set of points = for which
A ({(ty) € [-T.T] x R| Fy(y) = 2}) = +o0,
while .#!-negligible by statement e) of Theorem 3.4, may be non empty.
There is another interesting observation in connection with Example 2. Observe
that 0 € C} and that
FY{0}) ={0}U{y,|n>1}, whenever |t|>1.

Nevertheless, for each n > 1

. 1 1 1
(U™ (yn) = sin(In |yn|) + cos(In [yn]) + O(|yn|?) — T l-m#

if [t| > 1, and F; is not differentiable at y = 0. Thus y = 0 is in the exceptional set
E where the Lipschitz continuous function U is not differentiable, so that 0 € C;
with the definition (27) although

FH({op na ({0} = 2,
so that 0 would not belong to C; had we kept the classical definition (15) in the
case of non everywhere differentiable U™ profiles.

The next two examples show that F7'({z}) can even be uncountably infinite,
even for a smooth profile U*".

Example 3. Set N = 1, and let U™ be defined by
+1 ifz<—1,
Un(z):={ —= if || <1,
-1 ifz>1.

Consider the equation
F(y) =y +tU"(y) =2
with unknown y; for ¢ < 1, its solution is unique and given by
r—t fe<t—1,
y={ 7 iflkl<i-t,
T+t ifxe>1-—t.

For ¢t = 1, the solution is

r—t ifx <0,
y=< anyy € [—1,1] ifz=0,
x+1 ifx>0.
For ¢t > 1, the solution is
r—t ife<1l—t,

y = x—t,%andx—i—t fl—t<az<t—1,

T+t fx>t—1.

Now F, '({z}) is finite for all € R whenever t # 1, while F; ' ({0}) = [-1,1].
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Example 4. In the previous example, U is Lipschitz continuous but not of class
C'. Yet the same phenomenon can be observed by smoothing U near z = +1.
Regularize U™ and obtain U™ € C*°(R) so that

supp(U"™ —U™) C[-1—¢6,~14+¢]U[l —¢,1+¢], and
U <U™on[~1—¢—~1+¢eand U™ <U™on [l —¢1+¢.
In that case
Fri({o}) = [-1+¢€1—.
Indeed, since U™ < U™ on [—1—¢, —1 + €], all the points on the graph of U™ with
abscissa in (—1 — €, —1 + €) will reach z = 0 after t = 1. The same is true of the
points on the graph of U™ with abscissa in (1 — ¢, 1+ ¢€). Thus the regularization

does not affect the dynamics of the points with abscissa in (—1 + €,1 — €) for all
t €[0,1], and in particular for ¢ = 1.

5. ON THE STRUCTURE OF p(t)

Throughout this section, we assume that U™ € C(RY; R”) satisfies the sublin-
earity condition (11) at infinity and the regularity condition (18).

Consider a monokinetic measure ™ of the form (3) with p™™ € L*(R"), whose
action on a test function xy € C,(RY x RY) is given by the formula

(W™, x) = /RN X, U™ (y)p™ (y)dy .

In other words
Win = 2N @ @) .
Let H € C?(RN x RY) satisfy (7), and let ®; be the Hamiltonian flow generated
by H.
For all t € R, let u(t) = ®;#u"™ be the push-forward of ;™ under ®;, defined
as follows: for each test function x € Cp(RY x RY),

B0 G0 = o = [ (@ U )" )iy
Finally, let p(t) be the measure on R defined as
(31) p(t) := T#p(t)

where IT : T*RY ~ RN x RN 3 (2,¢) — 2 € RY is the canonical projection. In
other words, for each test function ¢ € Cy(RY)

(32) 0.0 = [ 605U )" ()i
or, equivalently
(33) p(t) = Eu#tp™ .
We shall also use the following definition
(34) Pr:={y e RV \ B[ Ji(y) > 0}.

Our main result in this section bears on the structure of the measures p(t) and
its projection p(t).
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Theorem 5.1. Under the assumptions above, let p™ € L*(RYN) be such that pi™ >
0 a.e. on RV,
a) for each t € R,

pmMp, LN < 1, N, and pm1,, N L g
b) for each t € R,
[(t) = pa(t) + ps(t)  with pa(t) L pg(t)

where '
N pznlpt
pa(t) =2 @ Z T(y)(sEt(y,Ui"(y)) ;
yeF, '({=})
:u’é(t) = (I)t#(ng ® pin(‘r)lzt (:E)(SUW(Z)) :
Moreover

c) for each t € R, one has
supp(u(t)) € Ae := @ ({(y, U™ (y)) |y € RV});
d) for each t € R, the measure
pa(t) = Mgtpa(t) < L7

with

dpa(t d(p"1p, LY
CZS,”(N) (2) = 1rmey(@) Y W(m

yeF ' ({z})

where C} is defined in (26);
e) for each t € R, the measure

ps(t) =Ty ps(t) is carried by Ct;

n particular
palt) L ps(t).

A few remarks are in order before we give the proof of Theorem 5.1. In the
smooth case — i.e. whenever U™ € CH(RM;RY) and satisfies (11), we recall
that C; is closed in RY for each t € R, by statement b) of Proposition 3.3. For
any given t € R, let x = x(z,€) be a test function in C.(RY x RY) such that
ITsupp(x) N C: = @. By (30)

)20 = [ X @ U @)" ).

