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ON THE MEAN-FIELD AND CLASSICAL LIMITS
OF QUANTUM MECHANICS

FRANCOIS GOLSE, CLEMENT MOUHOT, AND THIERRY PAUL

ABSTRACT. The main result in this paper is a new inequality bearing on solu-
tions of the N-body linear Schrédinger equation and of the mean field Hartree
equation. This inequality implies that the mean field limit of the quantum
mechanics of N identical particles is uniform in the classical limit and pro-
vides a quantitative estimate of the quality of the approximation. This result
applies to the case of C1:! interaction potentials. The quantity measuring the
approximation of the N-body quantum dynamics by its mean field limit is
analogous to the Monge-Kantorovich (or Wasserstein) distance with exponent
2. The inequality satisfied by this quantity is reminiscent of the work of Do-
brushin on the mean field limit in classical mechanics [Func. Anal. Appl. 13
(1979), 115-123]. Our approach of this problem is based on a direct analysis
of the N-particle Liouville equation, and avoids using techniques based on the
BBGKY hierarchy or on second quantization.

In memory of Louis Boutet de Monwvel (1941-2014)

1. STATEMENT OF THE PROBLEM

In nonrelativistic quantum mechanics, the dynamics of N identical particles of
mass m in R? is described by the linear Schrédinger equation

52 N N
ihopW = —— ; A, U+ g_:l Vizg —2)V,

where the unknown is ¥ = U(¢t,z1,...,zy) € C, the N-particle wave function,
while x1, 9, ...,z N designate the positions of the 1st, 2nd,..., Nth particle. The
interaction between the kth and lth particles is given by the potential V', a real-
valued measurable function defined a.e. on R?, such that

(1) V(z) =V(-z2), forae zeR?.

Denoting the macroscopic length scale by L >0, we define a time scale T'> 0 such
that the total interaction energy of the typical particle with the N —1 other particles
is of the order of m(L/T)?. With the dimensionless space and time variables defined
as

&:=uz/L, t:=tT,
the interaction potential is scaled as

A NT?
V(%) := )

V(z).
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In terms of the dimensionless parameter
€ :=hT/mL?

and the new unknown

\If(f,,fl,...,.’i']\[) = \I/(t,.’L'l,...,QEN),

the Schrédinger equation becomes
N | X
030 = —1ey Ap Ut — > V(dp— i)V,
k=1 k=1
In the present paper, we obtain a new estimate for solutions of this Schrodinger
equation which is of particular interest in the asymptotic regime where

€ < 1 (classical limit) and N > 1 (mean field limit) .

Henceforth we drop all hats on rescaled quantities and consider the Cauchy problem

N N
. 1
0 Ven =—5€) ApVen+ 5= > View —2) Ve,
(2) k=1 € ri=1
\pva|t:O - an
While the discussion above applies to all types of particles, until the end of this
section we restrict our attention to the case of bosons, i.e. to the case where the
wave function ¥, y is a symmetric function of the space variables z1,...,zN.
A typical example of relevant initial data for (2) is

N
. 2 .
ZETLN(‘Tla te (EN) = (ﬂ-e)_dN/4 H e_(zj_q) /26674)%]‘/6 )
j=1
where p, ¢ € R? are parameters. In other words, in this example, the initial wave

function is the N-fold tensor product of Gaussian wave functions with width /e
and oscillations at frequency O(1/e).

1.1. The mean field limit. The mean field limit is the asymptotic regime where
N — o0, with € > 0 fixed. Set the initial data in (2) to be

N

@y, ay) = [ () with /|WWWM:L
Rd

k=1

and let ¥, x be the solution of the Cauchy problem (2) — which exists for all times
provided that V is such that

N 1 N
1
_§e;Azk + m k;l V(ack — .Tl)

has a self-adjoint extension as an unbounded operator on L2((R%)"V). Under various
assumptions on ¥*" and V, it is known that, for each t € R,

/ \IIG,N(tv LyZ2y - aZN)\IJE,N(ta Y,225..+, ZN)dZQ e dZN — we(tv x)we(ta y)
(Rd)Nfl
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in some appropriate sense as N — oo, where 1. is the solution of the Hartree
equation

it = ~3elove+polto) [ Vie =2t o)Pds.

we‘tzo = lﬂin :

See [29, 4, 8, 1,9, 10, 12, 28, 26, 27, 17] for various results in this direction, obtained
under different assumptions on the regularity of the interaction potential V. Most
of the physically relevant particle interactions, especially the case where V is the
Coulomb potential, are covered by these results, but not always with a quantitative
error estimate.

3)

1.2. The classical limit. The classical limit is the asymptotic regime where ¢ — 0
while N is kept fixed in (2) — or simply ¢ — 0 in (3). The formalism of the
Wigner transform is perhaps the most convenient way to formulate this limit. Given
® = d(X) € C, an element of L2(R"), its Wigner transform at scale € is

WBI(GZ) = e [ @ (X +4er) B(X— JeV)e =V ay,

Assume that the initial data in (2) is a family W%y such that
WUy ] = Fit in S'(RYx RYY) as e — 0.
Then, for all ¢ € R, the family of solutions ¥, x of the Cauchy problem (2) satisfies
WU n(t, )] = Fn(t,-,) inS(RExRHN)ase—0,

where Fy = Fn(t,z1,...,2n,&1,...,6n) > 0 is the solution of the following
Cauchy problem for the N-body Liouville equation of classical mechanics

N N
1
(4) atFNJr E fk'VIkFN*N E VV(:L'}C*:L'Z)'V&FN:O,
k=1 k,l=1

FN|t:0: N -

The classical limit of the Hartree equation (3) can be formulated similarly. Assume
that the initial data in (3) is a family 1" such that

W™ = f in 8'(R*x R%) as e — 0.
Then, for all ¢ € R, the family of solutions v, of the Hartree equation (3) satisfies
Wﬁ[wﬁ(ta)] _>f(taa) in Sl(Rd XRd) aSG—)O7

where f = f(t,z,£) > 0 is the solution of the following Cauchy problem for the
Vlasov equation of classical mechanics with interaction potential V:

Oef +€-Vauf — </ VV(zz)f(t,z)dz) -Vef =0,
Rd
f‘tzozfm'

See [20, 13] for results on the classical limit of quantum mechanics involving the
Wigner transform.

