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(Received 24 April 2002 and in revised form 28 March 2003)

This paper examines the low-Reynolds-number migration of an insulating and rigid
particle that is freely suspended in a viscous liquid metal and subject to uniform
ambient electric and magnetic fields E and B. Under the same physical assumptions
as Part 1, a whole boundary formulation of the problem is established. It allows
the determination of the particle rigid-body motion without calculating the modified
electric field and the flow induced by the Lorentz body force in the fluid domain. The
advocated boundary approach, well-adapted for future numerical implementation,
makes it possible to obtain an analytical expression for the translational velocity
of any ellipsoidal particle (the simplest case of non-spherical orthotropic particles).
The behaviour of a spheroid is carefully investigated and discussed both without
and with gravity. The migration of this simple non-spherical particle is found to
depend on both its nature (prolate or oblate) and the ambient uniform fields E and
B. The spheroid translates without rotation, and not necessarily parallel to E A B.
For adequately selected fields E and B, the spheroid may either migrate parallel or
anti-parallel to a sphere and even be motionless.

1. Introduction

As first noticed by Leenov & Kolin (1954), any solid (conducting or insulating)
particle freely suspended in a conducting liquid experiences a rigid-body motion
when subject to ambient electric and magnetic fields E and B. The rotational Lorentz
body force drives a flow which, through viscous effects, induces a migration of the
particle. This phenomenon may play a key role in the extraction and/or separation
of impurities in liquid metals.

Only spherical and cylindrical particles have been considered by Leenov & Kolin
(1954) and Marty & Alemany (1984). Since impurities may be non-spherical, it is worth
determining the rigid-body motion of small and arbitrarily shaped particles. Within
a relevant framework, both the translational velocity U and the angular velocity
£ of any particle are bilinear in E and B and it has been possible, by exploiting
symmetry considerations (Part 1, Moffatt & Sellier 2002), to obtain the general form of
these bilinear relationships for isotropic, axisymmetric or orthotropic particles. Even
for such particles, these relationships involve several unknown geometry-dependent
coefficients; a general method is needed to determine these coefficients and also to
cope with the case of arbitrary shapes.
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FIGURE 1. An insulating particle embedded in ambient fields E and B.

This paper is a continuation of the study initiated in Part 1, under the same physical
assumptions of that paper. It presents a general boundary formulation that makes
it possible to obtain the rigid-body motion (U, ) of any insulating particle. The
proposed treatment is analytically worked out for ellipsoidal particles and particular
attention is paid to the behaviour of (oblate or prolate) spheroids, both without and
with gravity.

The paper is organized as follows. Section §2 presents our general assumptions
and deduces a key governing system for the unknown Cartesian components of the
translational and angular velocities. A boundary integral formulation, quite suitable
for a future numerical treatment, is established in §3. The motion of any ellipsoidal
particle is obtained analytically in §4. The detailed behaviour of a spheroid (either
oblate or prolate) is addressed and discussed in §5. Finally, a few concluding remarks
in §6 close the paper.

2. General assumptions and governing equations

We consider a solid and insulating particle £ (see figure 1) freely suspended in an
unbounded Newtonian liquid metal of uniform density p, viscosity u and conductivity
o > 0. Throughout the paper we adopt Cartesian coordinates (O, x1, x;, x3), with
O the particle centre of volume, and the usual tensor summation convention. For
instance, OM = x = x;e; and r = OM = (x;x;)"/>.

Far from the particle of length scale a, a uniform and steady ambient magnetic
field B and a weak enough electric field E are independently and externally imposed.
The insulating particle disturbs the ambient field E so that the modified electric field
in the whole fluid domain £2 is E — V¢. The electrostatic perturbation potential ¢ is
governed by the well-posed exterior Neumann problem

V’p=0in 2, V¢ -0 asr—->ow, Vé-n=E-n on S, (2.1)

where n denotes the unit outward normal on the smooth enough particle’s surface
S. As explained in Part 1, the magnetic field B is not affected by the presence of the
particle and the resulting Lorentz body force f = jA B, where j is the current, drives
a steady Stokes flow (u, p) of scale U. The particle has a rigid-body motion, with
velocity U of its centre of volume O and angular velocity 2. The Reynolds number
Re = pUa/u is assumed to be small and under the assumptions set in Part 1, the
flow (u, p) obeys the governing problem

Veu=0,uVu=Vp—fin 2, (u,p) > 0,p,) asr -, u=u; onS (2.2)
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with the following definitions
f=0(E—Vo)ANB, p,=((EAB)x, u;=U+ 2 Nx. (2.3)

The linear pressure p,, relates to the case of a quiescent fluid with uniform body force
f.., = 0 E A B. The combination of problems (2.1) and (2.2)—(2.3) makes it possible
to express the fluid stress tensor ¢ = o(u, p) in terms of the unknown velocities U
and £. For a freely suspended particle, these unknown vectors are finally obtained
by requiring zero net hydrodynamic force F,, and torque Gy on S. Thus, equations
(2.1), (2.2)—(2.3) are supplemented with the conditions

Fnet=/a-ndS=0, Gnet=/x/\[a-n]dS=0. (2.4)
s

N

By linearity it is both possible and fruitful to decompose the fluid motion (u, p) into
three Stokes flows (u), pV), (u'?, p?) and (u®, p'¥) that fulfil (2.2) for the following
settings:

fU=f.=cENB. pV=fx u =0, (2.5)
fO=—oVpAB, p? =0 u? =0, (2.6)
f9=0 p¥=0 u)=U+2Ax (2.7)

Let us introduce, for n € {1,2, 3}, the resulting force F" = Js0'™+ndS and torque
G" = JgxAn [0 +n] dS on the particle. The electromagnetic net force F'" and torque

G are exerted by the uniform ambient Lorentz body force o E A B whilst additional
electromagnetic net force F® and torque G'* are produced by the induced Lorentz
body force —oV¢ A B. As previously noted, ") = 0 and p'V =f,_-x. Thus, ¢V -n=
—[f, - x]n and, using elementary algebra, we arrive at

FY =67 ,4EAB], G"=c[EAB] /\/ xdv, (2.8)
where ¥, denotes the volume of the particle. In dealing with the remaining forces
F™ and torques G, it is worth extending the usual Lorentz reciprocal theorem
(Kim & Karrila 1991) as follows.