Since I(supp(x)) is compact and included in the open set RY \ C;, it intersects
at most finitely many connected components of RY \ Cy. Assume without loss of
generality that II(supp(y)) is connected, so that it intersect exactly one connected
component  of RN \ C;; on Q, the integer-valued function A is a constant de-
noted by N, by statement c) of Proposition 3.3. With the notation used in that
proposition, for each x € II(supp(x)) C

F({a}) = {y(ta) |5 =1,... . N7,
and
y;(t,-) € CHQ) forall j =1,...,. N,



16 C. BARDOS, F. GOLSE, P. MARKOWICH, AND T. PAUL

Therefore y;(t,-) is a C'-diffeomorphism from €2 on its image O;, with inverse F;.
Thus

NQ
FFYQ)=JO;, and0in0O;=gifi#j,
j=1
so that

NQ
J ] g X000 0E) = 2 /o X(Pu(y). 22y, U™ ()™ () dy.

In each of the integrals on the right hand side, F} is a C!-diffeomorphism mapping
O; on (), so that, changing variables, we see that

| XME) Z 0" )" @)y
= /Q X('T’ Et (yj (t’ .Z‘), ur (yj (t’ x))))pm (yj (ta x)) |det(vaj (t’ .Z‘))| dx.
Since
|det(Dzyj(ta £C))| = Jt(yj(ta x))_l )

we conclude that the restriction of u(t) to (R xRY)\C is a measure-valued function
of (t,z) given by the following formula:

7zn(y‘7 (t7x) = (t Uin (¢
. Jo(y; (t, ) Ee(y; (t,2), U (y; (t,2)))

N (t,x) o
(35) ult,z,) =

whenever (¢,2) ¢ C. This formula is strikingly similar to the one giving p,(¢) in
statement b) of Theorem 5.1. There are however subtle differences, which we shall
discuss in more detail in the next section. At this point, it suffices to say that
Theorem 5.1 provides a formula for u(¢) that holds globally on RY x R instead
of (RY\ C;) x RY, and that the argument above requires more regularity on U
than assumed in Theorem 5.1.

Proof of Theorem 5.1. Let A C RY; then the condition
/ Ji(y)dy = 0 implies that Ji(y) =0 for a.e. y € A.
A
Therefore £V (P, N A) = 0 so that
[omeywis= [ s wis=o.

A PiNA

Thus p"1p, LN < J;. 2N,
On the other hand, for each t € R

RY=PUZ withPNZ=2.

Since
Ji(y)=0forye Z,\ E ie. Z"-ae. on Z,
while
P (Y)lz,(y) =0 forallye Py,

we conclude that p™1,,. 2N | J,.#Y, which proves a).
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Define N _ .
= gx ® (pznlpt)(x)é‘;}i"(x) ’
and, for eacht € R
pa(t) = Pedpug’ ,  ps(t) = PeAtul®
so that one has indeed
pa(t) + ps(t) = Put(pg" + p") = PuAp™ = plt) .
Then there exists a unique b € LY(RY; J;.#") such that
pmlpth = thgN

by the Radon-Nikodym theorem. Thus, for each y € C.(RY x R¥Y), by the area
formula (see Theorem 3.4 in [18] and Theorem A in [13])

(a(t),x) = X(Fe(y), Ze(y, U™ (9)))b(y) J (y)dy

(y)x(z,Ee(y, U™(y))) | dx
yer, ({x})

®) Oz, vim (), X (@, ) | dav-
yEF, ({w})
In the formula above
d(pinlpt"iﬂN)
d(J;ZN)
is the Radon-Nikodym derivative of p™"1 p, with respect to J;.Z N Since J; > 0 on
the set P;

b:=

inl
d JPt a.e. on RV,
t

(36) b=

which proves b).
Formula (3) obviously implies that
supp(u™) C Ao :={(y,U™) |y € RV}
Since u(t) = ®;#u™™, one has

supp(u(t)) C @({(y,U™) |y € RY}) = A,

which is precisely statement c).
In view of the first formula in b) and of the definition p,(t) = #wu.(t) of the
measure pg(t), one has

pa(t) = by |2V,
yeF " ({z})
with b as in (36). The set F; '({z}) can obviously be infinite, in which case the
sum above can be undefined. However, this occurs only if x € C] as defined in (26).
Since CJ is £ -negligible
pa(t) = fth
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with

fi(z) = 1rn\cy(2) > by

yeFt,il({m})

Thus, pa(t) is of the form py(t) = f. 2~ with f; > 0 measurable on R". Besides

0<pu® <o) ad [ pltdn) = [ p"a)do) < oc
RN RN
which implies in particular that p,(t) < £% with the formula for the Radon-
Nikodym derivative as in d).
Consider the measurable set A := RY \ C;. By (33) applied to pi"1z, instead of
p™, one has

ps(t)(A) = / P (y)1z, (y)dy = / P (y)dy = 0.
Fl(A) F Y (A)NZ:

Indeed, by definition of Cy, one has F, *(A) N Z; = @. In other words, p,(t) is
carried by C.

Finally, since p,(t) < £ and p,(t) is carried by C; which is .#¥-negligible by
(29), we conclude that p,(t) L ps(t) which is precisely statement e). O

6. ON THE CAUSTIC AND OTHER EXCEPTIONAL SETS

In the case of a smooth U™ profile — i.e. when U € C'(R™;RY) satisfies
(11), the caustic C is the only exceptional set — C; being equivalently defined as
the image under the projection IT of the set of points in the manifold A; in (12)
where the restriction H’ A, is not differentiable.