(5)
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1.3. The mean field limit in classical mechanics. There is also a notion of
mean field limit in classical mechanics, which can be formulated as follows. Assume
that the initial data in (4) is

N

Ft @y, an, &0 6n) = [ A7 (s &)

k=1
where £ is a probability density on R? x R?. Under various assumptions on the
potential V', the solution F of (4) satisfies

/ FN(t,.T,.Tg, .. .,$N,€,§2, e ,fN)d.ngfg . .dl‘Ndi — f(t,x,f)
(RIxRA)N-1

in some appropriate sense as N — 0o, where f is the solution of the Cauchy problem
for the Vlasov equation (5). See [24, 6, 7] for the missing details. All these references
address the problem of the mean field limit in terms of the empirical measure of the
N-particle system. Typically these results cover the case where V € C11(R), but
the case of a Coulomb, or Newtonian interaction remains open at the time of this
writing. For a formulation of the same results in terms of the BBGKY hierarchy,
see [15, 22].

Yet, there has been some recent progress on the case of singular potentials. In
[16], the mean-field limit has been established for interaction potentials with a sin-
gularity at the origin that is weaker than that of the Coulomb potential. Another
approach to the mean-field limit in the case of singular interaction involves a trun-
cated variant of the potential with a cutoff parameter n = n(NN) > 0 assumed to
vanish as the number of particles N — oco: see [16, 18, 19] for the most recent
results in that direction. This cutoff parameter can be thought of as being of the
order of the size of the interacting particles, as explaned in [18].

The situation described above can be summarized in the following diagram: the
horizontal arrows correspond to the mean field limit, while the vertical arrows
correspond to the classical limit.

Schrodinger Nogo
i

4
e—0 e—0
I I

[Liouville] ~ "=% [Viasov]

However, these various limits are established by very different methods. The
classical limits of either the N-body Schrodinger equation or of the Hartree equation
are obtained by a compactness argument and the uniqueness of the solution of
the Cauchy problems (4) or (5). Error estimates for these limits require rather
stringent assumptions on the regularity of the potential V' and on the type of
initial wave or distribution functions considered. The mean field limit in quantum
mechanics (the upper horizontal arrow) comes from trace norm estimates on the
infinite hierarchy of equations obtained from the BBGKY hierarchy in the large
N limit. The trace norm is the quantum analogue of the total variation norm on
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the probability measures appearing in the classical setting. In general, the total
variation norm is not convenient in the context of the mean field limit, since it does
not capture the distance between neighboring point particles. This suggests that
the trace norm is not appropriate to obtain controls on the large N (mean field)
limit which remain uniform in the vanishing e (classical) limit.

Another notable difficulty with this problem is that the mean field limit in clas-
sical mechanics is obtained by proving the weak convergence of the N-particle
empirical measure in the single-particle phase space to the solution of the Vlasov
equation. Since there does not seem to be any natural analogue of the notion
of empirical measure for a quantum N-particle system, the analogy between the
quantum and the classical mean field limits is far from obvious.

Our main result, stated as Theorem 2.4 below, is a new quantitative estimate
for the mean field limit N — oo of quantum mechanics which is uniform in the
classical limit € — 0.

2. MAIN RESULT

Let d be a positive integer. Henceforth we set ) := L?(R%), and $y := H&V ~
L2((RY)N) for each N > 1. We designate by £($)) the algebra of bounded linear
operators on the Hilbert space $). We also denote by D($)n) the set of operators
A € L(HN) such that

A=A">0, and trace(A) =1.

We are concerned with the N-body Schrédinger equation written in terms of
density matrices, i.e. the von Neumann equation

N N
1
iOpe N = |—2€ Y A+ — Vit peN |
© 2N 2

pe,N‘tZO = leN'
where pe n(t) € D(9), while
o 7®(k=1) ®(N—k)
Ag = I A® I, ,
and
(7N (Vigy)(z1,...,zen) == V(zg —z;)¢(21,...,2n5), foreach ¢ € Hy.

The notation Iy designates the identity on the Hilbert space $).
We shall everywhere restrict our attention to symmetric density matrices, cor-
responding to indistinguishable particles. In other words, we assume that

(8) TUPE,N(t)Ta* = pe,N(t)

for each t € R and each ¢ € Gy, where 7, is the unitary operator defined on
L*((RY)N) by the formula

(9) TU(I)(ZCl,...,ZEN) = (I)(,Ta—l(l),...,l‘a—l(]v)).
One easily checks that the condition

(10) To PZlN T, = PZlN
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implies that (8) holds for each t € R, since

N N
1
TU,—%eE AkJrFe E Vii| =0 foreacho € Gy.
k=1 k=1

On the other hand, we consider the corresponding mean field equation, i.e. the
Hartree equation written in terms of the density matrix p(t) € D()

1
i0ipe = | —2eA+ =V, 6} ,
(11) w0 { 22T VP

_in
pe‘t:O - pe )

where V), designates both the function

Vo (t, x) ::/ V(z —2)pe(t, z,2)dz
Rd
and the time-dependent multiplication operator defined on $) by
(Vo ) (t, ) := V, (8, 2)0 ().

