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ON THE CLASSICAL LIMIT
OF THE SCHRODINGER EQUATION

CLAUDE BARDOS, FRANCOIS GOLSE, PETER MARKOWICH, AND THIERRY PAUL

ABSTRACT. This paper provides an elementary proof of the classical limit of
the Schrédinger equation with WKB type initial data and over arbitrary long
finite time intervals. We use only the stationary phase method and the Laptev-
Sigal simple and elegant construction of a parametrix for Schrodinger type
equations [A. Laptev, I. Sigal, Review of Math. Phys. 12 (2000), 749-766].
We also explain in detail how the phase shifts across caustics obtained when
using the Laptev-Sigal parametrix are related to the Maslov index.

1. THE CLASSICAL SCALING

Consider the evolution Schrédinger equation
ihdyp = 3 Dgth + V(@)

for the wave function 1 of a point particle of mass m subject to the action of an
external potential V =V (z) € R.

Choosing “appropriate” units of time 7" and length L, we recast the Schrodinger
equation in terms of dimensionless variables { := ¢/T and & := z/L. We define a
rescaled wave function 7,/; and a rescaled, dimensionless potential 1% by the formulas

2

t, &) = (t dV(z):=
G(E,3) = (ta)  and V(2) = ——
In these dimensionless variables, the Schrodinger equation takes the form

a7 hT ~ mL2%. .

The dimensionless number 27rAT/mL? is the ratio of the Planck constant to mL? /T,
that is (twice) the action of a classical particle of mass m moving at speed L/T on a
distance L. If the scales of time T and length L have been chosen conveniently, L/T
is the typical order of magnitude of the particle speed, and L is the typical length
scale on which the particle motion is observed. The classical limit of quantum
mechanics is defined by the scaling assumption 2rh < mL?/T — i.e. the typical
action of the particle considered is large compared to fi. Equivalently, mL/T is
the order of magnitude of the particle momentum, so that 27hT/mL is its de
Broglie wavelength; the scaling assumption 27AT/mL < L means that the de
Broglie wavelength of the particle under consideration is small compared to the
observation length scale L.

V(z).
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Introducing the small, dimensionless parameter ¢ = hT/mL? and dropping hats
in the dimensionless variables as well as on the rescaled wave function and di-
mensionless potential, we arrive at the following formulation for the Schrodinger
equation in dimensionless variables

(1) iedp) = —%GQAzw +V(z)y.

The WKB ansatz postulates that, at time ¢ = 0, the wave function is of the form

Y(t,x) = ai"(x)eism(m)/h, zeRN.
Consistently with the scaling argument above, we set
a™(z) := a™(z) and §™(%) := TS™(z)/mL>

— since S has the dimension of an action — so that
(2) $(0,2) = 4" (2)e™S" @<

Dropping hats in the initial data as well as in the Schrodinger equation, one ar-

rives at the following Cauchy problem for the Schrédinger equation in dimensionless
variables:

- i€0ppe = —2E A +V(2)he, RV, teR,
3 . SQin
Ye(0,2) = a™(z)e™" (/<

The problem of the classical limit of the Schrodinger equation is to describe the
wave function 1), in the limit as ¢ — 0%.

The main result obtained in this paper (Theorem 4.1) is of course not new —
it is stated without proof as Theorem 5.1 in [2]; see also Example 6.1 described on
pp. 141-143 in [15], especially formula (1.21) there.

Yet our purpose in the present work is to provide a short and self-contained
proof of this result, based on Laptev-Sigal lucid construction of a parametrix for the
Schrédinger equation (1) in [12]. In this way, we avoid using either Maslov’s formal-
ism [15, 16] of the canonical operator, or the semiclassical analogue of Hérmander’s
global theory [11] of Lagrangian distributions or Fourier integral operators. The
Laptev-Sigal construction, which is is remarkably short (pp. 753-759 in [12]), uses
instead Fourier integrals with a complex phase whose imaginary part is quadratic.

2. THE CLASSICAL DYNAMICS

Before discussing the classical limit of the Schrodinger equation, we need to
recall a few preliminary results on either the quantum dynamics defined by (3) or
the classical dynamics in phase space associated to the Schrédinger equation (3).

Assume that V € C°(RY) satisfies
(4) 0V € L=(RY) for each multi-index o € N such that |a| > 0
and

(5)

Then the Hamiltonian

Vix)

—0 as|z] & +oo.
]

H(z,€) := 3|¢)* + V(x)
generates a global flow
RY xRN 3 (z,6) = ®4(z,8) := (Xy(x,6),E¢(2,8)) € RN x RN



CLASSICAL LIMIT OF SCHRODINGER 3

that is of class C'. This Hamiltonian flow is the classical dynamics corresponding
to the quantum dynamics defined by the Schrédinger equation (3).

This classical dynamics satisfies the following properties: for each n > 0, there
exists Cy, > 0 such that

sup |X¢(z,&) — x| < Cp(1+ [€]) +nlz]
lt<T

for each z, £ € RV, and
|D®,(2,€) — Idgw gy | < el —1

for all t € R. (See Lemma 4.1 in [5].)
Assume further that

(6) sup / I'yz—y)V (y)dy —0asn—0 if N>2
zeRN JRN
with
T, (2) Lo, (l2DI=*~ if N >3,
z) = .
! Vo (2) n(1/]]) i N =2,
while
x+1
™ ub / Vo(y)dy <oo ifN=1.
zeRN Jz—1

Under assumptions (6)-(7), the operator —3€e2A, + V has a self-adjoint extension
on L?(RY) that is bounded from below. (See [14] on p. 567.)

Next we discuss the properties of the initial phase function S™. It will be
convenient to assume that S is of class C? at least on R and satisfies the
following growth condition at infinity:

(8) %%0 as ly| = 0.
Consider the map

(9) F: RY 3y Fi(y) = Xi(y, VS (y)) e RV,
together with the absolute value of its Jacobian determinant
(10) Je(y) = [ det(DFi(y))] -

We also introduce the set
a1 C :={(t,z) e RxRY|F'({z})n J ' ({0}) # 2},
Cy:={zeR"|(t,z) €C}, teR.

For lack of a better terminology and by analogy with geometric optics, C' will be
referred to as the “caustic” set, and C as the “caustic fiber”.