When U™ is not everywhere differentiable, this definition of C; does not make
sense in general since A; is not a differentiable manifold in the first place. In such
cases, it is more natural to consider the measures p(t) and p(t) instead of the sets
A and C; — all the more so since C; may not even be closed in RY. Thus, even
though ps(t) is concentrated on Cy, one cannot say that C; is the support of ps(¢) as
C; may not be closed. On the other hand, the inclusion supp p4(t) C Cy is of little
interest as Cy might be dense in some domain of R™V. Although p,(t) is concentrated
on (4, this obviously does not characterize C; (if a measure is concentrated on a
set, it is also concentrated on the complement in that set of any negligible set for
that same measure).

There are analogous difficulties with the absolutely continuous part of the mea-
sure po(t). In formula (35), the restriction of 1,(t) to (RN \ C;) x RY is viewed as
a function of z € RY \ O} with values in the set of Radon measures in the variable
¢ € RM. This viewpoint is obviously not appropriate if U is not at least of class
C' — for instance, if the set C; is dense in some domain of RY. In Theorem 5.1,
the measure p is a weakly continuous function of the time variable ¢ with values
in the space of Radon measures in the variables (z,&), and is therefore globally
defined on RY x Rév . Obviously, the ratio p™™1p,/J; is just one possible choice of

the Radon-Nikodym derivative d(p"1p, . ZN)/d(J;£") and could be modified ar-
bitrarily on any set of J;. ¢~ -measure 0 — which could be of positive .Z~-measure,
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as in Examples 3-4 above. The difference induced in the expression

d(pinlpth)
(37) Z AR
yeF " ({=})

by two different choices of the Radon-Nikodym derivative d(p""1p, ZN)/d(J;£N)

is of the form
Z m(y)(sUm(y)

yeF, ' ({=})
with m > 0 being a J;.ZN _measurable function such that m = 0 a.e. on R \ Z;.

Therefore
| mwaaa=o=[ ¥ jm) | o

B \ver (=)
so that
Z my) =0 £ —ae on RY

yeF  ({z})

ZN & Z m(y)éUm(y) =0

yeF ! ({z})

and

as a measure on RV x RV,

On the other hand, even in the smooth case, formula (35) is not enough to
define completely w(t), as it fails to capture singular parts of the measure carried
by C; x R¥. For instance, in Example 4, for ¢ = 1, if one computes the restriction
of the measure p(1) to (R \ C1) x R¥ by formula (35), one obtains

#/ dy*/RN </RN m"(:c,dg)) dx

unless p™ =0 on [~1 +¢,1 — €] = J; 1 ({0}). Since this is obviously incompatible
with the conservation of the total mass of the measure

/ /R . pu(t, ded) = / /R _— Oy H#p'™ (dzd€) = / /R o 1" (dad€)

by the transportation under the flow ®;, this example confirms that (35) alone is
not enough to compute p(t).
The expression involved in the formula for p, in Theorem 5.1, i.e.

pznl ,
(38) > Jtp (¥)dvin ()

yethl({m})

which is analogous to formula (35) a priori makes sense only if z € RV \ C}. In
the rough case, i.e. if U™ satisfies only the regularity properties in Theorem 3.4 or
Theorem 5.1, it might on principle happen that

CiNnRY\G,) # 2.

Whenever this is the case, the sum in formula_(38) above may fail to be defined
everywhere on R \ O, as would occur for U™ of class O, by statement c) in



20 C. BARDOS, F. GOLSE, P. MARKOWICH, AND T. PAUL

Proposition 3.3, or (28). Since this may occur at most on a .#"-negligible set, the
expression for 11, in Theorem 5.1 is well defined as a measure on RY x R while
the one in (38) may not be defined everywhere on R¥ \ C; as a function of z with
values in the space of measures in the variable £ € RYV.

Another strategy is to abandon the idea of viewing the caustic C' as an excep-
tional set unambiguously defined by the measure p(t), and to investigate those
exceptional sets that can be uniquely defined in terms of this measure.

This leads for instance to consider the set

(39) Cf == {x e RV | 2N (F7 ({z}) n J7 ({0}) > 03,
which is of particular interest, as shown by the following result.

Theorem 6.1. Assume that H € C?>(RY x RY) satisfies the conditions (7), while
Um € O(RYN;RYN) satisfies the sublinearity condition (11) at infinity and the reg-
ularity condition (18). Then

a) Cy C C,NCj for each t € R;

b) for each t € R and each x € C/, there exists p™ € L*(RN) such that p'™ > 0
a.e. and the projected measure p(t) = II#u(t) satisfies

p(t)({z}) > 0;
¢) C} is at most countable for each t € R;
d) if p™ € LYRN) is such that p* > 0 a.e. on RN and p™™ =0 a.e. on J'(RY)
while || p™ || 1wy > 0, then

p(t){z}) >0 if and only if (" LN)(F " ({=}) N J 1 ({0}))) > 0.

Proof. If x € C/, then N (F7'({z}) n J, ' ({0}) > 0 so that in particular the
intersection F, *({z})NJ; ' ({0} is infinite, which implies that 2 € C; NCY, thereby
proving a).

Let R > 0; since F; is proper by Proposition 3.1, F,*(B(0,R)) = Kg is a
compact subset of RY. Pick p™ = 1k, ; obviously p™* € L}(R") and pi® > 0 a.e..
Set ui" = LN @ (1x,0pn), let u(t) = ®#u™™ be the push-forward of ;™ under the
Hamiltonian flow and let p(t) = II#u(t) be the projected measure. As explained
above p(t) = Fy#(1x,-L"N) so that, whenever x € B(0, R) N CY,

p(t{a}) = Axp L) (F ({2}) = LV (Kr 0 F7 ({2)))

= 2N(F ({2})
> 2N (F ({2 n g7 ({03) > 0.