Next we formulate the mean field limit in terms of density operators. For each
N-particle density operator py € D(Hn), we define its first n-particle marginal
density operator, denoted by p% for each integer n such that 1 < n < N, by the
following conditions:

PN € D(Hn), and

traceg, (Aphy) = tracegy (A® Ig,_,)pn) for each A € L(H,).
In the mean field limit, i.e. for N — oo while € > 0 is kept fixed, one expects
that the sequence pi n of first marginals of the density operators pe n solutigns
of (6) converges in some topology to the solution p. of (11), provided that p¢"y

approaches (p")®" in some appropriate sense. The difference between p; N and p.

is measured in terms of a quantity analogous to the Monge-Kantorovich distance
used in the context of optimal transport.

First we define the notion of coupling between two density operators.

Definition 2.1. Let d be a positive integer and let ) := L?(R?). For each p,p €
D(9), let Q(p,p) be the set of R € D($H2) such that

traceg, (A ® Iy)R) = traceg (Ap)
traceg, (I ® A)R) = traceg (Ap)

for each A € L(H).

Next we define two unbounded operators on $); ~ L?(R? x R%), as follows:

(QY) (21, 22) == (21 — 22) (21, 32) ,
12 { (PO)(a1,22) = —ie(Va, = V)1, 22),
so that
(13) (P*Py)(z1 — 22) = —eQ(diVI1 —divy, ) (Ve — Ve, ) (21, 22) .

The quantum analogue of the Monge-Kantorovich distance with exponent 2 is
defined as follows. For the definition of Monge-Kantorovich distances, also called
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Wasserstein distances, see formula (20) in section 3, or chapter 7 in [31], or chapter
6 in [32].

Definition 2.2. For each p,p € D(9), we set
MEKS(p,p) == inf traces,((Q*Q + P*P)R)'/?
ReQ(p,p)

with the following convention:
traces, ((Q*Q + P*P)R) := traceg, (RY/?(Q*Q + P*P)R'/?)
if RM?(Q*Q + P*P)R/? is a trace-class operator, and
traceg, ((Q*Q + P*P)R) := +00

otherwise.

The quantity M K5 is not a distance on D($)). In fact, for each density operator
p on $, one has MKS5(p, p) > 0 (see formula (14) below). However, M K$ can be
compared with the Monge-Kantorovich distance with exponent 2 (see formula (20)
below with p = 2 for a definition of this distance, and Theorem 2.3 (2) below for
more information on this comparison), at least for a certain class of operators and
in the limit as € — 0.

Henceforth, we denote by P(R?) the set of Borel probability measures on R
For each g > 0, we define

Py(RY) := {/L € P(RY) s.t. /Rd || pu(dz) < oo} )

Theorem 2.3 (Properties of MKS). Let d be a positive integer and let ) =
L?(R%). For each p,p € D($) and each ¢ > 0, one has

(14) ME§(p,p)? > 2de.
(1) Let € > 0 and let p§ and pS be Téplitz operators at scale € on L?(R?) with
symbols (2me)%py and (2me) s, where py, po € Po(R24). Then

MEK5(p5,p5)° < inf  traceqes((Q*Q + P*P) OP!((2me)*))
HET(p1,p2)

= diStMKﬁg(,u,l, [LQ)Q + 2de .

(2) Let p§ and p§ € D($), with Husimi transforms at scale € denoted respectively
Welp§] and W [ps]. Then

MK (pi, p5)* = distar 2(We[pf), We[p3])® — 2de.

Assume further that the Wigner transforms at scale € of p{ and p5, denoted re-
spectively We[p$] and W[ps], converge in S'(R??) to Wigner measures denoted
respectively wy and we as € — 0. Then
distmk 2 (w1, we) < lim M K3(p5, p5) -
e—0

The definitions and basic properties of Toplitz operators, Wigner and Husimi
functions are recalled in Appendix B.

Statement (2) in Theorem 2.3 implies in particular that the quantity M K§ is not
vanishing for all density matrices as ¢ — 0%. This property is obviously essential;
otherwise, the quantity M K§ would not be of much practical interest for controling
the error in the mean field limit. Statement (1) in Theorem 2.3 will be used in
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choosing the initial quantum states to which our error estimate for the mean field
limit will apply.

The main result in this paper is the following theorem.

Theorem 2.4. Let d be a positive integer. For each € > 0 and each integer N > 1,
let pi"y € D(LA(RYN)) satisfy (10) and let pi* € D(L*(RY)). Let t = pe n(t) be
the solution of the quantum N-body Cauchy problem (6), and let t — p.(t) be the
solution of the quantum mean field Cauchy problem (11). Then, for each positive
integern < N and allt > 0, one has

(15)

1 € ®n n 2 8 2 At
SME(pe(t)™", pEn ()" < FIVVILe

e —1+et
A N

A
ME((p)®Y, piy)?
where
A =3 +4Lip(VV)2.
In the particular case where pile is a Toplitz operator at scale € with symbol

(27r6)dN,ui7N while pi" is a Téplitz operator at scale € with symbol (2me)?ui™, for
each positive integer n < N and all t > 0, one has

1 1 . mn in

L MRS (oo (0", o () < (2de L distarc (s >®N,ME,N>2)
(16) n N

eM 1

A

8n
+ ZIVVIE~

In particular, if pi* € D(§) is a Toplitz operator at scale e and pi™y = (pi")®V,
then

(17) LK (o), o2y (1))2 < (2de + 3 vvi ﬂ) M

" 2\Pe 1 Pe,N = N Le ™ x :
Observe that one cannot deduce the mean field limit of the quantum N-body prob-
lem (6) from the bound on M K5 (pc(t), pt 5 (t)) obtained in Theorem 2.4 in the case
where € > 0 is kept fixed, because of the term 2de exp(At) on the right hand side
of (15).

On the other hand, the mean field limit alone, i.e. for € fixed, has been proved
by other methods in this case (see [29, 4]). Moreover, quantitative estimates for
that limit for € fixed and N — oo have been obtained in [28, 26, 2]. Therefore, only
the case where both N — oo and ¢ — 0 remains to be treated, and the present
work answers precisely this question.

