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Transition to turbulence in globally subcritical systems
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Résune :
Prenant 'exemple de &coulement de Couette plan, nous discutogist actuel de notre comphension de la transition

vers la turbulence dans les sgstes globalement sous-critiques, et notamment des parit@s des parties basse et
haute de la égion de transition.

Abstract :

Taking the example of plane Couette flow, we discuss ourmiuraderstanding of the transition to turbulence in glogall
subcritical systems, pointing out the specificity of thedoand upper parts of the transitional range.

Mots clefs : transition to turbulence, subcritical systems, plane Coutte flow

1 General setting

Understanding the transition to turbulence in flows lackKingar instability modes, such as Poiseuille pipe
flow (PPF) and plane Couette flow (PCF), is particularly @drading in view of its direct character, without
the usual cascade seen in the “globally supercritical” eader, e.g., convection. These “globally subcritical”
flows become turbulent through the nucleation and growtteaay of turbulent domains called puffs (PPF) or
spots (PCF). Such states have been interpreted withindheefvork of dynamical systems theory as transient
chaotic states associated to stochastic repellers [1]udlindhis can explains the exponentially decreasing
distribution of the transient lifetimes, the story is stilcomplete since it does not say how the exponential
decrement should vary with the control parameter, the RegnaumberR, and whether or not there exists a
critical value R, above which turbulence is sustained, which has been thectulifj hot debates, at least for
PPF [2, 3], but also for PPF [4, 5]. Long ago, Pomeau [6] cdnjed that such transitions should be akin
to directed percolation, a stochastic process studiedatisgtal physics. He also proposed a connection with
first-order thermodynamic phase transitions and their@at nucleation properties. This viewpoint shifts
the focus from the theory of low-dimensional dynamical eyst and temporal chaos to the field of statistical
physics and spatiotemporal chaos. It motivated what wipptesented in Section 2 below.

Fig. 1 illustrates the bifurcation diagram of PCF with= Uh /v, whereU is the speed of the plates driving
the flow, 2h the distance between them, amdhe kinematic viscosity of the fluid. (A definition based oe th

average sheaR = (U/d)(2d)?/v = 4R, would be more appropriate to make meaningful comparisatis w
PPF or counter-rotating Taylor-Couette flow.)

Couette flow trggzitznt S‘S)léi?si?ﬁges featureless turbulence
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FiG. 1 — Bifurcation diagram in the case of PCF, as compiled frioewtork done at Saclay.

In both PPF and PCF, the transitional regime extends ovéharmraiide domain of? and one has to distinguish

the lower part from the upper part of this range. In the lovat,pnhomogeneity prevails, puffs/spots coexisting
with laminar flow, and the dynamics is basically controllgdtbe fact that locally turbulent flow can decay

to laminar flow. On the other hand, the upper part is charzet@by the fact that turbulent patches tend to
gain over the laminar flow, i.e., puffs of limited extent tséorm themselves into ever growing turbulent slugs
in PPF, and turbulent spots align to form oblique bands withttrbulent intensity becoming more and more
uniform asR increases in PCF. Experimentally, the upper transitioegime is better documented for PCF
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than for PPF, because it can be studied in the cylindricaloFagouette configuration with marginal role of
the curvature in exact counter-rotation [7, 8].

2 A spatiotemporal perspective on the decay of turbulence IRCF.

On the one hand, a large body of information on the transiticggime in PPF and PCF comes from numerical
simulations in small size domains with periodic boundamditions at short distances, comparable to the
pipe’s diameter [9] or the distance between the plates [[L®§.analysis of the results nicely fit the framework
of the theory of low-dimensional dissipative dynamicalteyss but the latter fails to account for the fact that
experiments are done in quasi-1D (PPF) or quasi-2D (PCRgmss For PCF, computing power just begins
to be sufficient to deal with numerical simulations in donsairi sizes relevant to experiments [11, 12]. An
exception is the quasi-1D study of Barkley & Tuckerman [14,tb be alluded to later, more meaningful than
the quasi-OD dynamical systems framework, though withesadimplications in a fully quasi-2D context.