Proposition 2.1. Assume that (8) holds, and that
V257 (y)| = O(1)  as |y| — +oo.
(a) For each t € R, the map Fy is proper and onto. More precisely, for each T > 0

Fo(y) —
(12) sup IEw) ~ vl —0  as|yl — co.

[t <T |yl
(b) The caustic set C is closed in R x RN, and £ (C;) =0 for each t € R.
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(¢) For each (t,z) € R x RN\ C, the set F; '({z}) is finite, henceforth denoted by
{yi(t,x), j=1,....N(t,2)}.

The integer N is a constant function of (t,x) in each connected component of
R x RN\ C and, for each j > 1, the map y; is of class C' on each connected
component of R x RN \ C where N > j.

(d) There exists a < 0 < b such that C N ((a,b) x RY) = @ and N' = 1 on
(a,b) x RYN.

(e) For each (t,z) € R x RN \ C, the integer N(t,x) is odd.

(See Theorems 2.3 and 2.5 in [5] for a proof of these results.)

One might be worried that the sublinearity assumption (5) obviously excludes the
harmonic oscillator, i.e. the case where V() := |z|. In view of the importance of
the harmonic oscillator in quantum mechanics, the setting presented in this section
might seem unfelicitous. In fact, the main reason for assuming (5) is that the set
F,({z}), which consists of isolated points only, is necessarily finite because F; is
proper so that F;({z}) is a compact set with only isolated points, i.e. a finite set.
For that reason, our main results Theorems 3.1 and 4.1 hold without additional
assumption on the initial amplitude a'®. If (5) is not satisfied, one cannot in
general conclude that Fi({z}) is finite. But one can choose to consider only the
case of initial amplitudes ™ with compact support, so that Fy({x}) Nsupp(a®) is
necessarily finite. With this slight modification, most of the results of the present
paper also apply to the harmonic oscillator.

3. THE FREE CASE V = 0.

For the sake of clarity, we first discuss in detail the case V' = 0. This section
is the exact analogue for the Schrédinger equation of chapter XII.1 in [9], which
presents geometric optics as an asymptotic theory for solutions of the wave equation
with constant coefficients in the high frequency limit.

Assume that a™ € C.(R") while S € C?(R") and satisfies (8). The solution
¥ of (3) is given by the explicit formula

(13) we(t"r) = (\/ﬁ

where V designates the holomorphic extension of the square root to C \ R_ and

N
) / eiqﬁ(t,m,y)/eain(y)dy’ = RN, t 7& 0,
RN

a2
(1) sty = E Iy ),y eRY 140,

Applying the stationary phase method (see Theorems 7.7.5 and 7.7.6 in [8]) to
the explicit formula (13) leads to the following classical result on the asymptotic
behavior of 1. as € — 07.

Theorem 3.1. Let S™ € C™TYRYN) satisfy (8) and a™ € C(RYN) with m >
SN +3. Forall (t,z) € Rx RN\ C and € > 0, the solution 1. of the Cauchy
problem (3) satisfies
(15)

NT) )

belt ) . @™ (g (@) =D~ 0(c)
2 @S e
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uniformly as (t,z) runs through compact subsets of R x RN \ C, where M;(t,x) is
the number of negative eigenvalues of the matriz I +tV2S™" (y,(t,x)).

Proof. Pick (t,z) € supp(a™); critical points y of the phase ¢ are obtained by
solving for y the equation

Vyb(tay) = T 4 VS (y) =0,
ie.
r=y+tVS™(y) = Fi(y).
If (t,2) ¢ C, the equation above has finitely many solutions denoted
Y1t )5 YN ()

(see Proposition 2.1 above). For j = 0,...,N(t,x), let y; € C>°(RY) satisfy

Xj = lnear y;(t,x), j=1,.... N(tz), F'({z})Nsupp(xo) =2

and
N (t,x)
x; >0forallj=0,...,N(t,z), Z x; = 1 near supp(a’™).
3=0
Thus
-N . .
(16) il = (Vam) Y[ ey,
0<j <N (t,2) T RY

In the term corresponding with j = 0, the phase ¢(¢,x,-) has no critical point
on supp(xoa™). By Theorem 7.7.1 in [8], one has

‘/ ew(t,z,y)/eam(y)Xo(ZJ)dy
RN

7 0 (@ x0) (0
< (elt))* Co(t| V*H1 57 | o 2_Xoly ,
< (clt])*Cat] li=om) 2 S TG - oo

where R > 0 is chosen so that supp(a™) C B(0, R) and the function Cj is bounded
on bounded sets of R4. Thus

—N . .
’(\/277@'61&) /RN e tm e () xo(y)dy| = O(elt])

provided that one can choose k& > %N + 1 in the previous inequality. Applying
Theorem 7.7.1 of [8] for this estimate requires m >k > 1N + 1.
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For j =1,...,N(t,z), one has

[ x € _in ai”)( Y t,x eiqﬁ(t,m,yj(t,m))/e
/ etotzy)/e, (y)x; (y)dy — (27T6)N/2( )t x))
© VDY det Vot g, (1, 0))

tly —y;(t =) el o
< (6|t|)k01 sup : +t||V + SZ”HLQO B0k
>0 [y +tVS™(y) — | (B(0,R))

x Y sup [9%(a""x0)(y)]

\a|<k yeRY

(™ x5)(y; (t, ) i
+(27T€)N/2 E (elt])? Lja™
|det V2o (t, x, y;(t, =) |1/2 2

by Theorem 7.7.5 in [8], where the function C} is bounded on bounded sets of R.
In the inequality above, we have denoted

Lo = 30 (T4 0V (1. 0) ™ < VP @ T ol ) a8 0)

v—p=j
2v>3p

Tyf(x) = f@) = f@) = F' ) (@ —y) — 3" (= —y)*.
Thus, Theorem 7.7.5 of [8] shows that

(15)
" -N . . zn( (t z>>ei¢(t,z,yj(t,z))/efin/zl
V2miet / eid(tz,y) /€ in (D dy — i
| ( ) RN (y)X] (y) Y \/(fz)N det(l + tV28in (yj (t, .CC))
= O(e[t])

provided that one can choose k > %N + 1 in the previous inequality. This requires
m >3k > 4N +3.