THEOREM 1. If two fluid motions (u, p) and (v, p') (of associated stress tensors o
and o') obey the equations (2.2) with, for two real values a > 2 and a' > 2, the basic
behaviours

rf] = 0, (u, p) = (0,0), r*|f'| >0 and (u,p’)— (0,0) as r —> (2.9)
then the following key relation holds

/[ud-a’-n—u;,-a-n]dSz—/[u’-f—u-f’]dQ. (2.10)
s 2

Resorting to the far-field expansion of equations (2.2), as in Lamb (1932), we
indeed find that, far from the particle, the fluid velocity decays at least as fast as
1/r whilst both the pressure p and the stress tensor o decay at least as fast as 1/r2.
The establishment of (2.10) makes use of such ‘good’” behaviours of the body forces
and fluid flows at infinity and actually consists in a straightforward extension of the
available proofs for zero body forces f and f’ (among others, see Kim & Karrila
1991; Pozrikidis 1992). Actually, (2.10) is available in Teubner (1982), but we here
specify suitable far-field behaviours (2.9) for the body forces f and f'. In exploiting
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the identity (2. 10) we identify (u, p) w1th one of the usual (Happel & Brenner 1973)
translational (uT , pT )Y or rotational (uR , pR )} motions that obey equations (2.2) for a
zero body force, p,, = 0 and the boundary conditions

W) =e, u)=eAx onsS. (2.11)

Under the admissible choice (¢, p') = (¥, p®), our result (2.10) (which reduces here
to the standard reciprocal theorem) immediately yields the widely employed relations

FO = —p{K-U+V-2}), G°=—u{D-U+W-2} (2.12)

where the Cartesian components of the usual translation tensor K, rotation tensor W
and coupling tensors V and D satisfy

—ukKiy = [ e fdS,  —uWi; = / [e; A x]- £y dS, (2.13)
N S

—uV = / [e; Ax]-£7dS,  —uDi; = [ e;-fidS, (2.14)
s s
if, for L € {T,R} and i € {1,2,3}, the vector f\") = o, p%")-n stands for the
surface force that is exerted on the particle 2 for the fluid motion (uL , pL h.

Now we need to calculate F ® and G'?. Since V¢ +n = E+n on S with fS E-ndS =0,
note that ¢ ~ 1/r7 as r —> o0 with ¢ > 2. Accordingly, the body force @ satisfies the
far-field property [r*f?| — 0 with @’ > 2. The legitimate application of theorem 1 to
the flow («, p') = (u'?, p®) provides the basic relations

FP=F%.¢, = —¢ /Q ul)-[Vo A Bl dS2, (2.15)
GP =G e, = —0 /S2 ul)-[Vo A B dS2. (2.16)
By virtue of (2.8) and (2.12), the conditions (2.4) yield the key system
KU+V-2= i{—oVy[E/\ Bl + Fe;} = %FE, (2.17)
D-U+ W-.Q=£{G[E/\B]/\/7xdv+Gf~2)e,} =iGE, (2.18)

where the electromagnetic force FEF=F" 4+ F® and torque G*=G"+GY,
introduced as in Part 1, are obtained from (2.8) and (2.15)—(2.16). Note that both
tensors K and W are symmetric whereas V is the transpose of D (invoke, once more,
the identity (2.10)). Thus, the resistance matrix, M, associated with the linear system
(2.17)—(2.18) and defined, as in Happel & Brenner (1973), by

K Vv
M=<D w>’ (2.19)

is symmetric. In addition, the requirement of positive energy dissipation (Happel &
Brenner 1973) guarantees that M is also positive-definite. Hence, the governing system
(2.17)—~(2.18) admits a unique solution (U, £2) whose determination consists of the
following steps:

(i) Evaluate the previous tensors K, W, V and D. Such a standard task is either

achieved by directly (see (3. 1)) determmmg the surface forces L(') on S or after

computing the specific flows (uL , P I ) in the whole fluid domain.
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(i) Determine the force and torque components F @ and GZ) This is our key
problem. At first glance, the relations (2.15) suggest that it may be necessary to
compute the electric perturbation field —V¢ and the velocities u(’ and u in the
whole domain 2. Fortunately, as shown in § 3, we actually only need to evaluate ¢
and its derivatives (up to order two) on the surface S.

3. A boundary formulation

In this key sectlon we prove that, in determining (U, ), it is enough to know
the surface forces fT’ f and the derivatives up to order two of the perturbation
potential ¢ on the particle’s surface S.

The procedure that we advocate rests on the key boundary representation, in terms
of a single-layer potential, of any velocity field u(L’) in the whole fluid domain £2. More
precisely, for given i € {1,2,3} and L € {T, R}, the following representation holds
(Pozrikidis 1992)

[ e;](M)=—— [ [ &](P)G (P, M)dSp, (3.1)
873# s
for M € 2 U S, where
) (PM-¢;)(PM-e;)

Applying (3.1) for M on S and using the boundary conditions (2.11), we arrive at
a Fredholm boundary integral equation of the first kind for the surface force fL .
This integral equation admits a solution unique up to any constant multiple of the
outward normal n on § (Ladyzhenskaya 1969). From (2.11) and (3.1) we may then
find the surface forces fL(’) and the resistance matrix M defined by (2.19).

