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Abstract: In this paper we revisit the third harmonic generation from a femtosecond laser
filament in air and its significant enhancement (~ 100 times) with a intercepting pump pulse,
which has been reported very recently. The enhanced third harmonic is studied as a function of
the pulse polarization, time delay between the pump and signal pulses, laser pulse energy, etc. We
provide an explanation for the enhancement of third harmonic based on a quenching of
interference effects present near filamentation threshold. Simulations based on a two-color
propagation code reproduce well the experimental observations and confirms our interpretation.

Introduction
High-harmonic generation in gases with intense laser pulses has stimulated many
research interests because it provides a simple method for achieving laser radiation in UV
~ XUV domain [1-8]. In particular, several papers reported that an efficient conversion
(~ 0.2%) from a femtosecond laser pulse to its third harmonic (TH) can be achieved in
ambient air or noble gases, where the pulse undergoes filamentation [9-14]. The subject
has been pioneered by Akdzbek et al. [9]. By including cross phase modulation effects in
a two color nonlinear propagation model, these authors showed that the fundamental
wave and its third harmonic become quasi phase-locked over the filament length. For a
comprehensive review of the filamentation of intense femtosecond laser pulses in air, see
Refs. [15, 16]. Very recently, the subject has been revived by reports that third harmonic
generation in air filaments could be increased by 2 orders of magnitude by using a second
intense IR pulse (hereafter the pump pulse) to intercept the filament [17-19]. However,
the experimental results reported by various groups differ in several aspects. The main
discrepancy concerns the effect of time delay 7z; between the filament forming pulse
(hereafter the signal pulse) and the intercepting pulse. In Ref. [17] and [19], the authors
report a large third harmonic enhancement subsisting for time delays z; of several tens of
picoseconds. By contrast, in Ref. [ 18] the authors find that the effect only occurs during
the time overlap between pump and filament forming signal pulse. Another discrepancy
concerns the influence of the polarizations of the two laser pulses. The authors of
references [17, 19] observe an enhancement whether both lasers are parallel or

* Corresponding author : andre.mysyrowicz@ensta-paristech. fr



orthogonally polarized. In reference [ 18] only parallel polarized laser pulses can result in
TH enhancement. The discrepancies in experimental observations lead naturally to
different interpretations of this phenomenon. The authors of Ref. [17] and [19] propose
that TH emission is generated inside the local plasma formed at the intersection between
the filament and the pump beam. In Ref. [ 18] the authors suggest that the third harmonic
enhancement is due to an increase of the filament length induced by the pump beam.

Meanwhile, Xi and coworkers simulated the propagation of a filament blocked by a water
droplet of 40 um on the center and reported an enhancement of the TH [20]. Later, the
same group performed experiments by blocking partially the filament core with a thin
metallic fiber and confirmed an enhancement of the TH by 1 order of magnitude [21].
Therefore, an immediate question is whether there exists intrinsic relation between these
methods for TH enhancement with the one employing a pump filament? Furthermore, is
it possible that all the methods share the same physical origin?

In this manuscript, we investigate the TH enhancement as a function of the incident laser
pulse energy, polarization of the pump pulse, and time delay z;. To interpret our results,
we explicitly consider the = phase shift which exists between the harmonic wave
generated in the front and tail of the filament [1, 22]. This Gouy phase shift leads to a
large cancellation of third harmonic at the end of a short unperturbed filament. By
limiting the filament length to its first half distance with a pinhole formed by the filament
itself on an aluminum foil, we observe a similar enhancement of 3@ by two orders of
magnitude because the destructive interference is cancelled. At the same time, numerical
simulations based on the two color propagation model reproduces well our observations,
further confirms our phenomenological interpretation. We also point out that the results
of Ref. [17-19] and [21] can be interpreted consistently along the same lines, namely the
suppression of destructive interference which prevents back-conversion from the TH to
the fundamental pulse.

