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Absolute and convective instabilities of a swirling jet/wake shear layer

Thomas Loiseleux,® Ivan Delbende,” and Patrick Huerre
Laboratoire d’'Hydrodynamique, CNRS:&e polytechnique, F-91128 Palaiseau, France

(Received 30 October 1998; accepted 21 October 1999

The absoluté€Al)/convective(Cl) nature of the instability is determined in the family of swirling
jet/wake shear layers considered by Martin and Meilj@dgys. Fluidss, 424(1994] and Lim and
Redekopp[Eur. J. Mech. B/Fluidsl7, 165 (1998]. This idealized model includes as essential
ingredients both the centrifugal instability associated with the swirl difference and the Kelvin—
Helmholtz instability associated with the swirl and axial velocity differences between the core and
the outer flow. Centrifugally stabilizing or destabilizing swirl differences are found to promote Al,
but a centrifugally destabilizing configuration is more effective in triggering such a transition. For
sufficiently large swirl differences, both co-flowing jets and wakes may become Al. In the case of
jets a centrifugally destabilizing swirl difference first brings about Al via the axisymmetric mode
m=20 in a large range of mean swirl values. By contrast, a centrifugally stabilizing swirl difference
triggers Al via the helical moden= —. In the case ofvakes a centrifugally destabilizing swirl
difference leads to Al via the bending moae=1 whereas a centrifugally stabilizing swirl
difference triggers Al via various negative helical modas —1,—2, etc. © 2000 American
Institute of Physicg.S1070-663100)01102-§

I. INTRODUCTION swirling jet/wake shear layers consisting of a straight vortex
filament of circulation”. surrounded by a cylindrical vortex
The pervasiveness of vortical flows in nature makes theigheet of strengtl’.—I'.., wherel ., is the external circula-
description and control an important issue in fluid mechanicgjon. A plug flow axial jet/wake velocity profiléFig. 1) is
research. Understanding such phenomena as water-spodi§ded to this purely swirling cylindrical vortex sheet. Ac-
and tornadoes in meteorology, leading-edge and wing-tiRo ding to Hall* the azimuthal velocity radial structure of a

vortices in aerodynamics has motivated numerous studiggging-edge vortex can be approximated as a thin viscous
dealing with the structure, stability, and breakdown of swirl-g,_core embedded within an otherwise inviscid irrotational

ing flows. In swirling jets and wakes, dynamical modifica- o er flow. The base flow in Fig. 1 should be viewed as a
tions may be ascribed to a change in the nature of the 'nSt%imple canonical model of such physical situations.

bility from convective to absolute, i.e., to the emergence of '\ and Meiburd? have determined the linear tempo-
an instability wave with a zero-group velocity.More pre- instability properties of this family of profiles: Faen-

cisely, such a transition may explain some of the feature§rifugally stabilizingflows (I~ I'.<0), the instability is of

associated with the onset of vortex breakdown. In this SpiritKerin—Helmholtz-type feeding on both azimuthal and axial
previous studies have addressed the absolute/convective i\r}(')rticity and counter-r(,)tating helical wavesi£0) are the

stability problem_f50r two specmc_ swirling flow models: The most unstable. When the flow entrifugally destabilizing
Batchelor vorteX° and the Rankine vortex with axial flofv. i
(I';.—=T',>0), the most unstable modes consist of co-

In both instances, the circulation of the base flow monotonl—rotatin helical wavesni>0). These properties are in quali-
cally increases with radial distance so that, according to th 9 ) brop q

Rayleigh criterior;® centrifugal instabilities are quenched. ative agreement with physical intuition: Kelvin—Helmholtz