For r large enough, let us denote by £2(r) the fluid volume that is enclosed between
the particle surface S and the surface S, := {M, OM = r} and introduce the integrals
11 and 11(r) as

1) =1lim [1'(r)], 1;’(r) = —8mu / u(M)-[Vo A Bl(M)ds2. (3.3)
r—ao0 .Q(r)

As detailed in Appendix A, we thus arrive at the key decomposition
1"=2[f"], L=L1+ L2+ L5, (3.4)

where the linear operators ., are defined, for any field » on S, as follows

1[0 =—//v(P)-[V¢(M)/\B]PL:/I(M)dSp dSu, (3.5)

P[] = / / {v(P) —] [Vé(M) A B] - n(M)dSp dSy. (3.6)

2l = / / €omPM[v- e ](P)[B- ] [$i(n-e)](M)dSp dSy,  (3.7)
SJS

if the notation ¢,,; = 32¢/dx,,dx; is adopted and ¢, denotes the permutation tensor.
Both operators ., and %, involve the perturbation field V¢ on S whereas %
requires the evaluation of second-order derivatives of ¢ on the surface S. By virtue
of (3.4), the basic relations (2.15)—(2.16) become

FP =o2[fi"]/8run). G =02 [f)]/(8np). (3:8)
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As previously stated, the determination of the surface forces fL(” and the derivatives,
up to order two, of the perturbation potential ¢ on the particle’s surface allows us
to calculate the resistance matrix M (use (2.13)—(2.14)) and the vectors F® and G®
(invoke (3.4)—(3.8)). Unfortunately, the analytical evaluation of such quantities seems
feasible only for a very few shapes (for instance, the tractable case of the ellipsoidal
particle is addressed in detail in §4). For a particle of arbitrary (but smooth enough)
boundary, a numerical treatment is required. However, the important message is
that we only need to approximate the solutions of the Fredholm boundary integral
equations on S. In other words, for a numerical implementation, it is unnecessary to
compute the fields u(L’) and V¢ in the whole fluid domain £2 (as suggested at the end
of §2). More precisely, a possible numerical strategy consists of the following steps:

(i) Approximate the solutions fL(’) to integral equations (3.1) (with M on § and for
prescribed conditions (2.11)) by using a standard boundary-element method (see, for
instance, Brebbia, Telles & Wrobel 1984; Beskos 1987; Bonnet 1999). This makes it
possible to compute the resistance matrix M.

(i) Evaluate the function ¢ on S by solving the well-known Fredholm boundary-
integral equation of the second kind

dnp(M) + /S [B(P) — $(M)]

Mdsz/wds_ (39)
S

PM3 PM

This well-posed equation easily follows from the governing problem (2.1). By resorting
to high enough-order boundary elements on S (at least when dealing with (3.9)), we
may then build numerical approximations of the required derivatives ¢; and ¢ ;;
on S.

4. The migration of ellipsoidal particles

Implementing the proposed numerical procedure makes it possible to approximate
the required rigid-body motion (U, ) for any particle, a task postponed to a future
paper (Part 3). Both for theoretical reasons and numerical benchmarks it, however,
remains of prime interest to obtain, whenever possible, analytical solutions. The
spherical particle provides a natural candidate for such theoretical investigations. The
case of a fixed and insulating or conducting sphere has been previously addressed
by Leenov & Kolin (1954) in their pioneering work and further handled by Marty
& Alemany (1984). Those works actually calculate the Stokes fluid motion and the
perturbation potential ¢ in the whole fluid domain. As reported in this section, our
approach makes it possible to analytically obtain the motion (U, £2) in the more
tricky case of ellipsoidal particles. Before detailing our results, we briefly present the
expected behaviour of such orthotropic particles (as predicted in Part 1) and introduce
the ‘mobility’ pseudo-tensor S.

4.1. General behaviour of orthotropic particles

This subsection focuses on the case of an orthotropic particle and makes use of
the symmetry properties of the electromagnetic force F© and torque G*. Since it is
orthotropic, the particle exhibits three mutually orthogonal planes of symmetry that
intersect at its centre of volume O. Selecting vectors e¢; normal to these planes of
symmetry, we immediately obtain (see Happel & Brenner 1973) diagonal tensors K
and W and zero coupling tensors V and D. Under our notation, it follows that (with
a summation over suffixes i € {1, 2, 3})

K=K;e,®e¢;, W= W;e; ®e;, E=E;e;, B= Bje;. (41)
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Owing to the requirement of positive mechanical energy dissipation, note that K;; > 0
and W;; > 0. For any orthotropic particle (Part 1) symmetry considerations actually
show that G* is zero whereas F* = FFe, reads

EE = aa3AijkEjBk with Aijk =0 if €ijk = 0. (42)

Accordingly, there exists a third-rank volume pseudo-tensor A whose Cartesian
components A}; vanish with €;;; and obey

F? = Al EiBi, Ay =a Aiji+ €t ». (4.3)

Recall that F® is produced by the induced Lorentz body force —oV¢ A B. In
view of (4.1), governing equations (2.17)—(2.18) decouple and the orthotropic particle
translates (without rotation) at the velocity U given by

(Al — V peiji)[E-e;][B-e;]

U,' = U'e,» =
uK;;

(4.4)

In other words, there exists a surface third-rank ‘mobility’ pseudo-tensor S of
Cartesian components S;;; such that