On the other hand, previous modelling of spatiotemporabshia PCF was performed in the abstract setting
of coupled map lattices with limited success [15]. A few yekater, more realistic modelling began to be
developed using a standard Galerkin method applied to theeN&tokes equations (NSE). A small number
of modes was kept in the cross-stream direction but theangfunctional dependence was accounted for,
without more approximation than what resulted from the srstseam truncation. Stress-free plates [16] were
considered first, but the model was next extended to dealthétimo-slip case [17]. The reduced cross-stream
resolution allowed us to consider simulation domains aésiaf the order of those of experimental set-ups, i.e.
much larger than those that could be considered with coimaltdirect simulation aiming at a quantitative
account of the evolution. Experiments showed that, oncaaedl to only three two-dimensional fields, two
stream functions and one velocity potential (governingagigns are given in the appendix), the model retai-
ned the most significant qualitative characteristics aigittonal Couette flow, namely the specific couplings
involved in the self-sustaining turbulence mechanism |8} the sub-critical nature of the transition from
laminar to turbulent flow. The price to be paid was a loweriggalfactor of 2 of the transitional Reynolds
numbers, due to severe underestimation of energy transtewiacous dissipation through the cross-stream
small scales. The positive side was that very wide domainfddoe considered and computations could be
performed during very long periods of time, thus allowingeda approach the “thermodynamic limit” in the
sense of statistical physics.

Simulations reported here have been performed on a domaires® = 1536 x 2 x 1536, by decreasing?
adiabatically from a fully turbulent regime & = 200 [20]. The solution followed in that way turned out to
remain turbulent down t® ~ 171.5 but decayed irreversibly to laminar flow f& = 171. See Fig. 2 (top-left,
and bottom).

The flow patterns were statistically analysed by first defjrarrobust criterion identifying laminar domains
with perturbation energy smaller than some empiricallydeined threshold, next determining the probability
distribution of the laminar domain sizes (Fig. 2, top-rightet I1(,S) be the probability distribution functions
of the surfaces of the laminar domains immersed in the turbulent sea. To @ gpproximation, their largé-
tails behave as power lawH(S) ~ S~%. The average surface occupied by the laminar domains is fiye
Js. STI(S)dS and the second moment by S*T1(S)dS. Values ofa reported in Fig. 2 (top-right) are close

to 3. Whena > 3, the average laminar surface and the second moment, hemeriance, are all finite.
On the contrary, when < 3, the average remains finite but the variance diverge. Theesfitsation holds at

R = 171.5 and the second & = 171. These facts have to be interpreted within the frameworkuafeation
theory : on general grounds, the turbulent state can dedgyifom germ beyond some critical size appears
in the system. So, the system adiabatically broughR at 171.5 does not decay because the critical germ
size is presumably much larger than the variance of theilolision of laminar domain sizes, which implies a
negligible probability of occurrence of a critical germ. @ contrary, in the same conditions, the system at
R = 171 will sooner or later decay because the variance of the kigtdn diverges, making the occurrence of
a critical germ certain. This argument proves the exist@figegenuine transition at the thermodynamic limit
[20]. In smaller systems, this specific spatiotemporal bt is masked by size effects, which justifies that
in domains of size2 x 2 x 32 a sharp transition is not observed, while chaotic transiant obtained with
exponentially distributed lifetimes [17]. It is also impant to notice that the argument does not forbid turbulent
decay forR > 171.5 but simply that the perturbation brought to the turbulemtison by a small decrease of
R is sufficiently tiny to keep it inside the attraction basintioé turbulent state which, though probably quite
narrow, has still a finite measure. Larger perturbationgarticular those produced by large a quench from
high R can trigger the decay. In contrast, fBr~ 171 the turbulent state has presumably turned to a repeller
with inset of measure 0.