It remains to identify M;(t,x). The matrix V25" (y) is symmetric with real
entries, and therefore reducible to diagonal form with real eigenvalues

M(y) > Xe(y) > ... > An(y)

counted with multiplicities. Since (¢,z) ¢ C, one has 1 + tAx(y;(t, z)) # 0 for each
k=1,...,Nandeach j=1,...,N (¢, z). Set

M;(t,z) :=#{1 <k < N s.t. 1+t e(y;(t,z)) <0}.
Thus
det(I + 1975 (3 (1, ) = (—1)YM O det(T + 1925 (35 (1,2))],

and therefore

V()N det(I + 17280 (5 (t, 2)

i —M;(t,x M (t,x
= [ det(I +£928 g (¢, )|/ 2V/=7
= | det(I + tV2S™ (y;(t, z))|V/2em TN = Mi(tz)=M; () /4
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Thus
ain (y] (t, x))eiqﬁ(t,m,yj (t,x))/e—iNm/4
V)N dot(l + IN25 (g (1, 2))
at™ (. (t. ¢ eid)(t,x,yj(t,x))/efiNﬂ'/4e+i7r(N72Mj(t,z))/4
(19) _ (yj(v )

| det(I + tV2S(y,(t, x))|'/?
ain (yj (t, z>>ei¢(t,m,yj (t,m))/ei—/\/lj (t,x)
| det(I + V25 (y;(t, x))['/?
The proof of (15) follows from substituting (19) in (18), and using (17) and (18)
in the sum (16) representing .. O

Several remarks are in order.

First, even if S does not satisfy the assumption (8), for (t,2) € Rx RN\ C, the
set F'({z}) of critical points of the map y +— ¢(t,z,v) is discrete by the implicit
function theorem. Its intersection with supp(a™) is therefore finite whenever ™"
has compact support.

Another observation bears on the physical meaning of the points y; (¢, z). These
points satisfy
y;(t,z) +tVS" (y;(t, z)) = .
In other words, x is the position at time ¢ of the free particle leaving the position
y;j(t,x) at time t = 0 with velocity V.S™ (y;(t,z)), according to Newton’s first law
of classical mechanics.

Next we recall the following well known geometric interpretation of the caustic
C. In the case N =1, the system (11) reduces to

y+HS™Y () =z,
L+ 4(5™)"(y) = 0.

The first equality is the defining equation for a family of straight lines in R; x R,
parametrized by y € R — the trajectories of the particle in classical mechanics
— while the second equality follows from deriving the first with respect to the
parameter y. By eliminating the parameter y between both equations, we see that
the caustic C' is in general the envelope of the family of straight lines defined by
the first equation.

The integer M, (¢, z) can be interpreted in terms of the notion of Maslov index, as
explained in the last section of this paper. Notice that the integer M;(t,z) — 0 as
t — 0, so that, for each z € RY, one has M;(t,z) = 0 for all ¢ near 0. Furthermore,
M is a locally constant function of (¢,z) € R x RV \ C, and therefore the presence
of the Maslov index in (15) is equivalent to a phase shift of an integer multiple of
7/2 whenever (t,z) is moved across C from one connected component of R x R
to the next.

4. THE CASE V #0

The explicit representation formula (13) obviously is a major ingredient in the
proof of Theorem 3.1. In the case V # 0, there is no explicit formula analogous
to (13) giving the solution of the Cauchy problem for the Schrédinger equation in
general.
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However, under assumption (4), there exists a FIO that is a parametrix for the
operator
Go(t) = ei%(%ém—v) .
Perhaps the simplest approach to this most important result is Theorem 2.1 in [12],
whose main features are recalled below.
Consider the action

t
(20) S(t.2.6) = [ BIE@OP - VX, (@.9) ds
Given T > 0, we shall have to deal with the class of phase functions
0 =o(t,xz,y,n) € C of class C* on [0,T) x RN x RY x RY)
satisfying the conditions
e(t, Xe(y,m), y,m) = S(t,y,m),
Dap(t, Xe(y,m),y,m) = Ee(y,m)
iD2p(t,z,y,m) < 0 is independent of z,
det(Dyyo(t, X¢(y,m),y,m)) # 0 for each (¢,y,1) € [0,7) x RY x RV .

Pick y € C°(RY x RY) and T > 0. Then, for any phase function ¢ satisfying
(21) and any n > 0, there exists A, = A,(t,y,m,¢) € C([0,T] x RN x RY)[¢]
such that the FIO G,,(t) with Schwartz kernel

(21)

. dn
22 enl(t = [ A, (¢ i (t,z,ym)/e
( ) Gv ( 7:C7y) / ( ayvnae)e (27T6)N
satisfies
23)  sup [I(Ge(t) = Gen()x(@, —icds)llzzmny) < CIV.T.xJe" .

In this inequality the notation x(x, —ied, ) designates the pseudo-differential oper-
ator defined by the formula

: dyd
X, ~iebe)p(z) = / /RN RN N (2, m)e(y) (27%6)7; :

Taking Theorem 2.1 in [12] for granted, one arrives at the following description
of the classical limit of (3). It is stated without proof in Appendix 11 of [4] or as
Theorem 5.1 in [2].

Let S € C?(RY) satisfy (8) and let C be defined as in (11); let N(¢,x) and
y;(t, ) be defined as in Proposition 2.1 for each (t,z) € R x RV \ C. Let J:(y) be
defined as in (10).

Theorem 4.1. Let a™ € C(RYN) and S € C™FY(RYN) satisfy (8), with regu-
larity index m > 6N +4. For all e > 0 and all (t,z) € Ry x RN\ C, set
N (t,z)

a"™ (Y (6:2)) sty e My ()
24) U (ta)= Y I i () ey My (L)
( 05)= 2 T

with
Sj(tvx) = Sin(yj(ta 1')) + S(ta yj(tvx)v VSin(yj(ta :L'))) ) .7 = 17 s aN(tvx) s

where S(t,y,€) is given by (20) and M;(t,z) € Z for all (t,z) € R x RV \ C is
constant on each connected component of R x RY where j < N.
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Then the solution 1. of the Cauchy problem (3) satisfies
(25) Ye(t, @) = U(t,x) + RL(t,x) + R2(t, )
for all T > 0, where

sup ||R!|r2(B(0,r)) = O(€) for all R >0

0<t<T

and

sup |R2(t,z)| = O(e) for each compact K C Ry x RN\ C
(t,x)eK

as € — 0t.