Indeed, the estimate in Theorem 2.4, together with the first lower bound in
Theorem 2.3 (2), implies that the mean field limit, i.e. the convergence

P2 () = pe(t)®"

for each n > 1 as N — oo is uniform as ¢ — 0 and over long times intervals, in the
following sense. Let ¢, ¢ satisfy 0 < ¢ < ¢’ < 1, and set

1 / ’
T(c,n,N):= %min (ln;,lnN) , n(d,n,N):= [min (nc _l,Nl_c)} ,

(where [z] designates the largest integer less than or equal to ). Then the quadratic
Monge-Kantorovich distance between the Husimi transforms at scale € of pf y(t)
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and p®m(t) satisfies

sup sup sup distyi o(We[pe ()", We Pen®)]) —0
1<n<n(c’,n,N) 0<t<T(c,n,N)0<e<n

in the limit as - +7 — 0.

Earlier works have discussed the mean field limit of the quantum N-body prob-
lem in the small e regime, more precisely, in the case where e = ¢(N) — 0 as
N — oo.

The case ¢(N) = N~1/3 is of considerable importance for the mean field limit
of systems of N fermions, and has been investigated in [23, 30]. In the more
recent reference [5], the N-body problem in the fermionic case is compared to
the Hartree-Fock equations, with error estimates in the Hilbert-Schmidt and trace
norms — see formulas (2.19)-(2.20) in Theorem 2.1 of [5]. Of course, convergence
in either Hilbert-Schmidt or trace norm is stronger than the control (15) in terms of
the quantity M K§. On the other hand, at variance with the estimate (15) above,
whose right hand side grows exponentially fast in ¢, the bounds (2.19)-(2.20) in
[5] involves a right hand side growing much faster in ¢ — specifically, of order
exp(cy exp(ez|t])) for some constants ¢, co > 0. Another difference between [5] and
our work is that the inequality (15) does not postulate any dependence of € in N
— on the contrary, e and N are independent throughout the present paper.

In [14], for each sequence € = ¢(N) — 0 as N — oo and each monokinetic
solution of the Vlasov equation (5) — i.e. a solution of the form f(¢,z,£) =
p(t,2)6(& —u(t,z)) — Theorem 1.1 gives an asymptotic approximation rate for the
convergence of the Wigner transform at scale e(IN) of p; y to f in the sense of
distributions for ¢ € [0,T]. A priori, the time 7" and the convergence rate depend
on the Vlasov solution f and on the sequence €(NN). On the diagram of section
1.3, this result corresponds to the left vertical and bottom horizontal arrow along
distinguished sequences (e(N), N) over time intervals which may depend on the
dependence of € in terms of N. Another approach of the same problem can be
found in [25]: it is proved that each term in the semiclassical expansion as € — 0
of the quantum N-body problem converges as N — oo to the corresponding term
in the semiclassical expansion of Hartree’s equation.

On the contrary, Theorem 2.4 provides a quantitative estimate of the distance
between the solution of the Hartree equation and the first marginal of the solution
of the quantum N-body problem, for a rather general class of initial data. This
estimate implies that the mean field limit, i.e. the top horizontal arrow, is uniform
as € — 0, over arbitrary long time intervals. This estimate is the quantum analogue
of the Dobrushin estimate [7] for the classical mean field limit — see section 3.

The new ideas used in the proof of Theorem 2.4 are

(a) the use of the quantity M K$, which behaves well with the Toplitz quantiza-
tion, and can be conveniently compared with the Monge-Kantorovich distance with
exponent 2 on symbols, to which it is obviously analogous;

(b) an “Eulerian” version of Dobrushin’s estimate, which avoids the traditional
presentation in terms of particle trajectories as in Dobrushin’s original work [7],
and can therefore be easily adapted to the quantum dynamics;

(c) and the adaptation of Dobrushin’s estimate to the N-particle Liouville equation,
thereby avoiding the need of any quantum analogue of the classical notion of N-
particle empirical measure.
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The Eulerian version of Dobrushin’s inequality (item (b) on the list above) sig-
nificantly simplifies the original argument, and allows extending Dobrushin’s in-
equality to Monge-Kantorovich distances with arbitrary finite exponents (see [21]
for the original argument for the Monge-Kantorovich distance with exponent 2).

Estimating directly the Monge-Kantorovich distance between the first marginal
of the N-particle distribution function and the solution of the mean field equation
(item (c) on the list above) avoids using the fact that the N-particle empirical
measure is an exact solution of the mean field equation, an important feature in
Dobrushin’s original approach [7]. This feature is very peculiar to the mean field
limit in classical Hamiltonian mechanics, and we do not know of any quantum
analogue of the notion of N-particle empirical measure which would exactly satisfy
the mean field quantum dynamics. In other words, the mean field limit in quantum
mechanics cannot be reduced to the continuous dependence of solutions of the
quantum mean field equation in terms of their initial data, in some appropriate
weak topology.

The outline of the paper is as follows: in the next section, we present items
(b)-(c) above on the mean field limit for the classical Liouville equation, leading to
the Vlasov equation. The resulting estimate in Theorem 3.1 below improves earlier
quantitative bounds of the same type obtained in [15, 22]. The proof of the uniform
in € estimate in Theorem 2.4 for the quantum mean field limit occupies section 5.
The properties of the quantity M K§ used in this estimate, stated in Theorem 2.3,
are proved in section 4. The material on Toplitz quantization, Wigner and Husimi
functions used in the proof of Theorem 2.3 is recalled in Appendix B.

The Toplitz quantization is important in the analysis presented here, since it
connects our main result (Theorem 2.4) with the Dobrushin proof of the mean field
limit for the classical N-body problem. For this reason, we dedicate our work to
the memory of our friend and teacher Louis Boutet de Monvel, in recognition of his
great contributions to the theory of Toplitz operators.