Al — V p€ijk

Kii ’
Each quantity S;; has the dimension of a surface and the key pseudo-tensor S is
determined solely by the geometry of the orthotropic particle. As obtained in Part 1,
if E and B are normal to the same plane of symmetry, the orthotropic particle does
not translate and it moves parallel to £ A B as soon as E and B are normal to two
different planes of symmetry. For a non-isotropic and orthotropic particle at least one
sum S;jx + Six; 1s non-zero and thereby U is not necessarily parallel to EA B when E
or B is not normal to a plane of symmetry. However, observe that if S;;x + Six; = 0
for €,y == 1 then U= 0 S;x(E A B)/i as soon as E-¢; = B-e; = 0.

o
U = ;Sijk[E'ej][B'ek]a Sijk = (4.5)

4.2. The ‘mobility’ pseudo-tensor of an ellipsoid

We address the case of the ellipsoidal particle and calculate the associated ‘mobility’
pseudo-tensor S. Henceforth, &, denotes, for 4 = 0, the ellipsoid of equation

xi/(ai+A)+x3/(a3+2) +x3/(a3+2) =1 (4.6)
if OM = x;e; and we consider the ellipsoidal particle 2 of boundary &, i.e. such that
xf/af—i—x%/a%—i—xf/a%él for Mi(xy, x2, x3) € 2. (4.7)

For symmetry reasons, we confine the analysis to the ambient fields B = Bje;, E =
Ese; and look at the only non-zero velocity component Us; = U-e;. According
to (3.8), it is sufficient to evaluate the surface force fTG) . As established in Jeffery
(1922), this vector takes (up to a constant multiple of the outward normal n) the
simple form

f(M) = ADs(M)es, AV = —4p/[x + ajos] (4.8)
with, for i € {1, 2, 3}, the following definitions

s(M) = {x}fat +x3)ad +x3/ai} 2 E(t) = (a} +1) (@3 +1) (a3 +1),  (49)

< dr « dr
X = a1a2a3/ —, o = a1a2a3/ (7 A(t) =/ E(1). (4.10)
0 0

At)’ a? +1)A(r)
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For i € {1,2,3} and at any point M(xy, x,, x3) it is both legitimate and fruitful to
introduce the integrals

xi —x)s(P

Indeed, if we set T, = %, ;3)], the combination of definitions (3.5)—(3.7) and above
results (4.8)—(4.10) or definitions (4.11) shows that

T, = BlA(S)/ €m1[@.m Ln-e]dS, T+ T3 = BlA(S)/ (@21 — ¢, J][n-e]dS.
6"0 éaO
(4.12)

Thus, the calculation of the force component F3(2) =0T + 1> + T»]/(8mu) reduces
to the determination of functions J, I;, ¢, and ¢ on the particle’s surface &,. This
task is achieved in the following steps.

Step 1. Evaluation of integrals [; inside the ellipsoid and on its boundary.

As proved in the Appendix, we obtain, both inside the ellipsoid and on its surface,

L(M) = Ii(xy, %2, x3) = Qix;, Qi = 21[x — ia; | (4.13)

1

where there is no summation over suffixes k.

Step 2. Calculation of ¢ and ¢, on &, and evaluation of T5.

For our ellipsoidal particle the perturbation potential ¢, solution to problem (2.1)
with E = E,e;, admits in the whole flow domain £ the well-known form (Lamb
1932)

aiayaz k>

w2 (4.14)

¢<M)=¢(zg)={ }d(m, $(0) = x; / ( dr

. (@ +1)A@)

Each required derivative ¢',,, is obtained on &, as explained in the Appendix. Our
definition (4.12) of T thereby yields

_ o [ @raxas * dt / x3s(M) ]
T, BiE>,Q3A [(xz _2] {/0 @ —i—t)A(t)] [ & dSy|. (4.15)

Noting that s(M)dSy = ajaxa; sin pdedd for ellipsoidal coordinates ¢ € [0, n] and
0 € [0, 2x] such that x3 = a3z cos @, x» = xp sing sin6 and x; = a; sing cos 0, we finally
arrive at

T, = —ERMBIE2Q3A(3). (416)
3 [aa—2]
Step 3. Calculation of T} + T;.
For the sake of conciseness, details are displayed in Appendix B. We obtain
167'[2611612613
Ti+T;= ———— B E,AY 3 —x]. 4.17
1+ 13 3[os — 2 1E2 [Xaz + ra; X] (4.17)
Combining results (4.13) and (4.17) makes it possible to compute F3(2). Finally,
definitions (2.13) and (4.3) in conjunction with (4.8) yield

Ay, _ _ €321
K33 12[0{2 — 2]

Therefore, as the reader may easily check by using cyclic interchanges of suffixes, the
Cartesian component S;;; of the ‘mobility’ pseudo-tensor 8 becomes (no summation

{2(X —ozza%) —Olz(X +a3a§)}. (4.18)



Migration of an insulating particle. Part 2 343
over suffices i and j in (4.19))
€ [ (2a2~ + oziaiz) 5
Sijp = -5 —-~L—— L . 4.19
ik u{ [, — 2] i (4-19)

Finally, evaluating the integrals x, @y, @, and a3 permits us to obtain the translational
velocity U of any ellipsoidal particle by combining (4.5) and (4.19).

5. Application to the spheroidal particle

This section examines the behaviour of a spheroidal particle whose surface is
defined by the equation x7 + x? + x3/4> = a>. We may consider a sphere of radius
a by setting A=1 and either prolate (1> 1) or oblate (4 < 1) spheroids. The case
of prolate spheroids has been briefly addressed by using spheroidal coordinates and
computing the electric field and the Stokes flow driven by the Lorentz body force in
the whole fluid domain by C. Economou (Poster session, ICTAM Kyoto 1996).

5.1. Predicted behaviour and discussion

Before addressing the general spheroid, we look at the spherical case. In such
circumstances, we obtain x =24’ and «; =y =a3=2/3. According to (4.17), the
sum 77 + T, vanishes and the translational velocity U reads

a’Co .