7 . . . instability generates cross-stream vortices with a wave vector
This is not necessarily the case in many practical or experi:

mental situations, i.e., wing-tip vorticesor swirling jet Erl](,m)hperpe?dlcula}[r to tf:et_local s_he;r, v(\)/hlch;herefore, take
experiments? where the total circulation remains zero at e shape of counter-rotating spirals<.0), whereas cen-

large radial distances. In such cases, the circulation decreas %ggal instability generates locally streamwise vortices spi-
with radial distance over part of the flow, a feature whichrf]‘,IIng V;'IT éhe flow (mk>0')' It Shoq;d be. ma(:]e :c:.le.ar tﬂf"‘tk
favors the onset of centrifugal instabilities. In the presentt IS modet does nqt take into c0n§| ergnor_nt e finite thick-
article, the interaction and competition between axial sheaP€SS Of the cylindrical shear layer: Arbitrarily large stream-

and centrifugal instabilities are qualitatively assessed on th®iS€ and azimuthal wave numbers remain unstable. Under
basis of a simple analytical model. We thus determine theuch conditions, the temporal instability framework does not

absolute/convective instability characteristics of a family ofSingle outa mo_stsamplif?ed mode. . _ _
Kang and Lit® and Lian and Lif* have investigated the

) , _ spatial instability characteristics of a swirling or nonswirling
Present address: ENSTA, 32 Boulevard Victor, 75739 Paris Cedex 18q,)id jet emanating in a nonswirling or swirling gas in order
France. Electronic mail: thomas.loiseleux@ensta.fr . . .

bpresent address: LIMSI, Universite Paris-Sud, 91403 Orsay Cedex, (O gain a'better understanding Of' the break-up process. Their
France. Electronic mail: delbende@limsi.fr velocity fields correspond to the limiting cadés=0 in Ref.
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hance the absolute growth rate of the axisymmetric mode.

1
I~ — Decreasing the core density, with respect to the external den-
. L= oo sity, also contributes to increase the absolute growth rate.
— — The second model is the same as in the present study: In the
””” AR o uniform density case, jets are shown to undergo absolute
E ‘ Ue x instability via them=0 mode as the ratio of the external to

core swirl is decreased, thereby enhancing the centrifugal

-- instability. Furthermore, decreasing the core density, with
respect to the external density, tends to promote Al. When
this second model is analyzed in the wake configuration, it is
concluded that the negative helical modes are more abso-
lutely unstable than their positive counterparts. It is argued
that centrifugally destabilizing swirl promotes Al whereas
centrifugally stabilizing swirl inhibits it.

The goal of the present study, which solely focuses on
13 andI'.=0 in Ref. 14 of the present flow model. A desta- the uniform density case, is to systematically determine the
bilizing (resp. stabilizing effect of swirl was identified for absolute/convective instability boundary of the basic flow
the centrifugally destabilizingresp. stabilizing configura-  displayed in Fig. 1 by locating the absolute/convective tran-
tion I'.,=0 (resp.I';=0). An increasing gas-to-liquid ratio sition curves of all positive and negative helical modes. A
was determined to be destabilizing in the case of a swirlinggomplete state diagram is obtained for co-flowing or counter-
jetX® It was found to be stabilizing or destabilizing in the flowing jets and wakes and for centrifugally destabilizing or
case of a liquid jet in a swirling gd$, depending on the stabilizing swirl differences across the cylindrical vortex
respective magnitudes of the density ratio and Weber numsheet. As summarized in the conclusion, the results very sig-
ber. In the present study we concentrate our attention on theificantly extend those obtained by Lim and RedeKdypr
instability properties of a homogeneous fluid without surfacetheir second model. The analysis of higher order positive or
tension and density variations. negative helical modes is crucial to the determination of the