A fairly classical computation shows that each one of the phases S; is a solution
of the Hamilton-Jacobi “eikonal” equation

0:S;(t, ) + 5/VaS;(t,2)* + V(z) =0
for (t,z) belonging to the union of all the connected components of R x RV \ C
where j < N (¢, x).

The integer M, (¢, z) in (24) is defined precisely in the proof (see formula (34)

below). It turns out to be identical to the Maslov index of the path
[0,] 3 5 = @y(y;(t,2), VS (y;(t, 2)))
as explained in the last section of this paper.

A last remark bears on the formulation of the classical limit of the Schrédinger
equation in terms of the Wigner transform. Given t > 0, assume that o™ has
compact support with

Fi(supp(a™)NC; = @,
and that the vectors V,S;(t,z) are pairwise different for z € F;(supp(a™). Denote
by We[tbe] the Wigner transform of 1., defined by the formula

Wb (t,2,6) = oy / e VYt x + gey)ve(t, z — Fey)dy.
RN

Using Theorem 4.1 above and Proposition 1.5 in [6] shows that

N(t,x) |,
la"™ (y;(t, x))|?
Weltbel(z, ) — ; m%m&(t,z)

in &'(RY x Ré.v ) as € — 0. The same result can be obtained by a completely different
method, avoiding the use of Theorem 4.1, and for much less regular initial phase
functions S (typically, for S having second order derivatives in the Lorentz space
lezg): see [5] for more details on the classical limit of the Schrédinger equation with
rough phase functions.

Before giving the proof of Theorem 4.1 in detail, it is worth having in mind
the differences and similarities between this proof and that of Theorem 3.1. The
construction of the parametrix in [12] replaces the ezact solution of the Schrédinger
equation by and approximate solution, whose structure is similar to the right hand
side of (13), at the expense of an error estimate controlled by using the bound in
(23). We conclude by applying the stationary phase method to this approximate
solution exactly as in the proof of Theorem 3.1.
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Notice that the reference [12] contains a proof of Theorem 4.1 in the special case
where S is a linear function. We shall mostly follows the argument in [12], except
that the case of a general phase S, not necessarily linear, requires an additional
trick (see Lemma 4.2 below).

Proof. Let x(x,&) = x1(x)x2(€) with x1, x2 € C°(RY), satisfying
1g0,r) (%) < x1(x) < 1p(0,r+1) and 1p,0)(§) < x2(§) < 1po,0+1)
for all z,& € RN, where R > 0 and Q is to be chosen later. Pick n > 2N; then
Gelty) = Gen(t)x(w, —iedp )" = Ge(t)(1 = x(2, —i€dy)) "
+ (Ge(t) = Gen(t))x(z, _Zeaﬂc)l/’in
Since G.(t) is a unitary group on L?(R")
[e(t, ) = Gen(t)x(x, —i€d ) | L2my < [[(1 = x(@, —i€02)) 02" || L2 (v
H(Ge(t) = Gen(®))x(@, —i€de )" || 2y
< (1= x(w, =€) || L2 my
+Cr,e" N [[a™ (| L2 vy

for all t € [0,T], where Cq r = C[V,T, x].
Now, x(z, —i€d; )" = x1(2)x2((—ied, )i and since supp(a™) C B(0, R)

11 = x(, —i€d)) i | 2wy = X1 (1 = xa(—i€de) e | L2
< = x2(—i€d)) " | 2o
= (2m) V|1 = x2(e€)) ¥ | 2 (r)
< (2m) "V 1g/e.00) (DT [ L2
Since
G = [ T e
RN
we conclude from estimate (7.7.1’) in [8] that

Clla™lwm o ma)
(€] = [IVS™ | e (B0, R))™
provided that supp(a™) C B(0, R) and [¢| > 1 + [[VS™|| L= (p(0,r)- Therefore

m

[ (¢/e)] <

(26) ||1/}6(tﬂ ) - Ge,n(t)X(xv *Z‘eax)"/)inHLz(RN) < CT,Q||ain||L2(RN)€n_2N
FONA+1CD ™ 2@my 0™ [[wm.o @)™

for all m > N/2.

Next we analyze the term
(27)

Gen(t)x(z, —ied, )Y ()

(ot 2457 (2) /e A2dCdydn
//// t,y, 1, €)a’™ (2)x2(¢)e PhEym+¢(y=2)+57(2))/ W

with the stationary phase method.
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Choose ¢ of the form!

p(t,z,y,m) = Sty ) + (@ — Xely,n) - Zely,n) +iB : (z — Xe(y, m)**
where the matrix B = BT > 0 is constant (see formula (2.7) [12] and the following
Remark 2.1). Critical points of the phase in the oscillating integral (27) are defined
by the system of equations?

—(+DS"(z) =0,

y—2=0,

0yS(t.,y) — DyXe(y.m)" - Eely,n) + DyZe(y.m)" - (x — Xe(y,m))
—iB: (x = Xi(y,n) © Dy Xi(y,n) + (=0,

0y S(t,,y) = DyXe(y,m)" - Ze(y,m) + DyZe(y.m)" - (z — Xe(y, m))
—iB: (z = Xi(y,n) © DyXi(y,n) = 0.

At this point, we recall formulas (3.1-2) from [12]

9y S(t,y,m) = DyXe(y,n)" - Zely,m) — n,
a”]S(ta Y, 77) = D’V]Xt(ya 77)T : Et(y) 77) )
together with the following definitions

Y(tvya 77) = D’yEt(ya 77) - ZBD’th(y777> 5
Z(ta yﬂ?) = D’V]Et(y) 77) - ZBD’V]Xt(yan) .

Thus the critical points of the phase in (27) are given by

(28)

(=DS"(z),

y=z,

(@ — Xe(y,m) Y (t,y,m) + ¢ =,
(@ — Xe(y,m)" Z(t,y,m) = 0.

Since the matrix Z is invertible by Lemma 4.1 of [12], we conclude that the system
of equations above is equivalent to

(=DS™"(z),
Yy==z,
¢=n,
r=X(y,m).

In other words,
Fi(z)=z, y=2z, (=n=DS"(2).

LFor each v € RY, the tensor v ® v is identified with the matrix with entries v;vj, where v; is
the ith component of the vector v in the canonical basis of RY. For A, B € My (R), the notation
A : B designates trace(AT B).