This immediately implies both b) and c¢). Indeed, b) is satisfied with p™ = 1,
for each R > 0 such that z € C{ N B(0, R). On the other hand, for each R > 0, all
the points in C}' N B(0, R) are atoms of the same Borel measure F;#(1x,.%") on
RY, which implies c).

As for d), one has again p(t) = F,#(p™.£"), so that

p(t{a}) = (" L) (F ({2}) = (0" L) (F ({2 N E)
+ ("M (F ({2} n 7 ({0))
+ (" L) (F ({2h) n I RY)
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where E is the Z"-negligible set where F; is not differentiable. The conclusion
follows from the fact that .~ (E) = 0 and p'" = 0 a.e. on J; '(R%), so that

p(O{a}) = (0" 2™)(F7 ({2}) N I ({0})
O

If p'm € LY(RY) satisfies p™ > 0 a.e. on RY and p™ = 0 a.e. on Jt_l(Ri)
while [|p™|| L1 ma) > 0, one has (p™.ZN) L (J;£N), so that the projected measure
p(t) = I#u(t) satisfies p(t) L £V by statement b) in Theorem 5.1. By statement
d) in Theorem 6.1, the measure p(t) is diffuse if and only if

(pm MY FE{ap) n g7 oY) =0 forall z € Cy .
This may indeed happen, as shown by the following example.

Example 5. Assume N = 1, and set H(z,§) = 552, which generates the free flow
Dy 0 (2,8) — (z+t€,€). By regularity of the Lebesgue measure, there exists a
compact set K C (0,1) \ Q such that + < Z1(K) < 1. Let Q = (0,1) \ K; since Q
is open in (0,1) and contains (0,1) N Q, it is a countably infinite union of disjoint
nonempty open intervals:

Q= |J I, sothat 2'(Q) =Y £ (I,).
neN neN

In particular \ := Z1(Q) > 0 since £ (I,,) > 0 for each n € N (indeed each I, is
an open interval that contains at least one rational). Set ¢ =1 and

Y, ify <0,
Yy
Fi(y) := / 1o(2)dz, ify €(0,1),
0
At (y—1), ify>1.

Define
U™(y) :=F(y) —y.

The function Fj is Lipschitz continuous on R, being the indefinite integral of a
bounded measurable function. Therefore U is also Lipschitz continuous on R.

The function Fj is increasing on R — this being obvious on R* and on (1, c0).
Indeed, if 0 < y1 < y2 < 1, the interval (y1,y2) contains at least one rational
number r, so that

Fi(y2) — Fi(y1) = 2 QN (y1,92)) >0,

since the open set QN (y1, y2) contains the intersection of the connected component
of r in Q with (y1,y2), which is a nonempty open interval. Since Fj(y) — +oo as
y — +00, we conclude that F; : R — R is one-to-one and onto.

By the Lebesgue differentiation theorem (Theorem 7.11 in [20]), F} is differen-
tiable a.e. on R (in fact it is even of class C* on R* U (1,00)) and Fy(y) = 1a(y)
for a.e. y € (0,1). Thus, denoting by E the .#!-negligible set on which F is
not differentiable, one has (F])~1({0}) U E = K. Since F} is one-to-one and onto,
Cy = Fi(K).
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Let p'™ = 1k; thus [|p™|| = L1 (K) > 0, so that (p" L) L (|[F]|-£1). The
measure p(t) = I#pu(t) where p(t) = d#u™ with p'" = L} @ p™(2)dyin (2
satisfies p(1) L ¥ by statement b) in Theorem 5.1

p(1)(R) = p(1)(C1) = [lp™ |7 = L1 (K) > 0.

On the other hand, since F) is one-to-one and onto, for each z € R, one has
#F7'({z}) = 1. In particular, for each 2 € C; = F;(K), one has

Fri({a}) € (F)71({0})  so that #(Fy ({a)N(F) 7 ({0}) = #F ' ({a}) = 1.

In particular, for each « € C4, by statement d) of Theorem 6.1, one has

(oM (FT ({2 N (F) 1 ({0}) = 0,
so that
o()({r}) = 0.
Hence p(1) L #! and is diffuse, while p(1) # 0 since p(1)(C1) > 0.

7. APPLICATION TO THE CLASSICAL LIMIT OF QUANTUM MECHANICS

In this section, we apply the results obtained above to the classical limit of the
Schrodinger equation.

7.1. The classical scaling. Consider the evolution Schrodinger equation
1hop) = —%thAmw + V(x)y

for the wave function v of a point particle of mass m subject to the action of an
external potential V =V (z) € R.

Choosing “appropriate” units of time 7" and length L, we recast the Schrodinger
equation in terms of dimensionless variables { := ¢/T and & := z/L. We define a
rescaled wave function 7,/; and a rescaled, dimensionless potential 1% by the formulas

T2
p— V(z).

In these dimensionless variables, the Schrodinger equation takes the form

iq 4 rT ~ mL?®. -

The dimensionless number 27AT /mL? is the ratio of the Planck constant to mL? /T,
that is (twice) the action of a classical particle of mass m moving at speed L/T on a
distance L. If the scales of time T and length L have been chosen conveniently, L/T
is the typical order of magnitude of the particle speed, and L is the typical length
scale on which the particle motion is observed. The classical limit of quantum
mechanics is defined by the scaling assumption 2rh < mL?/T — i.e. the typical
action of the particle considered is large compared to fi. Equivalently, mL/T is
the order of magnitude of the particle momentum, so that 27hT/mL is its de
Broglie wavelength; the scaling assumption 27hT/mL < L means that the de
Broglie wavelength of the particle under consideration is small compared to the
observation length scale L.