[EAB)], C=1 (5.1)

U=— L

The result (5.1) is as previously obtained by Leenov & Kolin (1954) and Marty &
Alemany (1984).

A general spheroidal particle is either prolate (4 > 1) or oblate (4 < 1). Using
Gradstheyn & Ryzhik (1965, formulae 2.246, 2.266 and 2.269.2) and omitting the
details, we arrive at the following non-zero Cartesian components of the ‘mobility’
pseudo-tensor S

Sty = —Sais = —a*Cy(2), Ci(2) = ﬁ (52)
)2

S = —Sin = —a’Cx(A), €)= g, (53)
/{2

Sii2 = —Sa1 = —a’C3(A), Ci(4) = g[;__ oﬁ’ (5.4)

with the definitions x’ := x/a’, a = a; = a,, B := a3. By elementary algebra, we
obtain

W= [1= X = =2 (5.5)
=2 22| P =gl =2l '
WW=A;HMM+%W—FUﬁbm (5.6)
/L —
2 Ty
x'(A) = arctan if 1 <1. (5.7)
J1 =22 [ A }

As 1 — 1, we of course recover the previous case of a sphere of radius a with
Ci(1) = C =1/6 for k € {1, 2, 3}. By virtue of (4.5) and previous results (5.2)—(5.4),
the translational velocity U depends upon only three Cartesian components: Si»3, Sps
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and S;;5. More precisely, we obtain

oa?
U = T{Cz()v)E3Bz — C(A)E1Bs}, (5.8)
oa?
U, = T{Cl(i)El& — Cy(A)E3 By}, (5.9)
oa*Cs(A
Uy = 2D g BBy (5.10)

Accordingly, for any ambient fields E and B,

_a2C3(/1)a (EAB]-es. (5.11)

U'€3 = gS312[E‘/\ B] ce3 =
"
As noted in Part 1, U is not necessarily parallel to E A B. For example, if E = e; + e3
and B = e, + e3, we obtain

2
U= %{CQ(AM +Ci(Mes — Cs(Aes), EAB=e;—ers—ey. (5.12)

From Part 1, the vector U is known to be aligned with E A B only if e; is parallel to
E A B or lies in the plane normal to E A B. Equalities (5.8)—(5.10) agree with these
conditions and actually suggest splitting the latter circumstance into three different
possibilities (Cases 1, 2 and 4 below) and to address the following cases

Case 1: Blle;orE-es =(ENB)-e; =0, (5.13)
Case 2: E|le;or B-e3s = (ENB)-e; =0, (5.14)
Case 3: es||EN B, (5.15)
Case 4: (E N B)-e3; = 0 but not falling in Cases 1 or 2. (5.16)
These cases are illustrated in figure 2 and we indeed obtain the relations
2 )
U= -9 b B for Case k € (1,2, 3). (5.17)

In Case 4, the velocity U admits a more tricky dependence (see (5.23)) upon
C1(4), C5(A) and angles 6 = (E, e;) and ¢ = (B, e3). Even when U is parallel to EN B,
the translational velocity depends upon the spheroid nature and the orientations of
E and B. We first emphasize this point by paying attention to Cases 1, 2 and 3. In
Case 3, the velocity U depends solely upon the vector EA B as it is the case for
a sphere and is parallel to e;. By contrast, if (EAB)-e; = 0 with E or B normal
to e; (Case 1 or 2) the velocity U depends upon both E and B. For instance,
selecting (E, B) = (ey, e3) or (E, B) = (—e3, e;) we arrive at U = a’Ci(A)oey/u and
U = a’>Cy(A)oey/u, respectively, for the same vector EAB = —e;. As A — oo, the
prolate spheroid becomes a needle-shaped particle and we obtain

log 4 2logi—1 log® 2

As A — 0, the oblate spheroid tends to a thin disk and this time the following
asymptotic behaviours hold

) for ke {2,3}. (518)

T 1
Ci(4) ~ E)*v Ca(4) ~ B

T
5 Gl ~ i (5.19)
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(d)

FIGURE 2. Cases 1, 2, 3 and 4 for a migration aligned with EA B. (a) Possible settings B|e; or
(E’, B’) in Case 1. (b) Possible settings E|e; or (E’, B’) in Case 2. (c) Case 3. (d) Case 4 with
0 = (E, e3) and ¢ = (B, e3).

Previous asymptotic approximations (5.18)—(5.19) clearly show that the behaviour
of a given prolate or oblate spheroid strongly depends on the selected Case k: for
example, (5.19) reveals that a thin disk of radius a does not move in Cases 1 and 3
whilst it translates at half the speed of a sphere of radius a in Case 2. When looking
at the sensitivity to the selected Case k, it is convenient to compare for each Case
1,2 or 3 the translational velocity U of our spheroid of volume ¥, = 4nla’/3 to
the velocity of the ‘equivalent’ sphere having the same volume (of radius r = A'/3a).
Thus, we introduce the normalized functions

() = a*Cu(A)/[rC(1)] = Ci(A)/ [C(DAPP], k€ {1,2,3). (5.20)

By virtue of (5.18) and (5.19), each function ¢, vanishes at infinity and at zero except
the function ¢, which behaves like 47%3/2 as 2 — 0. The functions ¢, plotted in
figure 3(a) for prolate spheroids and figure 3(b) for oblate spheroids, are found to be
positive; any spheroid moves in the same direction as its ‘equivalent’ sphere, at least
in any Case k. However, this motion depends upon both the spheroid nature (prolate
or oblate) and the selected Case k. For example, as depicted in figure 3(a), any prolate
spheroid translates slower than its ‘equivalent’ sphere in Cases 1 and 2. When both
E and B are normal to e; (Case 3) the prolate spheroid may either move faster (if
A< 23 ~ 12.549) or slower (if it is slender enough with 4 > ;) than its ‘equivalent’
sphere. For E A B of prescribed magnitude, any prolate spheroid moves faster in Case
3 than in other Cases 1 and 2. The smallest velocity is either obtained in Case 1 for
a slender enough spheroid (4 > /. ~ 3.117) or in Case 2 for other spheroids (4 < 4.).
The difference ¢;(4) — c2(4) actually only vanishes for a sphere (A = 1) and a special
prolate spheroid of critical slenderness ratio 4 = 4.