Experiment results
In the experiment, we use a chirped pulse amplification (CPA) femtosecond laser system
delivering 50 fs laser pulses at 800 nm with maximum pulse energy of 15 mJ and a
repetition rate of 100 Hz. The pulses have a Gaussian spatial intensity distribution with a
diameter of 14 mm at the output of the CPA system. The output pulse is split into 2 sub-
pulses, the polarization and energy of which can be separately controlled with individual
half wave plates and Glan prisms. The two pulses, the pump and filament forming signal
pulse, are focused in air with two convex lenses of focal length f; and £, and cross each
other under angle @. The pump beam focus is positioned to intercept the signal filament
at mid distance, as shown in Fig. 1 (a). The time delay between the two pulses at the
overlapping point can be varied with a mechanical optical delay line. The far field pattern
of the third harmonic generated by the filament is projected on a screen placed 70 cm
beyond the end of the filament, after filtering of the fundamental frequency with UG 11
color filters, as shown in Fig. 1(b). To measure the spectrum and intensity of the TH, the
total TH radiation is collected with a convex lens of fused silica with diameter d = 2 cm
and focal distance f'= 15 cm positioned 50 cm after the end of the filament and sent to a



spectrometer or a calibrated photodiode after blocking the fundamental frequency with
color filters (Fig. 1 (c)).

Fig. 2 (a)-(d) show photographs of the characteristic luminescence track left by the
filament plasma string for different pump pulse energies. The corresponding far field
patterns of the TH generated by the signal filament are shown in Fig. 2 (e)-(h). The
filament length is about 4 cm for an incident laser pulse energy of 520 wJ which
correspond to 2 P, where Py = 5 GW is the threshold power for filamentation of the 50
fs laser pulse in air. In Fig. 2 (a) and (e), the pump pulse is turned off. In the far field we
observe weak residual 800 nm light and broadband continuum but almost no third
harmonic. From (b) to (d), the energy of the pump pulse is 100, 210, 380 uJ, respectively.
With the increase of the pump energy, a bright plasma spot appears at the overlapping
region and above E, ~ 210 pJ the pump beam starts forming its own filament. At the
same time, a significant enhancement of third harmonic is observed in the far field. At
low pump pulse energy, below E, = 100 pJ, a centro-symmetrical circular emission
pattern of the TH centered on the filament axis is observed. At higher pump pulse energy
(Ep, > 210 pJ), part of the TH emission appears at a larger angle, preferentially in the
direction orthogonal to the plane formed by the two crossing filaments. Figure 3 shows
the spectrum of the third harmonic with and without the pump pulse, corresponding to
Fig. 2(a) and (d). An enhancement of the third harmonic energy by a factor 100 is
observed for a pump energy of 380 pJ.

We performed systematic measurements to address the role of the pump pulse
polarization and the time delay 7; between the two pulses in the enhancement of the third
harmonic. Figure 4 shows the enhanced TH signal as a function of the time delay z; for
different energies and polarizations of the pump pulse. For £,= 120 pJ, an enhanced TH
signal is observed in the case of parallel polarization within a delay of a few hundred
femtoseconds (Fig. 4(a)). These observations are similar to those in Ref. [18]. At high
pump pulse energy of 520 uJ (Fig. 4 (d)), almost no difference is found between the two
laser polarizations, in agreement with Refs. [17] and [19]. For pump energy between 120
uJ and 520 pJ, an intermediate behavior is observed, in which the two polarizations
produce different third harmonic signals during the ~ 200 fs time overlap, while after no
difference is observed (Fig. 4 (b) and (c)). We further measured the maximum enhanced
third harmonic as a function of the pump pulse energy systematically for the two
orthogonal pump polarizations. The results are presented in Fig. 5. Consistent with the
above results, for pump pulse energy relatively low (< 500 pJ) the two polarizations
exhibit significant difference while a similar enhancement is observed for higher energy
pump pulse.

We further compared the TH signal from a free propagating filament with the maximum
enhanced TH signal in the presence of a pump filament with E, = 300 pJ. Results are
presented in Fig. 6 (a). For low energy pulse (< 400 pJ) an enhancement by a factor of
100 is observed, while this improvement effect weakens gradually with the increment of
the incident energy.



Concerning the underlying mechanism for the TH enhancemet, we find some clues in Fig.
2. In this figure it is seen that the filament luminescence track is gradually shortened in
the presence of the pump pulse. Yet the maximum TH radiation is obtained when the
filament is the shortest. This observation suggests that the TH generated in the first part
of the filament is largely cancelled by the second half of the filament in the far field.