21f f € CHRN;RN), and if f;(x) designates the ith component of f(z) in the canonical basis
of RY, the notation Df(z) designates the Jacobian matrix of f at the point x, i.e. the matrix
whose entry at the ith row and the jth column is the partial derivative 9z, f; (z).
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Assuming that (t,z) ¢ C, we apply Proposition 2.1 and conclude that the set of
critical points of the phase in (27) is of the form

y=z=y;tz),
¢=n=DS"(y;(t,x)),

At this point, we apply the stationary phase method (Theorem 7.7.5 in [8]). First
we need to compute the Hessian of the phase in (27) at its critical points. One finds

i=1,...,N(t,z).

p2gin 1 0 0
I +1 0
Hitt.z)=1"g 41 _yTD,X, —YTD,X,—1I
0 0 -ZTD,X, —Z"D,X, vmu3 0)

n=DSin(y;(t,2))

and it remains to compute det(H,(¢,x)). Adding the first row of H,(¢,z) to the
third row, one finds that

D2gin -1 0 0
. -1 0 +1 0
det H;(t,) =| pagin o _yTp,X, —YTD,X;—1I
0 0 *ZTDth 7ZTDnXt y=y;(t,x)
n=DSi" (y;(t,2))

-1 +1 0
= |D2gin fYTDth *YTDnXt -1

0 —ZTDth —ZTDnXt y=y;j(t,z)

n=DSi" (y; (t,x))

-1 0 0
= |D2gin —YTDth + D2gin —YTDnXt -1

0 *ZTDth fZTDnXt y=y; (t,2)

n=DSi" (y;(t,2))

where the last equality follows from adding the first column in the right hand side
of the second equality to the second column. Eventually, one finds that

~YTD,X, + D25 —YTD, X, — T
7ZTDth 7ZTDnXt y=y; (t,z)
n=DSi" (y; (t,x))

det H;(t,x) = (—1)N’

which is computed as follows. First

I —(Zle)T —YTDth + D2gin —YTDnXt Il D2§in -1
0 I —ZTDth —ZTDnXt - —ZTDth —ZTDnXt
so that

D25 1

det Hj(t,l‘) = (71)N ‘_ZTDth _ZTDnXt

y=y;(t,x)
n=DSi" (y;(t,2))

On the other hand
‘ D2gin —1I

_ZTD,X, —27D,x,| = (D" det(Z" DX + 27 D, X, DS™)

(29)
= (—=1)" det(Z) det(D, X, + D, X; D*S"™)

by the following elementary lemma (that is a variant of the Schur complement
formula in a special case: see for instance Proposition 3.9 on pp. 40-41 in [18]).
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Lemma 4.2. Let A,B,C,D € My(C). If AB = BA, one has
‘A B

c D’ = det(DA — CB).

Therefore

det H;(t,z) = det(Z) det(D, X; + D, X, D*S™"
(30) 3 7) (7) det( Dy X e ) y=y;(t,2), n=DS5"" (y; (t,x))

= det(Z(y;(t,z), DS™ (y;(t, x))) det(DFy (y; (t, 7))

where F} is defined in (9).
Pick a nonempty closed ball b € R x RN\ C, let Ay, = N(t, ) for all (t,z) € b,
and let

Kj = {(yj(taz)avsin(yj(tvx))) | (t,l‘) € b}v j=1,... aNb-

Assuming that b is of small enough radius, K; N K = @ for j #k € {1,...,Np}.
Let rij € C°(R?N) for all j =1,...,Np, such that

kj>0and kj| . =1, j=1,...,Np,
while kjr, =0 for j #k € {1,...,Np},
Applying Theorem 7.7.1 in [8] shows that

ks (2me)2N

(t,z)eb

(31) - N; ][ Att.vmaa™Grxa©rstonin .0

, o in dzd(dydn
i(p(tmym+C-(y=2)+5"(2)) /e 22252770 |
c (2me)2N ()

as e — 0.
Next we set

Bt = [[[[ Aty da™ Gnalcms . (2.0)
< eile(taym+C(y-2)+57 (2)) /e 420 dydn
(2me)2N
for j=1,...,Np. By Theorem 7.7.5 in [8], we conclude that
(32)

(tS;I)Fe)b |Ij (ta Z, 6) - AO(tv Yj (tv :C), Vs (yj (tv :C)), O)Gin(yj (tv x))XQ (VSln(y] (tv SC)))

(P (1), 8™ (s (Lo (w3 (02 /<(det H, (1, 7))~ /2| = O(e)

as € — 0. Our choice of x2 and ¢ implies that x2(V.S™(y;(¢,z))) =1 and

@(ta L, Yj (tv :C), Vs (yj (tv SC))) = S(tv Yj (tv :C), Vs (yj (tv SC)))
so that
((p(t, €L, yj(ta :L'), VSin(yj(tv SC))) + Sin(yj(ta :L'))) = Sj(ta :L') :
By formula (2.13) in [12]

(33) Ao(t, Yj (ta :L'), Vs (yj (tv SC)), 0) = N det(Z(ta Yi (tv :C), DSm(yJ (ta :L'))) )
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where the notation °4/z designates the analytic continuation of the square-root
along the path s — det(Z(s,y;(t,z), DS™(y;(t,x)). This analytic continuation
is uniqueley defined since det(Z(s,y;(t,x), DS™ (y;(t,x))) # 0 for all s: see for
instance section 1.3 in chapter 8 of [1]. According to (33), (30), Lemma 5.1 and
formula (5.15) in [12], we have
Ao(t,y;(t,2), VS™ (y;(t,2)),0)(det H;(t, ) ~"/?

= [ det(DF(y;(t, 2)))| /2™ 002 = J(y; (¢, 2)) 7/ 2e M B0)/2
where M(¢, z) is an integer.

Putting together (26)-(31)-(32)-(34) concludes the proof of Theorem 4.1. O
Proof of Lemma 4.2. If A is nonsingular and AB = BA, one has

ACBl_ g [A Bl Bl | T 0

C D| C D|| 0 -—-A CA~! CB-DA

= (=1)N det(CB — DA) = det(DA — CB).