To conclude this part, let us notice that the approach ham#ré to suggest an alternative interpretation of the
transition to turbulence that does not rely on the fact thatlifetime of chaos at a local scale has to diverge
before turbulence can set in. Couplings implied by the ptalsipace dependence are able to convert transient
local chaos into sustained spatiotemporal chaos (turba)eat some well defined Reynolds number in the
middle of the transitional regime, which might be of consenge for PPF also in view of the controversy

1Experiments at GIT-Saclay were performed in systems ofrsiaging from380 x 2 x 70 [5] to 770 x 2 x 340 [7]. It should be
kept in mind that the most active small scale structureserfltw are of ordef x 2 x 3 [19].
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FiG. 2 —Top, left : Time series of the energy contained in theypbation for several values . Att = 5x10*

R was reduced from 172 to 171 and the solution started to degaybleating a large laminar domain at

t ~ 8 x 10*. The state at = 5.8 x 10* served as an initial condition for the experiment with= 171.5
which gave no sign of decay. Top, right : Probability digitibn functionII(S) of the laminar domain size

S for R = 171.5 and R = 171. Bottom left : ForR = 171, the laminar domain (black) that appeared at
t ~ 8 x 10* invaded the whole system. Several other large laminar dwnaere also scattered over the
turbulent sea (white). Bottom right : Fdt = 171.5 no large laminar domain is present and the subsequent
analysis illustrated above (top-right) shows that the aence of such a large domain is unlikely.

about the very existence of sustained turbulence in that[#0].

3 Upper transitional regime in PCF

As already mentioned, the upper part of the transitionajean PCF is marked by the presence of oblique
turbulent bands. When coming from the featureless turlhukgime, the formation of these bands appears
to be a continuous process with turbulent intensity moéaaincreasing regularly ag is decreased below
aboutR; ~ 415 as illustrated in Fig. 3. A phenomenological descriptiors\yweoposed in terms of a stochastic
2-wave CGL model [8]

To(Op £ 500,) Ay = €Ay + 5(2)(1 +ic1)0,, A —g3(1 — i03)|Ai\2Ai —gh(1 — icg)|Aﬂ2Ai + ant

where the noise term was supposed to account for background turbulence. Casafficbdf these equations
could be fitted against experiments, yielding good overdgdirpretation of defects in the oblique band pattern
and the turbulent intensity anomaly visible in Fig. 3 rigtlgse to the featureless turbulence threshold [7, 8].
The phenomenon was also reproduced in the Barkley-Tucke(B&T, [13, 14]) numerical experiments spe-
cially designed to deal with the oblique band regime : theysaered elongated (mostly spanwise) domains
transversal to the bands but periodically repeated at a distance in the (mostly streamwise) perpendicular
direction. This approach gave insight into the structur¢hefflow, describing the average laminar-turbulent
modulation by means of a few coupled sinusoidal terms [1d$ally related to the large scale part of the
in-plane modes introduced in our simplified Galerkin mo@4l|[
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(a) : Re, =411 (b) : R, = 402 0.002

(e) : Rey, =358 (f) : Rey =349

FiG. 3 —Left : Experimental observation of the emergence ofpigliturbulent bands in PCF &sis decreased.
Right : variation of the turbulent intensity modulation afuaction of R, here for spiral bands in the upper
transitional range of counter-rotating Taylor—-Couettevfld®; is the Reynolds number constructed with the
radius and speed of the inner cylinder). From Prigent’sish&$.

Up to now, there is no theoretical understanding of the oigligurbulent intensity modulation. Despite its
appealing features, our lowest-order model is unable tooke them systematically at large aspect ratio
owing to its poor cross-stream resolution which forbids labde account of the upper transitional regime.
Truncating the Galerkin expansion at higher orders couldhéojob but leads to increasingly cumbersome
models which lose much their interest with respect to diregterical simulations of the NSE. This is the
reason why we are currently working at full 3D simulatimsth lowered but controlled spatial resolution in
spatially extended domains.

As a preliminary attempt, using Gibson’s public domain peog CHANNELFLOW [22], we have performed
the same experiment as in [17] in moderate aspect ratio ragsté sizel28 x 2 x 64 and64 x 2 x 128.
Adiabatic decrease dt down from 450 led us to observe the oblique band regime indheefz-range as in
the laboratory [7], see Fig. 4. With the model, ih28 x 64 domain, at Reynolds numbers reduced by a factor of
2 due to cross-stream resolution effects, turbulence lysdetayed through irregularly shaped patches, more
rarely through streamwise or spanwise bands, exceptiotmtbugh oblique bands [17], which was attributed
to a strong effect of the in-plane periodic boundary coodgiused. Here this feature seems systematic and
the bands appear persistentfat= 330. The wavelengths imposed by the in-plane boundary comditare
somewhat different from the experimental ongg & 128 and A, = 64 instead of\, ~ 110 and X, varying
from ~ 85 at R = 335 to ~ 50 at R = 395, respectively [7]). Standard in the theory of pattern fatiorg
confinement effects would then explain a shifted transit®ince the transition is observed at decreadging