3. THE MEAN FIELD LIMIT IN CLASSICAL MECHANICS

As a warm-up, we first discuss the mean field limit for the N-body problem
in classical mechanics, leading to the Vlasov equation. The approach proposed in
[24, 6, 7] is based on the fact that the phase-space empirical measure of a N-particle
system governed by the Newton equations of classical mechanics is a weak solution
of the Vlasov equation (5). The estimate of the distance between the N-particle
and the mean field dynamics obtained by Dobrushin [7] can be formulated in terms
of propagation of chaos for the sequence of marginals of the N-particle distribution,
as explained in [15, 22].

The approach proposed below bears directly on the N-particle distribution, i.e.
the solution of the Liouville equation (4), and avoids any reference to the N-particle
empirical measure. Besides, the core of our argument also avoids using particle tra-
jectories and is based on a computation formulated exclusively in terms of Eulerian
coordinates. For that reason, this approach can be adapted to the quantum prob-
lem, at variance with the Dobrushin procedure [7], also used in [15, 22].

For p,v € P(R?), we denote by II(x, ) the set of couplings of u et v, i.e. the
set of Borel probability measures 7 on R? x R¢ with first and second marginals

(18) m=p and m=v.
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In other words,

// (é(2) + p()n(dady) = [ Sa)u(dz) + / b(y)r(dy)
RIxRA R4 R4

for each ¢, € Cp(R?). The identity (19) can be used as a definition of the first
and second marginals of 7 in (18). Finally, we recall the definition of the Monge-
Kantorovich distance of exponent p > 1 on P,(R%):

/p
(20) distmi,p(p, ) == inf <// |z — |P7r(dzdy)) .
mEI(p,v) RIxRY

Theorem 3.1. Assume that V € CZ(R?) satisfies (1). Let f™™ € P,(RYx R?) with
p > 1. Let Fy be the solution of the Cauchy problem (4) for the N-body Liouville
equation with initial data

Fip = (7N
and let f be the solution of the Cauchy problem for the Viasov equation (5) with
initial data . For each integer n such that 1 <n < N, let

FN /FN t dyn+1 dyNdT]n+1 d77N) cPpP (Rdn X Rdn)

be the n-th marginal of Fy (i.e. the marginal corresponding to the phase space
distribution of the n first particles). Then

p/2 11 Mt -1
e Nmin(p/Q,l) Ap ?

1
—distaniep(f (0", FR (8)P < 22K [ VYV
where K, := max(1,p — 1) and A, := 2K,(1 + 2P~ Lip(VV)P).

Observe that one obtains an estimate of distak , (f (£)%", FR(t)) of order O(N~1/2)
if 1 < p <2, corresponding to the rate predicted by the central limit theorem.

Proof. The proof of Theorem 3.1 occupies the remaining part of the present section.

3.1. The dynamics of coupllngs Let w& € TI((fim)®N, ()N satisfy
(21) T, #7% = 7% for each 0 € Gy,

where
To’(wlagla'"axNaé-Naylanla"'ayNanN)

= (Zo(1),0(1)s -+ > To(N)> Ea(N) s Yo (1) Mo (1)5 - - s Yo (N) s N (N) ) -
It will be convenient to use the following notation

XN::(:L'l,...,:L'N), EN5:(§17~-'7§N)7
Yy = (y1,--5yn), Hy:=(m,...,0n),
Let f be the solution of the Cauchy problem (5) with initial data £, and let

(22)

H (X, 2n) - Z (316 + Voip (z))

j=1
be the mean field Hamiltonian. On the other hand, let
N N

Hn (YN, HN) 5:Z%|77k|2 Z Yk — Y1)

k=1 =1
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be the microscopic (N-particle) Hamiltonian. Finally, we denote by {-,-}x the
Poisson bracket on (R? x R%)" defined by

N

{GMP}N = Z(v€j¢ ’ vzjw - vfjw ’ v%¢) :

j=1

The following observation is the key to the Eulerian formulation of the Dobrushin
type estimates, which we shall adapt to the quantum case.

Lemma 3.2. Let t — mn(t) € Po((R? x RN x (R4 x RY)N) be the solution of
the Cauchy problem

{ ey + {H (XN, Ex) + Hy (Y, Hy), v }an =0,
WN‘t:O =i,
Then
an(t) € TI(f(t)®N; Fx(t)), for eacht € R,
and

Torn(t) =7n(t)  for eacht € R and each o0 € Gy .

Proof. Let ¢ = ¢(Xn,Zn) and ¥ = (Y, Hy) € CX((R? x R)N) be two test
functions. Then

d
E//¢(XN,EN)7TN,1(t,dXNdEN)

d
= E// // (XN, EN)TN(t,dXNdENdYNdHN)
_ / / / / CEY O 63y (X, Ex ) (X N dEn d Y dH )

- // //{Hyv[f“)],qa}N(XN, =n)mna(t, dX ndEn)

since
{HN(YNn,HN), ¢(XN,EN)fon = 0.

The penultimate chain of equalities shows that the first marginal my ;1 of mx cor-
responding to the phase space variables (X, Zx) is a solution of the equation

N+ {H%f(t)];ﬂ-N,l}N =0.

On the other hand, an elementary computation shows that the solution f of (5)
satisfies

atf®N + {H%f(t)], f®N}N —0.

Since mx 1 and f®V are solutions of the same Liouville equation and

v (0) = (f)EY = f(0)#N

we conclude from the uniqueness of the solution of the Cauchy problem for a trans-
port equation with Lipschitz continuous coefficients that 7y 1(¢t) = f(¢)®V for all
t>0.
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Similarly
%//w(YN,HN)wNVQ(t,dYNdHN)
= %////w(YN,HN)WN(t,dXNdENdYNdHN)
:/// {Hn, VInYy, HN)7n (t, dX NdEndYNdH )
:/// {Hn, vIN(YN, Hy)mn2(t,dYNdHN),
since

{H?\y(t)] (XN, EN), (YN, Hy)}on =0.