Since both sides of the identity above are continuous functions of A and the set

of nonsingular matrices GLy(C) is dense in My (C), this identity holds for all
A € M,(C) such that AB = BA. O

(34)

)

In the case of a linear phase function S treated in section 5 of [12], one has
V28 = (. Therefore, the determinant in (29) reduces to

0 -1
-Zz"D, X, -Z"D,X,
which can be explicitly computed without difficulty, since this determinant is block-

wise triangular. In particular, the simpler situation considered in section 5 of [12]
does not require using Lemma 4.2.

5. MASLOV-INDEX MIT MENSCHLICHEM ANTLITZ

The purpose of this section is to explain, in the simplest possible manner, how
the integers M (¢, z) appearing in formulas (15) and (24) are related to the Maslov
index.

5.1. Generalities on the Maslov index. There are several notions of Maslov
index in the literature. The original definition can be found in Maslov’s treatise
[15] or [2]. Closely related indices have been subsequently defined by Leray (in §2
of[13]) and Hérmander (in chapter XXI of [10]) — see also chapters 1.7 and IV.3 in
[7], and especially [19] for a lucid presentation of all these notions of Maslov index
and how they are related. The present section recalls some material from Arnold’s
short and precise presentation [2] of the subject.

The phase space R x Rév is endowed with the standard symplectic 2-form
o :=dé Ndxy + ... +dény A dxy. A linear subspace A\ of Riv X Ré.v is called
Lagrangian if and only if dim A = N and o(u,v) = 0 for all u,v € A\. An example of
Lagrangian subspace of RY x Rév is Ty := {0} x RM. The Lagrangian Grassmanian
A(N) is the set of Lagrangian subspaces of R x Rév. For each k = 0,..., N define
AF(N) :={\ € A(N)| dim(ANTy) = k}. A linear subspace A of RY x Rév belongs
to A9(V) iff X is defined by an equation of the form £ = Az with A = AT € My (R).
The Lagrangian Grassmanian A(N) is a C° manifold of dimension %N(N +1)
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(Corollary 3.1.4 in [2]), and A*(N) is a submanifold of codimension $k(k + 1) in
A(N) (Lemma 3.2.1 in [2]). An important subset of the Lagrangian Grassmanian is
the Maslov cycle M := A(N)\ A°(N) = A}(N)U...UAY(N); it has codimension
1 in A(N) (see section 3.2, especially Corollary 3.2.2 in [2] for a proof that the
homological boundary of M is 0).

Let us define an orientation on M. For each 6 € R and each (z,¢) € R)Y x Ry,
define R[)(x,&) = (zcos + Esinb, € cosf — xsinf). Since R[f] is the Hamiltonian
flow of H(z,§) := 1(|z[? + [£[?), it defines a symplectomorphism of the phase space
R} x R}. In particular R[]\ € A(N) for each A\ € A(N) and each # € R. The
Maslov cycle is oriented by the following prescription: let A € A'(V); then the path
0 — R[]\ crosses M exactly once for 6 near 0, at A for § = 0, and does so from
the negative side of M to the positive side of M, as 6 increases in (—n,n) for n > 0
small enough (section 3.5, especially Lemmas 3.5.1,3.5.2 and 3.5.3 in [2]).

Let now [0,¢] s + A(s) € A(N) be a C*! path such that A(0), A\(¢) € AY(N)
and such that {\(s)|0 < s < t} N M C A(N) with transverse intersection. The
Maslov index p(\) of the path A is its intersection index with the Maslov cycle M
oriented as above. In other words

nN =3 sign(s),

A(s)eM

where sign(s) = +1 if A(s 4+ t) crosses M from the negative to the positive side of
M as t increases near 0, and sign(s) = —1 if A\(s + t) crosses M from the positive
to the negative side of M as t increases near 0 (see section 2.2 and Definition 3.6.1
in [2]).

There exists an alternate definition of the Maslov index for closed paths in A(N).
Identifying RY x Rév with CV = Rév + iRY, we recall that the unitary group
U(N) acts transitively on A(N) (Lemma 1.2 in [2]). Thus, for each A € A(N),
there exists u € U(N) such that A = uT{; besides, if u,u’ € U(N) and w1 = v'T§,
then uu” = u'(u/)T. In other words, one can identify A with uu” where u is any
element of U(N) such that uTg = A\. This defines a map det® : A(N) — S' by
det*(\) := det(u)? where uTg = A. Let now S' 3 s +— A(s) € A(N) be a closed
continuous path; the Maslov index u(A) of A is defined as the winding number of
the composed map det® o) : S — S! ie.

(X)) = degree(det? o)) .

(See section 1.5 in [2]). If X is a C* closed path on A(N) intersecting M transversally
on A'(N), both definitions of the Maslov index coincide (Theorem 1.5 in [2]).

5.2. The Maslov index and Hamiltonians of the form 1|¢|? + V(z). The
orientation of the Maslov cycle M is obviously crucial in the definition of the
Maslov index recalled above. For that reason, computing the Maslov index of a
path is in general a rather complicated task. However, when the path is defined by
the linearized Hamiltonian flow of a Hamiltonian that is convex in the momentum
variable, this computation is considerably simplified. Indeed, in that case, the
orientation of the Maslov cycle plays no role as such a path always crosses the
Maslov cycle in the same direction. Therefore, computing the Maslov index of such
a path reduces to counting how many times it intersects the Maslov cycle. In other
words, the Maslov index reduces to the more classical notion of Morse index (see
for instance [17] §15, especially Theorem 15.1) in this case. This observation can
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be found in [15], first without proof on p. 151, and as the result of a rather lengthy
argument on p. 297. See also Theorem 5.2, given without proof in [2]. The lemma
below gives a short proof of this fact in the special case of a Hamiltonian of the
form 1[¢|? + V (), which is all that we need in the context of the classical limit of
the Schrodinger equation.

Let W € Cy(R; My(R)) such that W(t) = W(t)T for each t € R, and let
t— S(t,t9) € Many(R) be the solution of the Cauchy problem

%S(t’to) - (Wo(t) é) S(t,t0) S(to,to) = 1.

(The linearized Hamiltonian system defined by the Hamiltonian 1[¢| + V(z) and
the symplectic form dé; A dx; + ... + dén A dxy is exactly of this form, with
W = —V?2V.) The matrix S(t,t) is symplectic because

GG ) ()
In particular S(¢,t9)A € A(N) whenever A € A(N).