in the Ginzburg—Landau framework alluded to above, this ldiamply a threshold shifted toward smaller
values ofR, i.e. below the experimental valug, ~ 415 and, by the same token, a weakened modulation at
comparable values ak. The relation between the light intensity measurement fit] the amplitude of the
energy contained in the perturbatida not obvious but this seems to be the case. This makes uslennfhat
gathering empirical unconstrained data on that specibltant state, in systems at least twice as large, will
help us understand the underlying mechanism and subségteentodel it.

4 Concluding remarks

Subcritical systems are characterised by the coexisteinddéferent regimes. In the lower part of the tran-
sitional range, laminar flow coexists with chaotic flow in iied regions of physical space (puffs of spots).
Experiments taking place in spatially extended domaindhawe offered a hopefully relevant interpretation of
the statistics of the transition alternative to the welleggted approach in terms of chaotic transients, showing
in particular that the divergence of local transient chafesilne was not necessary for sustained (but weak)
turbulence understood as intermittent spatiotemporadsha

Now, considering the turbulent band/spiral regime as a igenbout specific turbulent regime, the emergence
of the bands/spirals offers us an example of continuous(gkorder) turbulent-turbulent transition, comple-
mentary to the discontinuous (first-order) transition vdgltumented in the case of the von Karman swirling
flow [23] of interest to the turbulent dynamo problem. Undnsling such examples of coherent collective

2B&T’s approach is also 3D but in a quasi-1D context with thediion perpendicular to the bands playing a special role.
3Here just the distance to thmseflow, not the turbulent energy currently defined as the distan themeanflow.

4
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FIG. 4 — Obligue turbulent bands obtained in our simulationsief@HANNEL FLOW program in an adiabati&

decrease experiment in a domain of si28 x 2 x 64 (x-axis vertical). The perturbation eneréf(u2 + 02 +w?)

in the mid-gap plan€z, 0, z), is represented in color levels for times= 10500, 12000, and 13500 after a
sudden decrease &f from 350 to 330 at¢t = 9000 ; see text.

behaviour in highly fluctuating environment is a stronglytiveting perspective for on-going work.

5 Appendix : reduced model of plane Couette flow

Equations are written for the departurev, w, p from the base flowy = y, vg = wy = 0, pg = Cst.. The
first non-trivial correction is taken in the form{u, w} = {Uy, Wo}B(1 — y?) + {Uy, W1 }Cy(1 — »?) and
v = V1A(1 — 4?)?, whereU;, V;, W; are functions ofr, z,t. The Galerkin projections of the momentum
equations read :

Uy + Ny, = — Py — 10U — aoVi + R™1 (A — ) Up

Ny, = a1 (U0, Uy + Wpd,Up) + az(U10,Ur + W10, Uy + 8'V1Uy)
and
UL + Ny, = — 0,P1 — 10U + R™HA — 41Uy,
Ny, = aa(Up0, Uy + U190, Uy + W0, Uy + W10, Uy — B"V1Uy)
plus two similar equations governi§jy andWW; and an equation fov; :

V1 + az(Up0, Vi + W0, Vi) = — BPL+ R (A =)W1 .

In these equationa is the 2-dimensional Laplacia®.: + d.=. Explicit account of the pressure is avoided
by defining\IJO, ¥y, and dq throughUo = Uo — 0.V, Wy = Wo + 0.V, U1 = Ul + 0,1 — 0, ¥4,

Wi, = Wy + 0.9, + 0, ¥, andBV; = Adq, so that the Galerkin projections of the continuity coruditi

are automatically fulfilled but the mean valu€s,... need to be introduced and solved separately. These
contributions to the flow are governed by

LU0 = aa(8— B)ULVI — R Uy and  $U; = ax(B+ B")UVi — R 'U; .

and similar equations fdi/y, W,. The complete set, values of coefficients, and derived eansator U, ¥,
and®; can be found in [17].
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