The absolute/convective instability characteristics ofabsolute/convective instability boundary of the flow and the
several families of swirling jets and wakes have recentlynodes examined by Lim and Redekdpare found not to be
been examined by analytical and numerical means. The ceithe critical ones in several basic flow configurations.
trifugally stabilizing continuous basic flow commonly re-
ferred to as the Batchelor vortex is known to provide an ppnp) £y FORMULATION AND LINEAR
approximation of th3esvelocny fle_ld within trailing line VOI’t.I- DISPERSION RELATION
ces. Olendraret al,”” have applied the zero-group velocity
criterion of Briggs and Bef's’ to the numerically determined In the entire study, the flow is assumed to be inviscid
dispersion relation of the Batchelor vortex. These issues havand incompressible. As sketched in Fig. 1, the basic flow
also been examined for the same basic flow by direct nuunder consideration consists of a straight vortex filament
merical simulations of the linear impulse respori@el-  aligned along the axis surrounded by a co-axial cylindrical
bende, Chomaz, and HuetreAccording to these studies, vortical sheet of radiugk, upon which is superimposed a
swirl greatly enhances the range of absolute instability to thgplug flow axial velocity profile. LetU and W denote the
extent that, for intermediate swirl values, co-flowing jets andaxial and azimuthal velocity components in the usual —6
wakes become absolutely unstable. The transitional modesylindrical coordinate system. The basic velocity field is then
are all negative but take distinct values for jets and wakesgiven by
The piecewise continuous Rankine vortex with superim- r
posed axial plug flow constitutes an idealized representation U(r)=U,, W(r)= —°  if r<R, (1a
of the velocity field prevailing close to the nozzle exit in 2t
swirling jets in the absence of a centrifugally destabilizing T,
region. As in the previous case, Loiseleux Chomaz and U(r)=U., W(r)=5—: if r>R, (1b)
Huerré have shown that the application of swirl promotes
the Al of negative helical modes of increasingly higher or-whereU,, I are the core axial velocity and circulation, and
der. The absence of a finite shear layer thickness then prél.., I'.. the external axial velocity and circulation. The basic
vents the quenching of large streamwise and azimuthal wavéow effectively depends on three nondimensional control pa-

FIG. 1. Sketch of basic flow azimuthal and axial velocity profiles.

numbers. rameters, for instance, the external flavand the normalized
The absolute/convective instability characteristics of twocore and external circulationg, and y.. defined as
idealized models of centrifugally destabilizing swirling flows U I, T
h tl lyzed by Li d Red .th == =—— ==
ave recently been analyzed by Lim and Redekdp.the a=10’ Y*TRAU' T RAU’ 2

first model, a modified Rankine vortex with superimposed

axial flow is allowed to exhibit a centrifugally destabilizing whereAU=U_—U,, represents the axial shear. This set of
azimuthal velocity discontinuity. The increasing magnitudeparameters based on the reference scaldsandR is well

of the discontinuity is then shown to very significantly en- suited to discuss the effects of rotation on the instability
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FIG. 2. Al/CI domains in the ¢.+ v..)/2— (.~ v..) plane for(a) a zero-external axial flow jea=0) and(b) a zero-centerline velocity wake & —1). The
shaded area corresponds to the absolutely unstable region, and the clear area to the convectively unstable regiony.Fhe, #i separates the
centrifugally stabilizing region.— y..<0) and the centrifugally destabilizing regio{~ v..>0). The solid dot in@ corresponds to the Al/CI transition
point y.=4.65, y,.,=0 calculated in Ref. 15.

characteristics of plug flow axial jets and waka&scontrario,
if one is interested in the effect of axial shear and advection
on the instability characteristics of cylindrical azimuthal vor-

tex sheets, it is more appropriate to use as reference scales
[ll. ABSOLUTE/CONVECTIVE INSTABILITY

(K g Kl

ki’ (k) kK.(K) ®

a(k)=

ATl'=T.—T., and R. An alternate set of nondimensional
control parameters may then be defined as: CHARACTERISTICS

oy=

AT

Foo

RAU
ou=

AT

R(U.+U,)
2AT

©)

As extensively discussed in the literatufgee for in-
stance Bersand Huerre and Monkewitd), the absolute/
convective nature of the instability is determined by the sign

In most of the study, results are presented in terms of the seff the absolute growth rateo; , associated with the saddle
of parameters2). The set(3) is briefly used at the end of the points of the dispersion relation satisfying
paper to illustrate the influence of axial shear and advec-

tion u.