As revealed by figure 3(b), the previous hierarchy is strongly modified for oblate
spheroids. For any oblate spheroid, Cases 2 and 3 are found to induce the greatest and
smallest translation, respectively, and the spheroid moves faster than its ‘equivalent’
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c(4)

1/4

2~1’1-(r-r‘| T T T Ty

&)

A

FIGUrRe 3. Normalized functions ¢, for Cases k. Case 1: O; Case 2: @ and Case 3: ». (a): Case
of the prolate spheroid 4 > 1. (b): Case of the oblate spheroid: 2 < 1. Dot-dashed line:
c1, = ¢ and dashed line: c3,.
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sphere in Case 2 only. In this latter case, the velocity becomes large, when compared
to the case of the ‘equivalent’ sphere, as the prolate spheroid tends to a thin disk.
This behaviour, not observed in other cases, deserves a more detailed analysis. As
reflected by (4.5), each quantity c;(4) sums up two contributions: a first term, denoted
by cip(4), originates from the volume term arising in (4.5) and a second ‘electric’
term, denoted by c.(1), is associated with the perturbation potential (it relies on
coefficients A} ). More precisely, we obtain:

x +a x' + 2B
212/3 ’ 2)»2/3

The above functions are plotted in figure 3(b) and comparisons with functions
cx (1) immediately gives the ‘electric’ term c.(4) = ci(4) — cx(4). For instance, both
functions ¢y, and c3, are negative in the whole range 4 < 1. On the contrary, the
‘electric’ contribution c,, is negative for 4 > J; ~ 0.4199, zero for the critical value
A = J, and positive for 2 < 4,. When /1 decreases, ¢».(4) increases and tends to infinity
because the non-zero electric field component E-e; in Case 2 is nearly normal to the
thin oblate spheroid and thereafter induces large derivatives of ¢ near the rim of the
disk-shaped spheroid that result in large values of the ‘electric’ term.

In summary, even for the simple spheroidal shape, the translational velocity deeply
depends upon the shape and the applied fields E and B. In all Cases 1,2 and 3, the
velocity only vanishes with E A B and the spheroid moves in the same direction as
its ‘equivalent’ sphere. Such conclusions might not hold for other circumstances. For
instance, let us look at non-parallel ambient fields E = E;e; and B = B;e; that keep
the spheroid motionless. According to (5.8)—(5.10), the translational velocity U may
vanish only if (EA B)+e; = 0 and E-e; #+ 0 (see above Case 1). The combination
of (5.8)—(5.9) shows that if E; = E, =0 then U; = U, = 0 but E, B = 0. Thus, for
symmetry reasons we assume that £y =0, E; > 0, E; > 0 and denote by 0 < 6 < /2
the angle between vectors e; and E,. Under such assumptions, Us vanishes only if
B; = 0 (because quantities ¢;(4) are non-zero) and we introduce the angle ¢ between
vectors e; and B,, with 0 < ¢ < m/2. These notations are illustrated in figure 2(d).
We thus have U; = U, = 0 and require U; = 0. This latter condition reads ¢ = ¢,
where the critical angle ¢, is given, for any setting (4, ), by the equation

ol al)
= om MM T L0

For any pair (4, 6) the equation (5.22) indeed admits a unique solution ¢.. Note that
@. = 6 if c1(4) = c2(4), 1. e. for the sphere (4 = 1) or the previously encountered critical
prolate spheroid (4 = .). We discard these two special cases for which the electric
and magnetic fields are parallel (the product EA B vanishes and the ‘equivalent’ sphere
is motionless) and compare for ¢ # 0 the velocities U and U of the spheroid and its
‘equivalent’ sphere. Actually, for ¢ # 6, we obtain

1_9 cosf sin g
C, /sin(@ — @)’

cnl(l) = (5.21)

Clv(}“) = c2u(;L) =

tan tanf. (5.22)

0 = (Eoo’ 83)7 @Y = (BOO’ 83)-
(5.23)

U=6Ci(A)f(@)Us, [flp)=1+ (

Accordingly, in Case 4 (see definition (5.16)) any non-spherical spheroid of slenderness
ratio 1 # 4. also translates parallel to the ‘equivalent’ sphere (as in Cases 1,2 and
3), i. e. as soon as the electric field is not normal to a plane of symmetry and all
vectors ez, E and B lie in the same plane (which is a plane of symmetry). In addition,
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a straightforward calculation yields

daf _ [1 _ 2] sinf cos 6
de Ci]sin(0 — @)
Thus, the function f changes sign at the critical value ¢ = ¢. and the spheroid and
its ‘equivalent’ sphere may either translate parallel or anti-parallel (at least in vicinity

of ).