This shows that the second marginal 7y 2, corresponding to the phase space vari-
ables (Y, Hy), is a solution to the same Liouville equation (4) as Fy. Since

mn2(0) = ()N = Fn(0)

we conclude that my 2(t) = Fn(t) for each ¢ > 0, by uniqueness of the solution of

(4).

Finally the time-dependent Hamiltonian
hy: (Xn,En, Yy, Hy) = B O Xy 20) + Ha (Y, Hy)
satisfies
thTa:hf for all c € Gy .
Hence
(N — To#tnn)(t) + {hy, (mn — To#tmn)(t) an = 0.

Since (mn — To#7n)(0) by (21), we conclude that

7TN(t) = Tg#ﬂ'N (t)

for all ¢ > 0, by uniqueness of the solution of the Cauchy problem for the Liouville
equation with Hamiltonian hy. (I

3.2. The Eulerian variant of the Dobrushin estimate. Set
N
P (t) : 1 P P =
Dy(t):= | > (o = yjl” + 165 — n;|P)mn (t, dX NdEndYndHy) .
j=1

We recall that p > 1 and that p # d/2. Then

N

dD? 1
T = [ B, Sl 1 ) | des (0
=1 2N
N
1 p p
+ HN(YNaHN)aNZU%—yﬂ +1& —ml") ¢ drn(t).
=1

2N
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First

N
1
HY (X, 2y), ~ 2z = yil” +1& — i)

J=1 2N

N N
1 1
- N > BIEG1 ey — yilPYon + N > Vs (@)1 = niPran
j=1 j=1

N N
p — p _
=D & (@ =yl —yPP = =Y V() - (& —mp)lg — P,
N N
while
N
1
Hy(Yn, Hy), > (g — yl” + 16— miP)
j=1 2N
1 & 1 O
== Gl lz —yilPYen + =5 > IV — ), 16 —nilPlan
N N
j=1 jik=1
N N
p — p _
==Y oy —w)lyy — 2P - YV (y; — ) - (g — &)y — &P
N N
j=1 jk=1
Therefore
dD? P N _
N ;/(éj = ;) (w5 — yy)ley — y; P~ dry
N N
p 1 _
N Z/(§j — ;) (VVp[f] (@5) =+ > VV(y - yk)) & — ;P 2dmy
j=1 k=1

At this point we use Young’s inequality in the form
pab?~t < af + (p — 1)bP < max(1,p — 1)(a? + bP)
for each a,b > 0 and each p > 1. Denoting

K, :=max(l,p—1),

one has
dD~® K N K N
Z < WPZ/(@ =yl + |z — y;lP)dmn + WPZ/KJ —n;|Pdmry

Jj=1 j=1
N 1 P

+ Wp Z/ Vo (a;) = N ZVV(?JJ‘ —yx)| drn
Jj=1 k=1

K, & 1 P
< QKPD% + Wp Z/ V'V, (xj) — N Z VV(y; —yx)| drn.
J=1 k=1
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Let us decompose this last term as follows

N
VWi (@) — + Zvv =) = VVo(x)) — %ZVV(%‘ )
‘s > (VV(xj —ax) = VV(y; —uk)

N k=1

so that, by convexity of the function z — 2P on (0, c0) for p > 1,

p
Vi Z VYV (y; — yx)
k 1
N p
< 2P UV, Z i — k)
k:
N p
+2r~t | — Z —zr) — VV(y; — yk))
k

Then, by the same convexity argument as above
P

N
Zvv = @) — VV (Y5 — )

=1
1 N
<5 2 IVVs =) = VYV (y; —we)
(25 — k) — (5 — ye)l”

(lw5 — y;|” + ok — yrl”) -

- N
k=1
Hence
dDR 2P~1K, Lip(VV)P
dtN < 2K,D% + N2p( Z / |5 — y;|P + |z — yr|P)drn
7,k=1
WK, 1 !
= pz/ VVois(a5) = 5 D VV(aj — )| dw .
j=1 k=1
Since
g N
3 [l + b= s = 32 [t upany <208,
7,k=1 =1
the inequality above can be recast as
P
dD¥ _1K
dtN < A,DE + Z/ VYV, (2) Zvv —ay)| drw,

with
2K,(1 + 2P~ Lip(VV)P).

p =

15
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3.3. Controling the consistency error. Let us examine the last term on the
right hand side of this inequality. Since 7x (t) € I(f(#)®N, Fy(t)) by Lemma 3.2

/

P

d7TN

N
1
VVois(@i) = 5 > V(s —ax)
k=1

]

Observe that this term involves only the factorized distribution f®~. This is the
“consistency” error in the sense of numerical analysis. In other words, it measures
by how much f®V fails to be an exact solution of the N-body Liouville equation
(4). Eventually we arrive at the inequality

P

Vo (@5) — % > V(s —a)| plf1PN (¢t dXN).

k=1

dD%
dtN < ApDyy
(23) -1 N | XN P N
t— pZ/ Vs (25) = NZVV(%‘ —ap)| plf]*N (¢ dXN).
j=1 k=1

The last term on the right hand side of (23) is mastered by the following inequal-

ityl.

Lemma 3.3. Let F be a bounded vector field on R?, and p be a probability density
on R%. For each p > 0 and each j =1,...,N, one has

/

The proof of Lemma 3.3 is deferred until Appendix A. Inserting the bound in
Lemma 3.3 in the right hand side of the differential inequality (23) leads to

dD?,
dt

Gronwall’s inequality implies that

P N
2[p/2] + 2 )
glp(xm)dxm = W@HFIILw) .