To check this hypothesis, we employed another method to reduce the length of the
filament, leaving its first part unperturbed. We inserted a 150 um thick aluminum foil in
the middle of an intense 4 cm long filament formed by a 600 pJ pulse focused with lens
of /=1 m. After about 2 seconds, the intense filament core starts to drill a hole on the
metallic foil and partially penetrates through it. As a result, a small diaphragm with a
diameter corresponding to the intense filament core is realized. We monitored the TH
signal in the far field during this process and present the results in Fig. 7 as a function of
the exposition time. The evolution of the diaphragm is also presented as inset. It is not
surprising to find that the diaphragm enlarges gradually, followed by a rather stable state
with constant diameter with the accumulation of laser shots. However, the TH energy
presents a maximum around ¢ = 2~3 s and decreases substantially after 4 seconds when a
larger opening is achieved. We argue that with a smaller pinhole of around 60 pm,
corresponding to the exposition time from 2 s to 4 s, the laser energy reservoir
surrounding the filament core is largely blocked, preventing further filamentation after
the pinhole [23, 24]. Meanwhile, the third harmonic wave generated inside the intense
core of the filament before the diaphragm is transmitted through the pinhole. With the
further enlargement of the pinhole opening, the transmitted laser power becomes larger
than the P. As a result, a hypogenetic filament develops after the pinhole [23, 24] and
serves as additional TH source, contributing to the total TH yield in the far field.
Therefore, the observed decreasing of the TH after # =3 s in Fig. 7 lead to the speculation
that the TH generated after the pinhole contribute oppositely to the total TH yield,
comparing to the TH produced before the diaphragm.

To monitor the amount of TH generated in different sections of the filament, we
displaced the Al foil along the filament axis and recorded the corresponding maximum
TH yield. The results are presented in Fig. 8. The TH signal increases in the first section
of the filament, reaches a maximum and then decreases in the second half section. This
observation supports the hypothesis that the TH radiation generated in the filament tail
interferes destructively with the TH generated in the first section. It is further confirmed
by the following measurement. The filament is first intercepted at mid distance by the
pump pulse. A pre-formed 100 pm diaphragm is then placed beyond the crossing point
and the TH is measured again by displacing the diaphragm along increasing z. The result
is also shown in Fig. 8. As can be seen, the TH signal keeps almost constant after the
crossing point, instead of decreasing rapidly as it is the case with a fully developed
filament. This observation suggests that the dense plasma at the crossing point actually
acts as a blocker that partially stops the filament formation and hence arrests the back
conversion of the TH generated in the upstream half filament into the fundamental
frequency.



We therefore conclude that the TH produced on the leading and trailing parts of the
filament possess opposite carrier phase, which is at the origin of the large cancellation of
TH at the end of a fully developed filament. In the presence of an intercepting pump
filament or other objects (small size pinhole, thin copper wire, water droplet, etc), the
development of the filament is suppressed after the obstacle, breaking the large
cancellation of the TH at the end of the filament. As a result, an enhancement of the total
TH yield is generally observed.

Finally, we compared the maximum enhanced TH as a function of the input energy in the
presence of the Al diaphragm with that of an unperturbed filament, as shown in Fig. 6 (b).
A basically similar scenario is found comparing to Fig. 6(a), confirming the same
physical mechanism underlying the two methods for TH enhancement.

Numerical simulations and discussion

To understand the TH development inside the filament, we performed simulations based
on an extension of the model developed by Akozbek et al. [9]. The standard modeling of
filamentation by a nonlinear envelope equation of the nonlinear Schrodinger type for the
laser field coupled with an evolution equation for the electron density in the ionizing
medium traditionally relies on the slowly varying wave approximation [15]. An
associated constraint requires that the pulse be longer than a few cycles for the
fundamental frequency. It is now standard to relax this constraint by properly describing
space-time focusing and self-steepening of the pulse in the framework of the slowly
evolving wave approximation (SEWA) [25]. Our extension of the Akdzbek et al. model
consists in applying the SEWA to the full vectorial model for the coupled system of
propagation equations related to the fundamental pulse and its third harmonic. See Ref.
26 for a similar derivation. The electric field is therefore written in terms of the
fundamental £, (7,¢,z) and third harmonic E,, (7,t,z) envelopes:

E=FE, exp I_i(kwoz — a)ot)J+ E,, exp |_i(k3woz +Akz — 3a)0t)J (1)
with k, =k(w,), ks, =k(Bw,) and Ak =3k(w,)-k(3e,) = -5 cm” (air at 800 nm)

where k(a)) denotes the dispersion relation in air [27]. The propagation equations for the
fundamental and third harmonic pulses are written in the Fourier domain

for Z;"mo (F,o,z)and E,, (7,0, z2):
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dependent operators in equations (2) and (3) make the model valid for pulses as short as a
single cycle. Note that group velocity mismatch is included in the dispersive terms for the
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third harmonic pulse since both the fundamental and the third harmonic pulses are
propagated in the frame of the fundamental pulse 7 =¢—k,z , where ¢ denotes time in the

laboratory frame. As emphasized by Kolesik et al., because of decomposition (1), the
model assumes that the spectrum of the fundamental pulse does not overlap that of the
third harmonic [11]. This assumption is well satisfied in our calculations. The nonlinear
terms in Egs. (2) and (3) describe (i) the optical Kerr effect with self- and cross-phase
modulation, third-harmonic generation and back-conversion:

2 2 %
Ngo = 2inwon2[(‘E%‘ +2|E,, | )Ew + EwiEmo}
(4a, b)

2 2
Ny = 2in3w0nsz3%\ +2E,| jEMO +E) /3}

(1) plasma absorption and plasma defocusing for the fundamental and the third harmonic
pulses:
NP’% =0, (l +iw,, ),oEw0 (52, b)

a,
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(111) nonlinear (multiphoton) absorption for both components:
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The various parameters in Egs. (4-6) are: the linear refractive index n, and n,, , the

cross sections for inverse Bremsstrahlung o, =5.5x107"cm’ and o, =6.1x107" cnt’,

3w, 3w,

the cross sections for multiphoton absorption S, =1.8x107" em”W”7  and
w(

By, =1.4x107 cm’W?, the numbers of photons K, = 8 and K, = 3 involved in the

process at the fundamental and third harmonic frequencies, respectively; the collision
time 7,= 350 fs in air and the nonlinear index coefficient n,. We performed simulations

for 2 values of the nonlinear index coefficient: n, = 3.2x10"Ycm?/W and n, = 1.8x10°
Pem?/W. The first value is more appropriate for pulse durations of 50 fs or more while
the second value corresponds to pulse durations for which the role of the retarded Kerr
effect is negligible.

Ionization of air is finally described by the evolution equation for the electron density p
with source terms corresponding to multiphoton ionization and avalanche processes

P 2Ks,, 2 2
5_/; _ (GK% E )(Pm - p)+(aw0 ‘E%‘ + 03, |E jUﬁ (7)

where o, =3.7x107° cm'*WP™ and O, =2.5x107* ecm*W7s" denote the cross
" ,

2K(1)0
+o, |E
3w

[oN ‘ 3w, 3w,

sections for multiphoton ionization at the fundamental and third harmonic frequencies,
p,; denotes the density of neutral oxygen molecules which is the main ionized species at

intensities of a few 10"*W/cm® and U; denotesits ionization potential.



In Fig. 9, we present the evolution of the fundamental and TH for an incident pulse of
low energy (1 pJ). We follow simultaneously the maximum intensity of the fundamental
and third harmonic pulses, their Full Width at Half Maximum (FWHM) calculated from
their fluence distribution, and the energy contained in a cylinder of radius 100 microns
which mimics the experimental diagnostic. The propagation of the fundamental pulse is
governed by the laws of Gaussian optics. It is seen that the TH energy increases
progressively before the focus and decreases again after the focus. The oscillation period
of the TH pulse due to the phase mismatch is clearly visible. The amplitude of these
oscillation decreases when the focusing geometry is tighter as in our experiments
compared to simulations in the following. In the far-field, all the TH energy returned to
the pump. This behavior has been mainly attributed to the Gouy phase shift between the
fundamental and third harmonic [I, 9, 22], which leads to destructive interference
between the third harmonic waves generated before and after the focus.

In Fig. 10, we present the same quantities but inside a short filament, calculated for
parameters corresponding to our experiments (waist at the focus of 30 um) and pulse
energies of 100 and 500 pJ. The fundamental pulse forms a standard short filament with
increasing length when the input energy increases. The propagation of the TH pulse
exhibits attenuated contrast in the oscillations. For both pulses with input energy of 100
pJ and 500 pl, it is seen that the TH decreases slightly after its maximum but its energy
is not entirely given back to the fundamental pulse. Although the energy of the TH pulse
at the end of filamentation may be several decades below the maximum energy reached
in the filament, it retains an energy of several nanojoules for an input pulse of 500 pJ.
The beam width of the third harmonic presents discontinuities in the nonlinear regime.
This is due to the fact that the TH beam exhibits an axial and a conical component as will
be illustrated below. Only the axial component gives its energy back to the pump whereas
the conical component stores most of the energy retrieved at the end of the filamentation
stage.