Lemma 5.1. Let \g € A°(N) and set A(t) = S(t,to)Xo. If M(t1) = S(t1,t0) Ao €
AY(N), the path t — \(t) intersects the Maslov cycle M transversally at A(t1) from
the negative side to the positive side of the Maslov cycle as t increases near ty.

Proof. Choose a system of orthonormal coordinates p1,...,py in Ré.v such that the
line A(t1) NT§ is transverse to the hyperplane of equation p; = 0 in 7. Choose
orthonormal coordinates qi,...,qy in RY that are conjugate to pi,...,pn, i.e.
such that the symplectic form ¢ = dp; Adgi + ...+ dpny A dgy. The change of
coordinates takes the form
R 0
(@ &)

where R € On(R). In these new coordinates, the differential equation defining
S(t,to) keeps the same form, up to replacing W (t) with RW (t)R. For simplicity,
we keep the same notation for S(¢,t) and W (t) in these new variables.

Define

]31:(]1, ﬁ1=—p1, ﬁj:pjand(jj:qj fOI‘jZQ,...,N.

In these coordinates, any Lagrangian space A’ such that TN A is a line transverse
to the hyperplane of equation p; = 0 in 7§ is defined by an equation of the form
p=L'gwith L' = (L')T € My(R) such that L}; = 0.

Denote I := diag(1,0,...,0) € My(R) and I’ := I — I, and set

I' L
s (1 1)

so that J(q,p)T = (4,p). Straightforward computations show that
I — 7‘[1W(t1)[l TI/+T11W(t1)11
JS(tl +T,t1)JT: +O(T)2'
7TI’W(1€1)I’*T11 I+7'I/W(t1)11

Let L = LT € My(R) be such that the Lagrangian subspace A(t1) has equation
p = L§. For |1] < 1, the Lagrangian subspace A(t; + 7) has equation p = L(7)g,
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where
L(T) :(7TI/W(t1)I/7T11 + (I + TI/W(tl)Il)L)
x (I — LW + (I'=7LW (1)) L)~ 4+ O(7?)
so that, in the limit as 7 — 0, one has
1
—(L(T) — L) — — I/W(tl)ll — 11 + IIW(fl)IlL

T

+ LOLW(t)I' — LI'L — LLW (t1) 1L L .

Assume that A(t1) € A*(N) and that T; N A(t1) is transverse to the hyperplane of
equation p; = 0 on 7}, so that L1; = 0. Let e; be the first vector in the canonical
basis of RY; then, in the limit as 7 — 0, one has
1
(e1|L(1)e1) = —1 — |I'Ley|* < —1.

L) ~ Dyer) = -

In the special case W = —I, one has S(t,t9) = R[t — to]. Therefore, near A\(¢;),
the computation above shows that the positive side of A'(N) consists of Lagrangian
subspaces X’ of equation p = L'¢ with L}; < 0.

Besides, the computation above also shows that, for all W, the path t —
S(t,t1)A(t1) crosses AY(N) in the same direction as for W = —I, i.e. from the
negative side to the positive side as ¢ increases near ;. O

5.3. The free case. Let A = AT € GLN(R), and let A\(0) be the Lagrangian
subspace of equation ¢ = Az in RY x Ré.v. Let ®(x,&) = (z + t&,€) be the
free flow defined on RY x Rév for each ¢t € R, which is the Hamiltonian flow of
H(z,&) = 1]¢%. Set A(s) := ®,(A(0)) € A(N) for each s € R.

First assume that A has N distinct eigenvalues aq > ... > ay, and let ¢ > 0
be such that I + tA is invertible. Consider the path A\; : [0,t] 2 s +— A(s) € A(N).
Obviously A\i(s) := {(z + sAx, Az) |z € RY}. Hence \;(s) € A°(N) if I + sA is
invertible, and has equation & = A(I + sA)~lx.

If T + sA is not invertible, then Ker(I 4+ sA) has dimension 1 since A has simple
eigenvalues, and therefore A\¢(s) N Ty = {0} x Ker(I + sA) has dimension 1. Thus
the path \; can only intersect the Maslov cycle M on its regular part A'(N). By
Lemma 5.1, it always does so in the same direction, from the negative to the positive
side of M. Hence the Maslov index of the path \; is

p(A) = #{a; |10 < =1/a; <t} = #{a; |1+ ta; <0}.

Next we treat the general case, where A may have multiple eigenvalues, still
denoted oy > ... > any and counted with their multiplicities, and compute the
Maslov index u(A;) of the path A; defined above.

Pick A’ = (A")T near A with distinct eigenvalues and such that A’A = AA’. Set
A(1) = (1—71)A+7A’. Assume that I +tA is invertible; by choosing A’ sufficiently
close to A, one can assume that I + tA(7) is invertible for each 7 € [0,1]. For each
B = BT ¢ My(R), denote by A[B] the Lagrangian subspace of equation ¢ = Bux.
Consider now the family indexed by 7 € [0, 1] of closed paths v, defined as follows

Y- (8) = P A[A], for0<s<1,

v-(s) = ®A[A(T(s — 1))], for 1 <s<2,

Y (8) = Py3_s) A[A(T)], for2<s<3,
(5) =

v (s) = A[A(T(4 — 9))], for 3 <s<4.



18 C. BARDOS, F. GOLSE, P. MARKOWICH, AND T. PAUL

Letting 7 — 0 shows that 77 is homotopic to A\s — A+ (i.e. the path A; followed
by its opposite). By the homotopy invariance of the degree, using the definition of
Maslov’s index for closed continuous paths shows that p(,) = 0. Since I + tA(T)
is invertible for 7 € [0, 1], the arcs of 1 corresponding to s € [1,2] and s € [3,4]
never cross M. Therefore

p(re) = _lu’(’yl‘[zg]) )
from which we conclude that

w(A) = #{a; |1+ ta; <0}
5.4. The non free case. Denote by ®; = (X;,=Z;) the Hamiltonian flow of
H(x,&) = 3l¢P + V(2),

let (t,r) ¢ C, and let Ly := {(y, VS™(y)) s.t. y € RV}. Denote L, := ®4(Ly) for
each s € R. Set v(s) := ®4(y;(t,z), VS (y;(t,x))) for each s € R (where y; has
been defined in Proposition 2.1, and Ag := Ty Lo. Let As := D®4(7(0))Ao for each
s € R; observe that v(s + s') = @4 (y(s)) and that DP®g (v(s))A(s) := A(s + §) by
the chain rule. With this notation, the point X,(y;(¢,z), VS™ (y;(t,x))) belongs to
C, if and only if A(s) € i (N).