N
1
Foxplag) =+ > F(a; — )
k=1

[p/2] +1
S APD% + 22prWHvVpr .

[p/2] +1 efet —1
Nmin(p/2,1) Ap

(24) DP,(t) < DR (0)er! + 22 K| VV ||

3.4. End of the proof of Theorem 3.1. By Lemma 3.2,
Ta#ﬂ'N(t) = 7TN(t)
for each t > 0 and each permutation o0 € Gy. Thus, for each £ =1,..., N, one has

/(|9Uk = Ykl + &k — n|") 7 (¢, dXNdENdYNdH )

= /(|$1 — P +1& —m[P)rn(t, dXndENdYNdHy) ,

1YWe thank one of the referees who suggested using this argument instead of the error estimates
in terms of Monge-Kantovich distances for the law of large numbers obtained by Fournier and
Guillin [11].
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so that
DE(®) = [l ~ usl +16 — 31"y (X vdEndYvdH)
= %/i(lxj —y;l” + 1§ — ;") 7N (8, dXndENdYNdHN)
j=1
Denoting
(25) XN = @k, an), Exi= (oo EN)

for each k =1,... N, we set
T (4, dX o dEndYydH,) = / (XSS dYRAHY) |
By Fubini’s theorem, for each ¢ € C,((R2?)™), one has
/¢(Xn, E)T (1, dXndEndYadH,) = /qb(Xn, E)mn (1, dX ydENdYNndHy)
— [ 600,207 (0 (X ndzn)
— [ 60X 2 £ (dXd,)

while

:/¢(YnaHn)FN(t,dYNdHN)

B /¢(Yna Hn)FIr\}(ta dYndH") ’

so that
v (t) € U(f(t)®", Fr(t)) foreacht>0.
Therefore
P 1 - p p\,..n —_
DY (t) =~ [ > (lej =l + [& — m[")mR (¢, dXndZndY, dHy)
(26) j=1

1 : n n
> —distaicp (£ (1), FR (1))
Thus, inequality (24) implies that

distar p (f (1) 2", F (1))? <DR(0)e™"
(27) [p/2] +1 etrt —1

2p p
+ 2 KpvaH °° Nmin(p/2,1) A

P
for each t > 0, each N > n > 1 and each 7% € II((f")®N, Fir) satisfying
T, =7 forallo € Gy.
Finally, choose the initial coupling of the form

T = (™M) N (X NAEN)S(xy 2x) (Y, HN)
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i.e.

TN ‘= D#(fzn)®N R where D : (XN, EN) — (XN, EN,XN, EN) .
Then

N
1 i —
(28)  Dy(0) = ~ Z /(|2Ek = ykl? + & — i |P) 7N (dXNdENdYNdHN) =0,
j=1

since 7% is supported in the diagonal
{(XN,EN,YN,HN> s.t. XN = YN et EN = HN}.

Inserting this last piece of information in (27) leads to the inequality in the state-
ment of Theorem 3.1. O

Remark 3.4. In the argument above, we have not checked that f(t)®™ and F3(t)
belong to Pp(R)™) for all1 <n < N and all t > 0. This verification is needed on
principle, because the Monge-Kantorovich distance of exponent p is defined on the
set of probability measures with finite moments of order p. For each p > 2, set

f = / (e + [7)f (. dede), ¢ >0,

where f is the solution of (5). An easy argument based on Young’s inequality and
the mean value inequality for VV' shows that

My (t

) <
In particular f(t) € Pp(R? x RY) for all t > 0 provided that fi" € P,(R? x RY).
Therefore f(t)®™ € Pp((R? x RY)™) for each n > 1, and the inequality in Theorem
3.1 implies that F(t)% € Pp(R? x RY) for all t > 0 and each n = 1,...,N, since
distai,p(f(£)2", F (b)) < oc.

M, (0)e (P=1)(1+2Lip(VV))t t>0.

4. PROOF OF THEOREM 2.3: PROPERTIES OF M K3

4.1. The general lower bound (14). The lower bound (14) can be viewed as a
variant of the uncertainty principle. More precisely

QQ+P'P=(Q+iP)(Q+iP)+i(P"Q—-Q"P)>i(P'Q—-Q"P).
On the other hand,
(P*Q — Q*P) = —ie(divy, (x1) + divy, (x2)) = —2idelg, ,
so that
Q*Q + P*P > 2del, .
Therefore, for each R € D($)3), one has

traces, (Q*Q + P*P)R) = traces, (R/?(Q*Q + P*P)R'/?)
> 2de traceg, (R) = 2de.
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4.2. Upper bound for Toplitz operators. The goal of this section is to prove
statement (1) in Theorem 2.3.

In the course of the proof, we shall need the following intermediate result. Ev-
erywhere in this section, the identification R?? 3 (¢, p) — ¢ + ip € C¢ is implicitly
assumed.

Lemma 4.1 (Construction of quantum couplings). Let € > 0 and let p§ and p§
be Téplitz operators at scale ¢ on L?(R®) with symbols (2me)uy and (2me)%pa,
where 1, e € P(R2Y). For each coupling u € T(uy, u2), the Téplitz operator
OP{ ((27m€)*'u) belongs to Q(pf, ps)-
Proof. Set pS = OP! ((2me)?y;) for j =1,2. We recall that § = L*(R?).