As discussed for instance in Loiseleux, Chomaz and

Huerre(see Fig. 2 of Ref. B distinct axial velocity configu-
rations are obtained for specific rangeseaof The external

and core streams are co-flowing whar —1 ora>0 and
counter-flowing when —1<a<0. Jets correspond

a>—0.5 and wakes ta< —0.5. The particular values=0 _ _
anda= — 1 are associated with the zero external flow jet anc@Psolutely unstabléesp. convectively unstableDetails of

zero centerline velocity wake respectively.
Following Martin and Meiburd,the nondimensional lin-
ear dispersion relation is readily found to be

w=Q(k;a,7c,¥~,m)

1/2

_ak 1 m K
=a +m S (@ye= By.)tka
. 1 dmkay, m* 5 5
*i 4(a—,8)< - +717(ayc—,8yw)+4k o
2 2 2
Yo Y 1 m
R C)_(Q_B)Z(E(CWC_B%C)HW

where

(4)

; 3 y Joo

wOZQ(kO;a! Yer Ve ,m).
In addition the saddle points should emerge from the pinch-

to ing of two spatial branches issuing from the upper and lower

parts of the complek-plane. Ifwg; >0 (wg;<0) the flow is

the numerical procedure used to determinemay be found

in Loiseleuxet al®
The diagrams in Fig. 2 document the effect of the swirl

differencey.— vy.. and of the mean swirl¥.+ y..)/2 on the
absolute/convective nature of the instability in zero-external
axial flow jets[a=0, Fig. 2a)] and zero-centerline velocity
wakes[a=—1, Fig. Ab)].

Consider first the case= 0 [Fig. 2@]. In the absence of
rotation (y.= v..=0), zero-external axial flow jets are con-
vectively unstable. In order to discuss the effect of swirl, it is
convenient to distinguish in the y{+ v..)/2— (y.— v-)
plane the centrifugally destabilizing and stabilizing domains
Y= ¥»>0 andy.— v..<0, respectively. The application of
a sufficiently large centrifugally destabilizing swirl differ-
encey.— v.>0 is seen to induce transition to Al via the
axisymmetric modem=0 whenever the mean swirly{
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FIG. 3. Al/CI domains in the {.+ v..)/2— (y.— 7.) plane for(a) an external counterflow jet @= —0.2 and(b) an external co-flow jet a4=0.1. The
shaded area corresponds to the absolutely unstable region, and the clear area to the convectively unstable regiony.Fhe, #® separates the
centrifugally stabilizing region4.— v..<0) and the centrifugally destabilizing regioy{~ y..>0).

- &g
Centrifugally
stabilizing

|
(3%)
-

0 -1 <2

+7v..)/2 exceeds 1.7. Wheny(+ v..)/2 is lower than 1.7, real: It is due to the fact that the swirl parame&y intro-

transition to Al occurs vian= +. By contrast, a centrifu- duced in Ref. 15 is related to the parameters of the present

gally stabilizing swirl differencey.—y..<0 always pro- study byS,= vy./2ma. Whena=—1, y.>0 corresponds to

vokes a transition to Al via the pathological helical mode S, <0 and consequentlyn is changed into—m. Further-

m= —oo, This unusual feature has been verified numericallymore, the curvesn=—1 andm= —2 in Fig. 17 of Ref. 15

For a fixed (y.+ v.)/2, the Al/CI transition value ofy.— v, should probably be switched. If such substitutions are made,

pertaining to a given negative helical mogeincreases con- there is both quantitative and qualitative agreement between

tinuously towards an asymptotic maximum @astends to  both studies.