(5.24)

5.2. Taking into account gravity

So far, gravity has been neglected in our analysis. However, it is straightforward to
include gravity effects, at least for any orthotropic particle of uniform density o,
embedded in a liquid metal of uniform density p. For any orthotropic particle and
uniform densities p, and p, the action of gravity field g indeed results in a zero torque
relative to the particle centre of volume O of the particle and a net force

FY =9"5(p, — p)g. (5.25)

The force F¥ now enters in equation (2.17) and again £ = 0. Thus, the freely
suspended orthotropic particle translates at velocity U’ such that

U=U+U’, U‘Y-ei=wg-ei. (5.26)
nKi;
In (5.26), there is no summation over suffixes i/, and U and U’ designate the
velocity without gravity and the usual sedimentation velocity, respectively. For a
given orthotropic particle, it thereafter seems possible to select the applied fields g, E
and B so that the particle does not move. For example, for a sphere of radius a, the
sedimentation velocity U® admits the simple and well-known form

- 2a?
U = 9—(ps —p)gs (5.27)

w
and, by virtue of (5.1), the sphere does not translate whenever the following link holds
(p. — p)g = 30[ENB]. (5.28)

For other orthotropic particles, the answer is not trivial and actually depends on the
relative orientation of the particle and the external fields E and B. In order to illustrate
this feature, we again consider the case of a spheroid, of shape parameter 4, and
restrict ourselves to the previously defined Cases 1,2 or 3. Under these assumptions,
two circumstances arise:

(i) For Cases 1 and 2, the vectors E A B and therefore the required gravity field g
are normal to e;. Hence, the sedimentation velocity of the spheroid and the required
condition read

Us = “os = p)

12C.(A
= O ale (o e = IO ENBL i) = ),
w X' ta

(5.29)
(i) For Case 3, both vectors E A B and g are parallel to e;. This time, the

sedimentation velocity and the required relation become
. a’(p—p)

U= —5 I+ 2*Blg. (ps— p)g =hs(W)o[ENB], hs(l) =
m

12C5(2)

. (530
g (530
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A

FiGURe 4. Normalized functions h; for Cases k. Case 1: O; Case 2: @ and Case 3: ».
(a) Case of the prolate spheroid: 4 > 1. (b) Case of the oblate spheroid: /4 < 1.
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The non-dimensional function k; actually compares the magnitude of the translational
velocity U and settling velocity U® for identical body forces (o, — p)g and o [E A B]
in Case k,k # 4. In view of (5.18) and (5.19), these functions admit the following
asymptotic behaviours:

2
hi(2) ~ 3, hao(2) ~ TR h3(2) ~ L as A — 0, (5.31)
2
1’[1(/1) ~ @, hz(i) ~ 1, h;(i) ~lasi— oo. (532)

Of course (recall (5.28)), hi(1) = 3/4. The functions A, are plotted in figure 4(a) for
prolate spheroids and in figure 4(b) for oblate spheroids. Under equal body forces
(ps — p)g and o [E A B], the prolate spheroid is seen to settle faster for all Cases 1, 2
and 3 as illustrated by figure 4(a). Case 3 always induces the greatest translational
velocity U and the ordering of Cases 1 and 2 depends on the selected slenderness
ratio A with the same critical value A, as for figure 3(a) (indeed h; — h;, vanishes with
c1 — ¢3). As depicted in figure 4(b), any oblate spheroid settles faster in Cases 1 and 3
whereas it may both settle faster for 4 > A4 ~ 0.4199 or slower for 4 < 44 in Case 2.
As the oblate spheroid approaches the thin disk of radius a it moves much faster than
under the gravity field. This behaviour is again related to the ‘electric’ term arising
in function ¢, that becomes large in such instance. Finally, any given oblate spheroid
experiences its faster and weaker velocities in Case 2 and 3, respectively.

6. Conclusions

A rigid particle of arbitrary shape may both rotate and translate under the
application of ambient electric field E and magnetic field B. The boundary formulation
advocated in §3 applies to the case of any particle and seems well adapted for a
numerical approximation of the required rigid-body motion.

As proved in Part 1, any isotropic particles translates (with no rotation) parallel to
E N B. Non-isotropic but orthotropic particles also only transate but exhibit a more
subtle behaviour: the translational velocity U is found to depend greatly upon both
the shape and the ambient fields (E and B) orientations and is not systematically
aligned with E A B. This dramatic sensitivity has been analysed and discussed in
detail for both oblate and prolate spheroidal particles. Depending upon (E, B), the
behaviours of a spheroid and its ‘equivalent’ sphere (having the same volume) may
strongly differ and the spheroid may even be motionless with EA B £ 0.

In future, it would be nice to deal with non-orthotropic particles, for instance
pear-shaped particles. Such particles both translate and rotate. This challenging task
makes use of numerics and is under current investigation.

The author is indebted to Professor H. K. Moffatt for his valuable suggestions and
comments on this work.

Appendix A. Derivation of (3.4)—(3.8)
By virtue of (3.1) we first note that

—8muul (M) = {/ [ e](P)G ji(P, M)dSp}e_,-. (A1)
S



Migration of an insulating particle. Part 2 351

Accordingly, the definition (3.3) of 1 f)(r) becomes
1) = / [/ (£ e] (P)G (P, M)dsp]ej-(wa AB(M)d2,  (A2)
20 LJs
and switching the integrations over £2(r) and S, we obtain
101 = [ alPlfe1dse. 20 = [ Gupanandz. (A
s 20r)
with a;(M) = e;-[V¢ N B](M). Adopting the notation g,=09g/dx; and g ;=
d2g/dx;0x, it is straightforward to check that, for P € S and M € 2(r),
G (P, M) = Fj, (P, M) = Fy;(P, M), Fj(P,M)=38;PM. (A4)
Recall that B is uniform and ¢ is harmonic in £2. Thus, a;; = 0 in £2. Exploiting
(A 4) for M in £2(r), it follows that
G (P,M)aj(M)=PM yar(M)—[PM ra;] ;(M). (AY)
Since ay(M) = €xmn[B-e,]¢.,(M), it easily follows that
PM,llak(M) = €xmn [B'en]{(¢in(M)PMl - ¢ml(M)PM)I + PM¢,mll(M)}' (A 6)
Since B is uniform and ¢; = 0 in £, (AS5) and (A6) yield G (P, M)a;(M) =
[V-A](M) in 22(r) with
A[(M) = Al = A(M) * €1 €kmn [B'en]{¢m(M)PMl - (Pml(M)PM} - PM.kal(M)- (A 7)
Observe that A; decays at least as fast as 1/r° far from the particle. Using the
divergence theorem to convert the volume integral J”(r) into a surface integral

over S U S, and letting the radius r tend to infinity, we finally arrive at the key
decomposition (3.4).