Assume that A(s) € A}(N) whenever y(s) € Cs for 0 < s < t.

In that case, by Lemma 5.1, the path s — A(s) always crosses the Maslov cycle
transversally from the negative to the positive side as v(s) € Cs. Therefore, the
Maslov index of the path [0,t] > s — A(s) € A(IV) is in this case

p((A($))ozs<t) = #{s € [0,1] s.t. Xo(y;(t,2), VS™ (y;(t,2))) € Cs} -
The set {s € [0,t] s.t. X,(y;(t,x), VS™(y;(t,z))) € Cs} is therefore finite and
henceforth denoted by 0 < s1 < s9 < ... < s, <t. For k =1,...,n, there exists
¢r # 0 such that Ker(DFj, (y;(t,z))) = Rog.
Consider on the other hand the matrix
-YI'D,Xs+ D?*S"™ —YID,X,—1I
M(s) == ° T T
—Z; Dy X, —7Z; Dy X, y=y; (t,2)

n=DSin(y;(t,2))

where
Y =DyE, —iBDyX,, andZ,=D,=,—iBD,X,.
Denote
—DyESTDst + D2gin —DyESTD,]Xs -1
Mi(s) = -D,=ZTD, X ~-D,=ZTD, X Y,
n=s Pyis n=s DnXs v=; (t,2)
n=DSin (y;(t,2))
and .
D, X
MQ(S) = < Y ST) B(D Xy D XS) v=y; (t,)
DWXS ! ! }n:DSi”'(yj(tww))
so that

My(s) = Mi(s)T = R(M(s)), Ma(s) = My(s)" =3(M(s,0)) >0.
Since det(M(s)) = (—1)N det(Zs) det(DFs(y;(t,x)) and Z is invertible for each
s € [0,t], one has det(M(s)) =0 at s =51 < $2 < ... < sy, only in [0, ]. Besides,
M(s1)(¢ © ) = 0= = D*S™(y;(t, ©))¢ and DFy, (y;(t, )6 = 0
= My (sk)(¢ ® ) = Ma(s)(¢ &) =0,
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the converse being obvious. Hence
Ker(M (sy)) = C(¢r ® D*S™(y;(t, x))ox) ,
while
Ker(M(sk)) N Ker(Mz(sy)) = Ri¢gr @ D*S™ (y;(t,2)) o) -

Denote Vj := R(¢r & D?S™ (y;(t,z))dr); since M;(sy) is a real symmetric matrix
and M;(sg)(Vi) C Vg for j = 1,2, one has M;(sx)(ViH) C Vi, Consider now the
linear space Wy, := VkJ‘ &) iV,j-; one has M (sp)W), C Wy and

C*N = Ker(M (s5,0)) © Wy .

In particular M (sk)‘ X is invertible on Wy. Therefore, computing the characteristic

W
polynomial of M (s,) in this decomposition of C2V, we find that

det(AIQN — M(Sk)) = )\det(AIQN,1 — M(Sk)‘wk> y

so that A = 0 is a simple root of the characteristic polynomial of M (s).
By the implicit function theorem, there exists a local C' function s +— Ag(s)
defined near s; and such that

Ae(sk) =0, and det(Ag(s)lay — M (s)) = 0 for all s near s .
Moreover, there exist a C! vector field s — 15 (s) # 0 defined near sj such that
M (s)yr(s) = Ae(s)or(s),  vr(sk) = ox © D2S™ (y;(t, 2))Px -
Differentiating in s at s = s, one finds
M (s1)tor (i) + M (s1)tbn (si) = M (s8) vk (sx)
and observing that M(s) = M(s)?, one concludes that

V(s1) " M (s1)r = M (si) 0k (s6) " Yn(sn) »
so that
Ve (si)T M (s )i (s1,)
vk (sk)|? '
Notice that ¢y (sk)"¢k(sk) = [¢r(sk)[> > 0 since Py (sx) = ¢p © DS (y;(t, 2))¢n,

belongs to R?M \ {0}.
Observe that

0sDyXs = DyEs, and 0sDpXs = Dy =, ,
so that
. 0, YT
M(Sk) = — (a Zsj&> (Dstk D”]XSk>| y=y; (t,)
54 ), n=DSi" (y; (t,@))
YO o
_ (Zf) (DyEs, DnEsy)|  vmuj0
Sk n=DSin (y;(t,2))
and

YT
(s )n(o0) = = () (D2 DED] ey talon).

n=DSin(y;(t,2))
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Thus

. T
u(on) (o0 () =it (o0)T (D ) BDEw, D] o (o)

n<¥ sy n=DS" (y;(t,2))

D,=T - -

- wk(sk)T (Dy:s ) (DyZs, D"?:‘Sk)‘ y=y;(t,@) Vi (s) -

N5 n=DS*" (y;(t,z))
Since Yk (s1) = dx ® DS (y;(t, x))dx. with DFy, (y;(t, x))¢x = 0, the first term on
the right hand side is

, D,XT = -

(5" (g ) BOZ D] e (o)

n

Sk n=DSi" (y;(t,2))

= Zéf’gDFSR (yj(tvx))TB(DyESk DWESk)} y=yj(t,x) wk(sk) =0.

N=DSIN (y; (t,1))
Hence
Vi (s1)T M (s1)¥n(s) = —[(DyZs, DyZs)vk(si)? <0.
This last inequality can obviously not be an equality since

(DyXs, DyXs)|  w=vjewr  Un(sk) = DFy, (y;(t,))dr =0,

n=DSin(y;(t,2))

det (DrXs DnXs) _y
yEs  DpZs

while

and g (sx) # 0. Therefore

).\k (Sk) <0.
Now, the function [0,¢] > s +— +/det(M(s)/i) € C is continuous, and its argu-
ment has jump discontinuities for s = s;, for k = 1,...,n only. Each time s € [0, t]

crosses one of the values sg, the jump in the argument of \/det(M(s) /i) is exactly
the jump in the argument of \/Ax(s)/4, and the previous computation shows that

this jump is exactly +7. Hence

M;(t,z) =n = p((A\(s))o<s<t) -
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