In Fig. 6 (c, d), we presented the TH yield from a fully developed filament for
fundamental pulse energies up to 2.2 mJ. To mimic the function of the Al diaphragm, we
simulate it with a numerical aperture with a diameter of 100 um and monitor the
maximum TH contained in this area during filamentation. The results are shown in Fig.
6(c) for a nonlinear index coefficient n, = 3.2x10"cm*W corresponding to the critical
power of 3 GW, and in Fig. 6(d) for n,= 1.8x10"cm?/W corresponding to the critical
power of 5 GW. The qualitative agreement between the experiment and simulation
confirms our above phenomenological explanation. The energy of the TH pulse increases
rapidly for increasing but low energies of the fundamental pulse. Above 500 pJ, the TH
energy still increases but at a slower rate. We note that the difference between the TH
energy passing through the aperture of 100 um and the total TH energy calculated at the
end of the filament decreases at large fundamental pulse energies. This is due to the fact
that increasing nonlinearity due to the longer filamentation length quenches the
destructive interference responsible for the back conversion of the energy in the axial
component of the TH pulse. Consequently, the fraction of TH energy that remains in the
axial component is closer to the maximum TH energy for large fundamental pulse
energies.



Fig. 11 presents the space-time dynamics of the fundamental (first column) and TH
(second column) pulses as functions of the propagation distance around the linear focus
for an incident energy of 500 uJ. The fundamental pulse follows a standard filamentation
dynamics starting with self-focusing, followed by the generation of a plasma that
defocuses the trailing part (positive times) of the pulse and forms a ring-shaped beam
surrounding the intense central part; a refocusing process finally brings part of the
energy of this ring back to the center but the fluence profile at the end of the filament still
exhibits an intense axial beam surrounded by a conical beam. The dynamics of the TH
pulse partly follows that of the fundamental since it is the third harmonic generation term
(last term in Eq. (4b)) which plays the most important role among nonlinearities affecting
the TH pulse. Therefore, we observe the formation of a ring in the TH pulse which is also
clear from the time integrated (fluence) profiles plotted as white curves on each figure.
As previously shown [9, 12, 14], this TH ring is not only the result of third harmonic
generation by the ring-shaped fundamental pulse but also the result of a phase matching
process involving the axial part of the fundamental pulse and a preferential angle for the
TH pulse. The structures which are not visible in the fundamental pulse but appear in the
TH pulse profile indicate the latter phase matching process leading to conical TH
generation. It is clear that the conical part of the TH pulse do not spatiotemporally
overlap with the conical part of the fundamental pulse. This confirms that the energy
corresponding to the conical emission of the TH pulse cannot go back to the pump as four
wave mixing governed by the last term in Eq. (4a), which should induce this
backconversion, is prevented in the absence of spatial and temporal overlap. In contrast
the axial part of the fundamental and TH pulses do overlap over a significant propagation
distance within the filament, thereby allowing for back conversion from the TH pulse to
the fundamental.

As a final comment, we would like to come back to the discrepancies concerning the TH
enhancement with a pump filament and the comparison of all these methods. In our
opinion, previous experiments reporting strong TH enhancement with short perturbed
filaments can be interpreted consistently along the same lines. The apparent contradictory
results concerning the delay can be reconciled by considering the type of perturbation
introduced in the filament. For low power pump pulse, like the results in Ref. [18] and
ours in Fig. 4 (a), an enhanced TH signal is observed in the case of parallel polarization
and within a delay of a few hundred femtoseconds. This can be attributed to the fact that
a plasma blocker is formed by the interference pattern between the pump and signal laser
fields, acting as an efficient interference grating. This requires that the signal and pump
pulses have the same polarization. At higher pump pulse energies, almost no difference
is found between the two laser polarizations [17, 19]. This is similar to the results
presented in Fig. 4 (d). This phenomenon is due to the fact that the pump intensity is now
much higher than that of the signal pulse and the plasma formed by the pump pulse acts
now as a filament blocker. The polarization of the pump pulse is no longer crucial for the
TH enhancement since the contribution of the relatively weaker signal pulse to the
formation of the plasma blocker is negligible. Concerning the other methods for TH
enhancement, blocking partially the filament core with water droplet or thin metallic fiber,
we argue that the roles of these obstacles are also to perturb the filament develop and lead



to break of the large cancellation of TH generated inside, like it was pointed out by the
authors [20, 21].
Conclusion