D(i,&) = P(t,x)  and V(&) =
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Introducing the small, dimensionless parameter ¢ = hT/mL? and dropping hats
in the dimensionless variables as well as on the rescaled wave function and di-
mensionless potential, we arrive at the following formulation for the Schrodinger
equation in dimensionless variables

(40) ie0pp = =2 A0 + V(2)0).

The WKB ansatz postulates that, at time ¢ = 0, the wave function is of the form

P(t,x) = ai"(x)eism(z)/h, zeRN.
Consistently with the scaling argument above, we set
a’™(z) := o™ () and 8" (%) := TS™(x)/mL>?

— since S has the dimension of an action — so that
(41) $(0,2) = 4" (2)e'S" @<

Dropping hats in the initial data as well as in the Schrodinger equation, one ar-

rives at the following Cauchy problem for the Schrédinger equation in dimensionless
variables:

42) {ieame% Aot +V(2)e, RN, teR,
42

Ve(0,2) = @™ (2)e™" e

The problem of the classical limit of the Schrodinger equation is to describe the
wave function 1, in the limit as ¢ — 0.

7.2. The WKB method. The traditional procedure for describing the classical
limit of the Schrédinger equation is the WKB method recalled below. First we
recall some mathematical tools and elements of notation used in the presentation
of that method.

Assume that V € C°°(RY) satisfies

(43) 9*V € L>®(RY) for each multi-index o € NV
and

v
(44) (z) — 0 as |z] = +00.

||
Then the Hamiltonian
H(z,€) := 3|¢)* + V(x)
satisfies (7) and therefore generates a global flow
RY X RY 3 (2,€) = (Xi(2,€), Be(w,€)) € RV x RY

by Lemma 2.1.
Assume further that

(45) sup / Ly(z—y)V (y)dy —»0asn—0 if N>2
zeRN JRN
with
I,(2) 1[0,77](|Z|)|Z|27N if N >3,
2) =
! 1o, (I2)) In(1/]2]) if N =2,
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while
x+1
(46) sup / Vo(y)dy <oo if N=1.
zeRN Jzr—1

Under assumptions (45)-(46), the operator —1€?A, + V has a self-adjoint exten-
sion on L?(R") that is bounded from below.
Under assumption (43), there exists a FIO that is a parametrix for the operator

%€2AI—V)

G(t) :== eié(

see for instance Theorem 2.1 in [16], whose main features are recalled below.
Consider the action

t
(47) S(t.2.6) = [ (3B OF - VX, (2.)) ds
Given T > 0, we shall have to deal with the class of phase functions
o = p(t,z,y,m) € C of class C° on [0,T) x RY x RY x RY)
satisfying the conditions
e(t, Xe(y,m), y,m) = S(t,y,m),
Dap(t, Xe(y:m),y,m) = Ee(y,m)
iD2p(t,x,y,m) < 0 is independent of z
det(Dyyno(t, Xi(y,n),y,m)) # 0 for each (t,y,1) € [0,T) x RY x RV .

(48)

Pick x € C°(RY x RM) and T > 0. Then, for any phase function ¢ satisfying
(48) and any n > 0, there exists A, = A,(t,y,n,¢) € C([0,T] x RY x RN)]¢]
such that the FIO G,,(t) with Schwartz kernel

. dn
en(t = [ At ip(tz,ym)/e__ 21
Genltiz) = [ Aultin o) o
satisfies
sup [[(G(t) = Gen(t))x (@, —i€ds) || o2y < CIV, T, x]e" V.
0<t<T

In this inequality the notation x(x, —ied, ) designates the pseudo-differential oper-
ator defined by the formula

- dyd
X, ~iebe)p(z) = / /RN RN ey (2, m)ply) (27%6)7;—

Taking Theorem 2.1 in [16] for granted, one arrives at the following description
of the classical limit of (42). Tt is stated without proof in Appendix 11 of [5] or as
Theorem 5.1 in [3].

Let U™ = V8™ and let C be defined as in (15); let N(¢t,x) and y;(t,z) be
defined as in Proposition 3.3 for each (¢,z) € R x RV \ C. Let J;(y) be defined as
in (14).

Proposition 7.1. Let a'® € C™(RY) and S™ € C™ L (RY) with m > 6N + 4.
For all e > 0 and all (t,x) € Ry x RV \ O, set
N (t,x)

(49) Ue(t,o)= Y

j=1

a’ (y;(t, x)) i85 (t.2) [ yim; (t,2) /2
‘ 1/2 ’
Ji(y;(t, )
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where
Sj(ta x) = Sm(yj(t"r)) + S(ta yj(ta x)a VSm(yj(ﬁ, x))) y J=1. ,N(t,l‘)

S(t,y,&) is given by (47) and vj(t,x) € Z for all (t,z) € Ry x RN\ C is constant
on each connected component of R x RY where j < N.
Then the solution 1. of the Cauchy problem (42) satisfies

(50) Vet ) = Ue(t, o) + Re(t,x) + RE(t )
for all T > 0, where

sup ||R2HL2(B(0,R)) =0O(e) for all R >0
0<t<T

and

sup |R2(t,z)| = O(e) for each compact K C Ry x RN\ C
(t,z)eK

ase— 0.
Let us remark that the integer nu; (¢, x) is precisely defined through the proof of

the Proposition, see formula 63 below. As w won’t need it we will not discuss here
its link with the Morse index of the path

[Ovt] >S5 XS(yj(taz)a VSin(yj(t,:L'))),

see [3] for more details concerning this point.
A self-contained proof of Proposition 7.1 is given in Appendix A following the
parametrix construction of [16].