Appendix B. Derivation of equalities (4.13) and (4.17)

Following Lamb (1932), we introduce for any point M(xy, x,, x3) the three roots
v, < W < 4, of equation (4.6), considered as a cubic in 4. Inside and outside the
ellipsoid we respectively obtain 4, < 0 and 4, > 0 while A, = 0 on the surface &y. For
any constant values a and b, the function v, ,(M) = ¥, ,(4.), defined by

*© dt * ds .

1h,b(]‘/[) = aA m + bx; /0 m if 1<0, (B 1)
*de * dr .

Wa,b(M):a/)w m-i-b)ﬂ/ie m if 4. =0, (B2)

is harmonic in IR*\ &, (Lamb 1932) and continuous across &,. Accordingly, it admits
in the whole space the basic single-layer representation
d(P P

(P) s(P) [a . bg] |

Vap(M) = /e% M dSp, d(P)= e

B3
P 27'[611&203 1 ( )

where the surface density d has been calculated by using, on &, the basic relations
(no summation over suffixes /)

[@A) } _ 2 M) ) = feedn) = s (B4
M/ xjud 2=0 a “
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Combining (4.10),(4.11) and (4.14) we thus obtain, for any point M belonging to the
ellipsoid &,

po- [ SENS k[0S e
¢ &

0 27'5611612613 PM ajaras ’ 5o 21'[6113612(13 PM ajaras )

Since 10 and ¥ are harmonic inside the particle and constant or linear on &y,
it follows that (B5) holds within the whole domain £ U &,. Resorting to cyclic
permutation of suffixes, we thereafter obtain (4.13), both inside the particle and on
its boundary.

Now we look at the sum T} + T3. For 1 > 0, let us denote by V, the volume that is
confined by the ellipsoids &y and &,. Invoking the divergence theorem and definition
(4.14) of function ¢’, we obtain

ajaras

[ — 2]

with surface integral P(/) and volume integral N(1) defined as follows

T\ + T = B E,AY{P(J) — N(J)}, (B6)

PO = [ Whti— 9 a -edds. NG = [ (50— ¢usbad2. (BT)
5,3 V;
The charge density d’ associated to the potential ¢’ (see (B 3)) obeys

d(P)= s(P)xz/[ZTcalaSaﬂ, /

&

d'(P)dSp =0, / xPd(P)dSp =26,,/3.  (BSY)

&

Accordingly, the function ¢, admits the following asymptotic behaviour
¢y =2(xf +x3 —2x3) /[3r’1 + O(1/r*) as r = OM — . (B9)

In addition, as A tends to infinity, the ellipsoid &; becomes a sphere of radius A!/?
and n-e; ~ x;/r whilst (look at definitions (4.11)) functions I, and J, respectively,
behave like x;/r and r. Accordingly, P(/) vanishes as A goes to infinity. Noting that
¢’y is harmonic and J,; = I; in the whole domain V;, the required volume integral
N(A) becomes

[ gnde - PS04 ],
vy [ daas =2 [ | [ G| eam o [ [5G os0m. @0

with M(xy, x», x3) identified by its orthogonal curvilinear coordinates v, < u, < 4, and
D = 4najaya;. The last relations in (B 10) have been obtained by differentiating, in
V,, our definition (4.11) and finally applying (B 2)—(B 3). In addition to our orthogonal
curvilinear coordinates v, < u. < 4., we introduce three related and positive functions
hy, h, and hj as detailed in Lamb (1932, § 112). Note that Z(u.) < 0 whereas & (v.) > 0
and &Z(4.) > 0 almost everywhere outside the ellipsoidal particle. Within the domain
V,, the volume element reads d§2 = dv,du.d2,./[h1hyh;] and the reader may also
check that 2(d2./0x2)x, x, = X2h3/[a5 + A.] with

2x22h1 _ (Me_ve)(ag—l_ue) (a%—Fl)g) — F(/’L ) )
hahs[a3 + 2 A(e) — Ave) J=E (o) (a3 — a2) (a2 — ) o

(B11)
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By virtue of (4.14) and (B 11), the relation (B 10) becomes

2 A b
N / [wowlmue)dze—{ Mol { | Mduedve}dze}
e J v,

dna,axas o ar+ e

(B 12)

with, for m € {0, 1}, the definitions

” dr dpe.dv,
Wothe) = | — K(i) = . B13
) /).( (a% +l) A(t) (%) /,u,, /Vp hihyh; ( )

On the ellipsoid &, the surface element dS reads dS = du.dv./[hoh;] and h; =
2s(M) (see Lamb 1932) on &. Integrating the relation (B 11) on the surface &, we
immediately obtain

F(ue, ve) / 2x3h 4n
————dp.dv, = ds =—. B 14
/m / 4 K= | A0)al 3 (B14)

Observing that the volume of the domain enclosed by the ellipsoid &, is equal to
4ntA(A)/3, we arrive at
dA

A
/V 4o = /0 K(ie)d2e = 4n[A() = AO)/3, 3K (o) = 4 -

Integrating by parts the first integral on the right-hand side of (B 12) and taking into
account definitions (B 13) makes it possible to obtain
N(4 4n g
D = T {wmali - wowsio+ [(wcae). @)
0

47'5611 aas 3

(B15)

Integrating by parts once more and finally letting 4 tend to infinity, we arrive at
equality (4.17).
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