We studied the enhanced third harmonic generation from a femtosecond laser filament
intercepted by a pump femtosecond pulse. Systematic measurement of the enhanced TH
as function of experimental parameters, such as the pulse polarization, time delay and
pulse energies, have been performed. Based on these results, we concluded that the
enhancement of the TH originates from the breaking of the large cancellation of the TH
in a filament perturbed by a pump pulse. Numerical simulations have been performed to
examine the dynamics of the TH generation in a filament. It is revealed that for pulse
with relatively low energy pulse, it is the geometrical Gouy phase shift that is responsible
for the TH cancellation inside the filament. Meanwhile, for more energetic pulses, the
nonlinear propagation effects overcome largely the effect of the Gouy phase shift so that
substantial TH survives at the end of a free propagating filament, as confirmed by the
experiments.

(b)

F S

Fig. 1. Schematic experimental setup. (a) Two femtosecond pulses form filaments in air, which cross with
angle @. The detection is detailed in (b) and (c). (b) the pulse 1 after interaction is filtered by color filters (F)
and projected on a paper screen S. The fluorescence induced by the third harmonic on the screen is taken
by a camera. (c) The third harmonic after the filters is focused by a fused silica lens (L) and detected by a
fibre spectrometer or calibrated photodiode.



Fig. 2. Photos of the characteristic plasma luminescence of a free propagating filament (a) and filaments
intercepted by a pump pulse (b)-(d). The signal pulse (1) and pump pulse (2) are focused by convex lenses
of f{=100 cm and f;, = 50 cm. The arrows in (d) represent their propagation directions. The pump pulse
energy are 100, 210, 380 wJ for (b)-(d). (e)-(h), the images of the third harmonic generated by the signal
filament and the residual IR component corresponding to (a)-(d).
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Fig. 3. Spectrum of the third harmonic w1tm}gﬂa.mlmhﬁ pump pulse, corresponding to the case of Fig.
2(a) and (d).
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fundamental pulse. The nonlinear index coefficient is 1, = 3.2x10"°cm®/W. (d) Same as in (c) but the
nonlinear index coefficient is n,= 1.8x10 cm?/W.
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Fig. 7. Third harmonic signal measured after the insert of a 150 um thickness Al foil around the center of a
4 cm long filament. The inset present the photos of the filament drilled pinholes, with the numbers on their
top indicating the exposition time.
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Fig. 8. (a) Third harmonic energy after the pinhole created by the filament core on the aluminum foil. The
results from a single filament are presented for three different incident energies. For crossed filaments, a
pre-formed 100 um pinhole is scanned after the filament cross at z = 0 cm. The energies of the signal and
pump pulse are 320 uJ and 300 pJ.
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Fig. 9. Propagation dynamics of the fundamental (first column) and the TH (second column) pulses at low
energy. First line: Maximum intensity as a function of the propagation distance z. Second line: Beam
FWHM vs z, calculated from the fluence distributions of the fundamental and third harmonic, respectively.
Third line: Energy contained within a cylinder of radius 100 microns. The energy of the fundamental pulse
is 1 pJ and its waist at focus z = 0 cm is 100 microns.
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Fig. 10. Propagation dynamics of the fundamental (first column) and the TH (second column) pulses in the
conditions of the experiment. The energy of the fundamental pulse is 100 pJ (top figure) and 500 pJ
(bottom figure) and in both cases, its waist at focus z = 0 cm would be 30 microns if the propagation was
linear. The same quantities as in Fig. 9 are presented but the log scale was used in the first and third line to
stress that the energy in the third harmonic pulse does not entirely return to the pump.
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Fig. 11. Spatiotemporal dynamics of the fundamental (left column) and the TH (right) pulses as a function
of the propagation distance. The energy of the fundamental pulse is 500 pJ and its waist at focus z = 0 cm
would be 30 microns if the propagation was linear. The white curves on the left of each subfigure represent
the fluence profiles for the fundamental and the TH pulses.
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