—o. The locus of such maxima asy{+ vy.)/2 is varied It is worth pointing out the peculiar features which arise

constitutes the curve labeled= —< in Fig. 2(a@). The nu- along the liney.— y..,=0 separating the centrifugally desta-

merical value ofm= —« is taken to ban=—40. The same bilizing and stabilizing domains. Such a configuration corre-

methodology is used to obtain the AI/CI transition curvesponds to a single vortex filament embedded in an axial plug

labeled m=+« on the centrifugally destabilizing side flow. The dispersion relatiof¥) then reduces to

ve— v->0. According to Fig. 2a), a centrifugally destabi-

I|;|_ﬂg swirl difference is more eff|C|e.r!t in tr|ggerlng a tran- my  a+ @

sition to Al than a centrifugally stabilizing swirl difference. w=ak+ — +k———,

More importantly, a centrifugally destabilizing swirl differ- 2m a=p

ence clearly promotesaxisymmetric or positive helical

modes, whereas a centrifugally stabilizing swirl differencewherey.=vy..=vy. As a result, the absolute wave numkgr

promotesnegative helical modes of gradually decreasing and the absolute growth ratey; do not depend ory. The

|m|. The AI/CI transition point ¢.=4.65; y..=0) for the  AI/Cl transition values of are alsoy-independent and equal

m=0 mode in Fig. 2a) is in satisfactory agreement with the to those prevailing ay=0, namelya,= —0.15,m=0 on the

resulty.=2mx 0.74=4.62 obtained by Lim and Redekdpp jet side anda,=—0.91, |m|=1 on the wake sid® At these

at v,,=0. specific values of the external axial flow parameteAl/ClI
Consider next the case= — 1 [Fig. 2(b)]. In the absence transition takes place simultaneously along the line

of rotation (y.=7y..=0), the zero-centerline velocity wake vy.—vy,=0. In other words, a single vortex filament of

is Cl. In this instance, a moderately large centrifugally de-strengthy does not alter the Al/CI characteristics of plug

stabilizing swirl difference induces a transition to Al via the flow velocity jets or wakes.

positive bending modem=1. A centrifugally stabilizing A typical external counter-flow jet case-0.5<a<0) is

swirl difference clearly promotesegativehelical modes but illustrated in Fig. 8a). When the counterfloya| is gradually

the critical transitional mode is sensitive to the value ofincreased, the Cl-domain shrinks to a narrow band on the

(vet v-)/2. As in the previous case, a centrifugally destabi-centrifugally stabilizing sidey.— y..<0, and the flow be-

lizing swirl difference is more effective in promoting Al. At comes Al over most of the parameter plane. A typical exter-

first sight, the present results fog— y..>0 do not corrobo- nal co-flow jet cased>0) is illustrated in Fig. &). When

rate those of Lim and Redekopipfor y.>0 and y.,=0: the co-flowa is gradually increased, the Cl-domain expands

Negative helical modes are found by these authors to band occupies most of the control parameter plane. The same

critical whereas the present study clearly singles out positivgualitative tendencies hold for counter-flow and co-flow

helical modes. Such a discrepancy is more apparent thamakes.

@)
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FIG. 4. Al/CI domains in the— vy, plane for(a) a zero-external swirl¢,,=0) and(b) a finite external swirl §..=6). The shaded area corresponds to the
absolutely unstable region, and the clear area to the convectively unstable region. The dottgd=line separates the centrifugally stabilizing and
destabilizing regions. For clarity, ifb), only the helical modes participating in the delineation of the Al/CI regions have been represented.