7.3. The Wigner transform. Alternately, the asymptotic limit of 1, can also be
investigated with the help of Wigner’s transform [23, 17].

For each ¥ € L?(RY), one defines the Wigner transform of ¥ at scale € by the
formula

We[¥](x,&) = W /RN e Wt (z + Ley)U(z — Ley)dy.

Let us define the e-Fourier transform ¥ as
~ 1

Straightforward computations lead easily to the following identities.

61) W) e = [W@P, [ W e)ds = [T

RN
and, for any pseudodifferential A operator of (total) Weyl symbol a(z, £)

(52) . We[\If](x,f)a(x,ded«f = <\I/,A\I/>L2(RN)

Lemma 7.2. Let a™ € L*(RN) and S™ cc Wo(RN). Then
W a4 (2,€) = (a™)2(2)5(¢ — VS™(2)) in S' (RN x RV)
as € — 0.

See Example IIL5 in [17].
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Proposition 7.3 ([17]). Assume that V € CVL(RYN) satisfies (45)-(46)-(43)-(44)-
Let
:ue(ta z, 5) = We[we(ta )](xa €)
for each € > 0 and each t € R, and for a.e. (z,£) € RY x RV,
Then the family p. converges in S'(R x RN x RY) as ¢ — 0 to the unique
solution of the Liouville equation

O+ E&-Vaou—V,V(x) - Vepu=0, z,¢cRY teR,
M(Oa :CaE) = ain(x)Qévs“"(z)(g) .

In particular, p € Cy(R,w — M(RY x RY)) and pu(t) is a positive Radon measure
forallt e R.

(53)

This proposition is stated as Theorem IV.1 in [17], to which we refer for a
complete proof.

Therefore, the structure of the measure u(t) is given by Theorem 5.1 with
pin _ (ain)Q and Uin — vszn )
Likewise, Theorem 6.1 provides a precise description of the exceptional sets associ-

ated to pu(t).

7.4. Link with the results of the present article. The WKB asymptotic so-
lution (49) obviously contains more information than the regular part uq(t) of the
Wigner measure u(t) that is the solution of the Liouville equation (53) — for the
definition of p,(t) and its structure, see Theorem 5.1.

For instance, the (finitely many) phase functions S;(¢, z) appearing in (49) define
velocity fields Uj(t, x) := V;5;(t, ) as in the formula giving 1, (¢) in Theorem 5.1.
On the contrary, the Morse indices v;(t, z) do not appear in the formula for g (t).

One can go a little further, and compute the Wigner measure associated to the
WKB asymptotic solution (49), under the assumptions used in Proposition 7.1.

Let t € R; for each x € RV \ C; and j € {1,...,N(t,z)}, one has

VaSj(t,x) = DS™ (y;(t,2)) Day;(t, ) + DyS(t, y;(t, ©), DS™ (y; (¢, x))) Day; (¢, )
+DyS(t,y;(t, x), DS™ (y;(t, ))) D*S™ (y; (¢, @) Day; (t, @)
= Ei(y;(t,x), DS (y;(t, 2))) - (DyXe(y; (t,2), DS™ (y;(t, 2))) Day;(t, x)
+Dy X (y;(t, ), DS (y;(t,2))) D* S (y;(t, ) Dy (1, 7))
in view of formulas (3.1-2) in [16] recalled above (see (58)). By definition
(54) Xily;(t,x), DS™ (y;(t,x))) ==, j=1,....N(t,z),
so that
Dy Xy(y;(t, ), DS™ (y;(t, x))) Day; (t, @)
+Dy Xo(y;(t, ), DS™ (y;(t, ))) D2 S (y;(t, ) Doy; (t,2) = 1
which implies in turn that
(55) V.St x) = Z4(y;(t,2), DS™(y;(t,2))), j=1,...,.N(t,z).
Because of (54) and of the condition

yi(t, o) #ye(t,z) if1<j<k<N(ta),
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one has
Vsz(t,x) = Et(yj(tax)aDSm(yj(tax)))

by uniqueness of the solution of the Cauchy problem for Hamilton’s equations.
Applying Proposition 1.5 in [9] implies that

WelWe(t,)] = u(t) in D'(RY\C) x RY)
as € = 0, where

N (t,x)

™ (y;(t, ))[?
wu(t, x, dg) — L4 ) .
z,d§) : E oy, (6. 7)) V. S;(t,x)

The expression in the right hand side of the equality above coincides with the
regular part p,(t) of the Wigner measure p(t) in Theorem 5.1.

Since Theorem 5.1 is valid under much weaker hypothesis on the phase of the
initial WKB type initial conidtion, one might ask alternatively which information
our results give on the solution of the Schrodinger equation itself. The fact that the
Wigner measure is the limit of the Wigner transform at e = 0 shows clearly that
there is no simple way of pulling back any quantitative information from it to the
wave function at € # 0. Moreover the Wigner transform is quadratic. Therefore
it is natural to expect that our results carry information about the limit € — 0 of
some quadratic expressions of the solution of the Schrédinger equation with rough
initial data.

Using (51) and (52) we easily get the

Proposition 7.4. Let 1. the solution of the Schrédinger equation (42) where a'™
and VS™ satisfy the hypothesis of Theorem 5.1. One has, for each t € R,

a) for any pseudodifferential operator A of principal Weyl symbol a(x,§),

iy (0, At} oo = [ ),
where p(t) is described in Theorem 5.1,

b) weakly in M((RN \ CY))
IAEEEED SR P

yeF, ({z})
c) weakly in M(RN \ Z,(C}, VS™"(CY))),

n |2

Ger- [ X B st whar e
RN yeF  ({z))

where again Cy is defined in (26) and Py, Ji, E¢ and F; are as in Theorem 5.1,

M(X) denotes the cone of positive bounded measures on X and Z(C}, VS™(C}))

is meant for {Z¢(y, VS™(y)),y € C}}.

Note that the restrictions x ¢ C} in b) and & ¢ Z(C}, VS™(C})) in ¢) can be
released using the singular part of u(t) introduced in Theorem 5.1. We will not do
it here, the corresponding expressions being somehow less explicit.
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Let us give some final comments concerning the results contained in the present
paper. Though Proposition 7.1 can be improved by adding extra hypothesis on
a™ and S, the approximation stated in full generality holds in R x R \ C, and
only locally. In particular, the approximation of the wave function ¢, by the WKB
ansatz W, is not uniform as (t,x) gets near C. (For more on this well known fact
in another, related context, we refer the reader to the last paragraph in §55 and
on the problem in §59 in [14].) On the contrary, the result obtained in Theorem
5.1 is global, holds in the sense of measures and does not involve the caustic C' as
explained in the previous sections.

APPENDIX A. PROOF OF PROPOSITION 7.1
Let x(z,&) = x1(7)x2(&) with x1,x2 € C°(RY), satisfying
10,7 (7) < x1(z) < 1p(0,r+1) and 1px0,0)(§) < x2(£) < 1p0,0+1)
for all z,& € R, where R > 0 and Q is to be chosen later. Pick n > 2N; then
Velt ) = Gen(O)x (@, —ies)" = Ge(t)(1 = x(w, —icda) )"
+(Ge(t) = Gen(t))x(x, —iedz )" .
Since G.(t) is a unitary group on L?(R")
[e(t, ) = Gen(t)x(, —i€eda )" | L2y < (1 = X(x, —icds)
HI(Ge(t) = Gen()x(x, =100 )1 | L2 (rv)
< (1= x(z, —i€de)) 2" || L2 my

+Cre" N[0 || L2 @)

inHLZ(RN)

)
)

for all t € [0,T], where Cq r = C[V,T, x].
Now, x(z, —i€d; )" = x1(2)x2((—ied, )™ and since supp(a™) C B(0, R)

(1 = x(@, €80 | 2y = X1 (1 = xa(—i€da)) i || 2y
< (1 = xe(—ied )™ | L2

= 2m) V(1 — x2(€€) P | o)

< 21) V111 /e 00) (IENDI | 2 (RN

Since

GG = [ e S @ @)

RN
we conclude from estimate (7.7.1’) in [11] that

Clla™ [[wm o may
(ST = IVS™ ([ Lo (B0,m))™
provided that supp(a™) C B(0,R) and || > 1 + ||VS™|| L (p(0,r). Therefore
||1/}€(tﬂ ) - Ge,n(t)X(xv *ieam)winHLZ(RN) < CT,Q”ain”LQ(RN)en_QN
FONA+ KD 2@ la™ lwrm o mvy €™

m

in(¢/e)] <

(56)

for all m > N/2.
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Next we analyze the term

(57)
e (x)

Ge,n( 266
zn z e(t,x,y,m)+ —2)4+8%"(2)) /e dZdCdydU

with the stationary phase method.
Choose ¢ of the form

o(t.z,y,n) = S(ty.n) + (@ — Xe(y.n) - Ee(y,m) +iB : (x — Xe(y,m))**

where the matrix B = BT > 0 is constant (see formula (2.7) [16] and the following
Remark 2.1). Critical points of the phase in the oscillating integral (57) are defined
by the system of equations

—(+DS™(z) =0,

y—2=0,

9yS(t,x,y) — Ee(y.n) - DyXe(y,m) + (2 — Xe(y,m)) - DyZe(y, m)
—iB:(z = Xi(y,n) @ DyXi(y,n) +¢ =0,

OnS(t,2,y) = ey, m) - DnXe(y,m) + (z — Xe(y,m)) - DnZe(y, m)

—iB: (2 = Xi(y,n) @ DyXe(y;m) + ¢ =0.

At this point, we recall formulas (3.1-2) from [16]

(58) 0yS(t,z,y) = Et(y, n) - DyXe(y,m) —n,
Oy S(t,z,y) = Ee(y,n) - DyXe(y,m)
together with the following definitions
Y(t,y,n) == DyZe(y,n) — iBDyXe(y,m) ,
Z(t,y,n) = DyEi(y,n) — iBDy Xy (y,m).
Thus the critical points of the phase in (57) are given by
¢=DS"(2),
y==z,
(& = Xe(y,m) Y (t,y,m) + ¢ =1,
(& — Xe(y,m) " Z(t,y,n) = 0.

Since the matrix Z is invertible by Lemma 4.1 of [16], we conclude that the system
of equations above is equivalent to

(=DS™"(z),
Yy==z,
¢=n,
r=X(y,m).