To compare the present results with those pertaining tandm=1 modes on the jet and wake sides, respectively. In
the Rankine vortex with axial floWRef. 6), it is enlightening  the centrifugally stabilizing domain.<v.., various nega-
to display the AI/CI domains at a fixed setting ¢f, as  tive helical waves partake in the delineation of the Al do-
shown in Fig. 4. Such diagrams are the equivalent of Fig. 2@nain.
in Ref. 6. In the absence of external swWifl, =0, Fig. 4a)], Finally, the effect of axial shear and advection on the
the effect of a finitey, is always centrifugally destabilizing. instability characteristics of purely swirling vortex sheets is
Thea-interval of Al is seen to increase continuously with the more clearly brought out by considering the alternate set of
core swirl y.. The transitional modemm=0 andm=1 are control parameters defined in E@). Two typical state dia-
clearly in evidence on the jet and wake sides, respectivelygrams in theu— Su plane are illustrated in Fig. 5 for differ-
For a finite external swidy.,=6, Fig. 4b)], the effect of a ent centrifugally destabilizing settings &fy. Consider first
finite y. is centrifugally stabilizing belowy.=v., and cen- §y=1.5[Fig. 5@]. When du=0, there is a narrow Al in-
trifugally destabilizing abovey.=vy... However, in both terval ofu necessarily associated with finite counterflow. As
cases, tha-interval of Al expands with increasing swirl dif- axial sheardu is increased, this Al-interval continuously
ference| y.— y..|. Furthermore, in the centrifugally destabi- widens: Larger magnitudes of the advection parametare
lizing domainy.>v.,, the Al range is bounded by tte=0  then required to return to Cl. Whety=0.01[Fig. 5b)], the

Wakes Jets ‘Wakes | Jets

>t

4 : a4
3.5} 1 3.5¢ Tzl
3 ] 3l | %o é
250 | — 1 25 %:—' 1 8|8
Bu 2/ \\\V | 7 \ \\\\ : f/ /ﬂf J// T
1.5} 1 15t . ] ?: %n
0.5r B 0.5F 181”
% -1 0 1 2 0 0 : ) Y
(a) (b)

FIG. 5. Al/CI domains in thai— du plane for(a) §y=1.5 and(b) §y=0.01. The shaded area corresponds to the absolute unstable region, and the clear area
to the convectively unstable region.
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basic flow is only marginally centrifugally destabilizing but both the jet and wake sides, as in the Rankine and Batchelor
the Al-domain extends over a wider rangewf The same vortices. In thecentrifugally destabilizingcase| y.— y..>0
qualitative tendencies are observed in both cases: The criticaf Fig. 4b)], Al/CI transition solely involves thexisymmet-
transitional modes arm=0 andm=1 on the jet and wake ric modem=0 on the jet side and theendingmodem=1

sides, respectively. on the wake side.
The present study further confirms that, in contrast with
IV. CONCLUDING REMARKS purely temporal analyses, Al/CI transition criteria lead to the

selection of specific helical modes in simple swirling flow
é:)rofiles. The peculiam= —« transitional mode on the cen-
trifugally stabilizing jet side[y.— y..<0, a>—0.5 in Fig.
4(b)] is likely to be quenched for more realistic basic flow
distributions exhibiting a finite shear layer thickness.

The broadening of the Al region and the triggering of an
absolute instability above a critical swirl level is a common
robust feature of all swirling flow models that have so far
been investigated, whether centrifugally stabilizing or not. In
the same way, vortex breakdown is also observed in a wide

study demonstrates that centrifugally stabilizing swirl trig- Var,'?.ty O.f c;onﬁ?urstlf)nﬂ;adl?g-edg? ?ns W!:\hg-tlg vcl)r:|c¢s,
gers a transition to Al vian=—os. swirling jets, etc). but a direct causal link with absolute in-

In the case ofvakes(a< —0.5), Lim and Redekopp stability remains to be established on experimentally mea-

find that a centrifugally destabilizing swirl induces Al via the sured velocity profiles.

m= —2 retrograde mode, whereas we determine that Al first'r. J. Briggs Electron-stream Interaction with Plasm#il|T, Cambridge,
takes place through the= +1 cograde mode, as discussed Massachusetts, 1954

in Sec. Ill. Eurthermore. the present study shows that Cen-zA' Bers, “Linear waves and instabilities,” iPhysique des Plasmasd-

. [ . . . . ited by C. DeWitt and J. Peyrauordon and Breach, New York, 1915
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