In other words,
Fi(z)=z, y=2z, (=n=DS"(2).
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Assuming that (t,z) ¢ C, we apply Proposition 3.3 and conclude that the set of
critical points of the phase in (57) is of the form

y:Z:yj(taz)a
¢ =n=DS"(y;(t,z)),

At this point, we apply the stationary phase method (Theorem 7.7.5 in [11]). First
we need to compute the Hessian of the phase in (57) at its critical points. One finds

j=1,... ,N(t,x).

p2gin 1 0 0
I S +1 0
Hilt:2)=1|" 41 _yD,X, -YD,X,~1I
0 0 —ZD,X: —ZD,X v (02)

n=DSin(y;(t,2))

and it remains to compute det(H;(t,z)). Adding the first row of H,(¢, x) to the
third row, one finds that

D?gm I 0 0
—I 0 +1 0
det By () =| pagin o _yD,X, —YD,X,~1I
0 0 —ZD,X;y —ZD,X v=y; (t:2)
n=DS" (y; (t,x))
—I +1 0
= (-1)N|D2S"™ YD, X, -YD,X;—1
0 ~-ZD,X,  —ZD,X, v=y;(t.2)
n=DS" (y;(t,z))
—I 0 0
= (-1)N|D2S"™ —YD,X;+ D*S" -YD,X;—1I
0 ~ZD,X, ~ZD, X, y=v; (t,2)

n=DSi" (y;(t,z))

where the last equality follows from adding the first column in the right hand side
of the second equality to the second column. Eventually, one finds that

~YD,X; + D2S™ —YD,X,—I
—ZD,X, ~7ZD, X, =y (tm)

n=DSi" (y;(t,2))

detH]—(t,x) = ‘

which is computed as follows. First

I —YZ7'|-YD,X,+ D2S" —YD,X,—1| | D2Si -1
0 I —ZD,X, —ZD,X; |~ |-ZD,X, —ZD,X,
so that
D2gin —1I
det Hj(t,x) - ‘ZDth *ZDnXt =y, (t,2)

n=DSi" (y; (t,z))
On the other hand
D2gim —I

= 2 Qin
—ZD,X, —ZD,X, =det(ZDyX; + ZD, X, D*S™)

= det(Z) det(D, X + D, X;D*S™)

by the following elementary lemma.
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Lemma A.1. Let A, B,C,D € My(C). If AB = BA, one has
‘A B

c D‘ =det(DA—-CB).

Therefore

det H;(t,z) = det(Z) det(D, X; + D, X, D*S""
(59) 36 7) (7) det( Dy X e ) y=y;(t,x), n=D S (y; (t,x))

= det(Z(y;(t,z), DS™ (y;(t, x))) det(DFy (y; (t, z)))

where F; is defined in (13) with U™ = DS,
Pick a nonempty closed ball B C Rx RN\ C, let Ng = N(t,2) for all (t,z) € B,
and let

Kj={(y;(t,2), V8" (y;(t.2)) | (t,x) € B}, j=1,....Np.

Assuming that B is of small enough radius, K; N Ky, = & for j # k€ {1,...,Np}.
Let r; € C°(R?N) for all j =1,..., N, such that

kj>0and kj| . =1, j=1,...,Ng,
J
while rjk, =0 for j #k e {1,...,. N},
Applying Theorem 7.7.1 in [11] shows that

in dzd(dydn

su (t,y,m, atn ¢ i(e(t,z,y,m)+¢ (y—2)+5"(2)) /€
2, []] e v it

B .
- Z//// An(t,y,m, €)™ (2)x2(C) ki (y, m)k;i (2, C)
=

gile(tm ) +C =)+ () ZACdydn |

(2me)2N

as € = 0.

Next we set

Bt = [[[ [ Anttn 00" @rnacms w0

% Pty m+C-(y=2)+87(2)) /e dzdCdydn
(2me)2N

for j=1,...,Np. By Theorem 7.7.5 in [11], we conclude that
(61)

(tSl;IE)B |Ij (ta €, 6) - Ao(t, Yj (tv :C), Vs (yj (ta :L')), 0)am (yj (tv x))XQ (vszn (yj (tv SC)))

s (P (1, (1:2), V5™ (; (12)+5™ (us (b)) /€ (et H, (2, x))_1/2| = O(e)

as € — 0. Our choice of x> and ¢ implies that y2(V.S™(y;(t,z))) =1 an

(P(ta T, Yj (t’ 'T)’ vsin (yj (t’ 'T))) = S(ta Yj (t’ 'T)’ vsin (yj( )))
so that
(‘P(tﬂ Z,Y; (tﬂ :L'), vsin(yj (tv SC))) + Sin(yj (t, :L'))) = Sj (tﬂ 1') .
By formula (2.13) in [16]

(62) Ao(t,yj(t,x),VSi"(yj(t,x)),O) = Det(Z(yj(taz)aDSin(yj(tvx)))
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where the determination of ©7%3/z is obtained by continuity (let us recall that
Det(Z(y;(t,z), DS™(y;(t,z))) never vanishes), According to (62), (59), Lemma
5.1 and formula (5.15) in [16], we have

AO(t; Yi (tv :C), V‘Sm(yﬂ (tﬂ :L')), 0)(det Hj (tv x))71/2

63 , .
( ) _ |det(DFt(yj(t’x)))|—1/2em-z/j(t,z)/2 — J(yj(t’x))—1/2617ruj(t,m)/2 ,
where v;(t, z) is an integer.

Putting together (56)-(60)-(61)-(63) concludes the proof.

Proof of Lemma A.1. If A is nonsingular and AB = BA, one has

A B :(_1)NA B||A=* B _ ()N 1 0
¢ D ¢ DI|0 -A CA~! CB-DA

= (—1)V det(CB — DA) = det(DA — CB).

Since both sides of the identity above are continuous functions of A and the set
of nonsingular matrices GLy(C) is dense in My(C), this identity holds for all
A € M, (C) such that AB = BA. O
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