Since i is a probability measure on C?¢, the operator OPY ((2me)?% 1) belongs to
D(H ® $H) by (47). Next, one has

OPT((2me)*p) = /Cm [(z1, 22), €){(21, 22), €|u(dz1dza) ,

where the wave function |(z1, 22), €) is defined in formula (45) in Appendix B. In
this section, we use the bra-ket notation, also recalled in Appendix B. Observe that

[(21, 22), €)((21, 22), €| = |21, €) (21, €| ® |22, €) (22, €,

so that
traceqen (A ® Iy)|(21, 22), €)((21, 22), €]

)
= traceg (A|z1, €) (21, €]) traceg (|22, €) (22, €|)
= traceg (A|z1, €)(z1, €]) (22, €| 22, €)
= traceg (A|z1, €)(z1,€|) ,
for each A € L($). Therefore,

tracenes (A @ L) OP{ ((2me)*! 1))

= [ tracensn) (4.8 Iy)[(21,22). (o1, 2), e dza)
CQ
:/ traceg (Alz1, €)(z1, €|)u(dz1dzs)
CZd

= /Cd traceg (Alz1, €)(z1, €|)p1(dz1)
= tracegs (A OPT ((2me)%puy) .
Likewise, for each A € £(9),
traceses (I ® A) OPY ((2me)!u) = traceq (A OPY ((2me) p2) = traces (Ap5)
The conclusion immediately follows. (Il

Proof of Theorem 2.3 (1). For each u € TI(p1, i2), by Lemma 4.1 and the definition
of MKS , one has
MK (pr,p2)* < tracesgs((Q*Q + P*P) OPL((2me)*p)
where we recall that
QY (71, 72) = (21 — 22)Y (71, 72)

(29) P"/)(zla 1'2) = 71‘6(V11 - VI2)"/)(1'1’ 1'2) )
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so that
Q*QY(w1,22) = |w1 — w2 (w1, 22) ,
and
P*Pi(w1,29) = —€*(divy, — diva,)(Va, — Vi, )0 (21, 22) .
In other words
Q*Q+ P*P = 0P (lq1 — qa* + |p1 — p2|?) — 2del,

— see formula (48) in Appendix B, with f(y1,y2) = |y1 — y2|?, and Af = 4d. By
formula (55) in Appendix B, one has

traceges (Q*Q + P*P) OP{ ((2me)* 1)

30
v - /( ) (Jz1 = z2” + |&1 — &l pu(da1d€rdradEs) + 2de.
Rd 4

Therefore, for each p € II(uq, 2), one has

MEK5(p1, p2)* < / (lzr = 22|? + &1 — &l u(dar dérduodSs) + 2de .

(R4

Observing that the left hand side of this inequality is independent of the coupling
w € I(u1, pe), we conclude that

MKS5(p1,p2)®> < _inf / (lzr — @2 + |&1 — &) u(day déydaads) + 2de
eIl (1, p2) (RA)4

= diStMKyg(,u,l, /,LQ)Q + 2de
which is the sought inequality. (]

4.3. Asymptotic lower bound for MKS. The core of the argument leading
to the lower bound in Theorem 2.3 (2) combines Kantorovich duality with the
convergence of Husimi functions to Wigner measures.

Proof of Theorem 2.3 (2). Let a,b € Cy(R?) satisfy
(31)  a(x1,&1) +b(a, &) < a1 — 2> + |1 — &[? for all w1, 29,61, 6 € RY,

Hence?

(OPT(a) ® I + Iy ® OPT (b)) = OPT(a ® 1 + 1@ b)
< OPl'(c) = Q*Q + P*P + 2del, .
Thus, for each R € Q(pS, p5), one has
traceneq((Q*Q + P*P)R")
> traceg s ((OPL (a) ® Iy 4 Iy ® OPL (b)) RY) — 2de
= trace;)(OPeT(a)pi) + traceg (OPET(b)pg) — 2de.

Taking the inf of the left hand side as R® runs through Q(pS, p5), one arrives at the
inequality

(82)  MK3(pS.p5)° > traces (OPT (a)pf) + traces (OPT (b)p5) — 2de.

2Denoting a®1, 1®b and c the functions (z1, &1, z2,&2) — a(z1,£1), (21, &1, 22,&2) — b(x2,£2)
and (z1,&1,%2,£2) — |1 — @2|? + |€1 — €22 respectively.
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Next the traces on the right hand side are expressed in terms of the Husimi functions
of p§ and p§ by formula (54):

traceg (OPT( // (w1, &)We[pS] (w1, &) dar déy
traceg (OP7( // (9, E2)We[p§) (2, Eo)daadEsy .

Hence

MKQ p17p2 // 1'1551 pl](z1,§1)dz1d§1
+ // b(w2, &2)We[p3) (22, £2)dxadés — 2de .

Taking the sup of both sides of this equality over all a,b € Cy(R? x R?) satisfying
(31) shows that

ME5(p5, p5)°

> (// aW [pS]dz1dE + // bW [0S dacgd«fg) — 2de
a®1+1®b<c

a,beC(RIxRA)
= distarx 2 (We[pS], We[p5])? — 2de,
where the last equality follows from Kantorovich duality (Theorem 1 in chapter 1
of [31]). This gives the first inequality in Theorem 2.3 (2).
Since the sequence of Wigner transforms of the density matrices p§ satisfies
Welp§] > w;  inS'(Rx R as e — 0
for j = 1,2, one has
W, [pj] — w; weakly in the sense of measures on R? x R

for j = 1,2, by Theorem III.1 (1) in [20]. By the first inequality in Theorem 2.3
(2) already established above and Remark 6.12 in [32],

lim M K5(pS, p3)° > lim distai 2(We[pf], We[p5])? > distark (w1, w2)? .

e—0 e—0

This concludes the proof of Theorem 2.3. (]

5. PROOF OF THEOREM 2.4

The quantum N-body Hamiltonian is
N

He,N ZZZ—%€2A]‘+% Z ‘/jk;

Jj=1 1<j,k<N
an unbounded self-adjoint operator on Hy = HV = L2((RY)YN). We denote
by Aj; the Laplacian acting on the variable z;, and by Vj; the multiplication by
V(z; — x). The N-body von Neumann equation for the density matrix is
(33) i€dipen = Henspenl,  pen|,_g =Py

with initial data py € D(Hn).
On the other hand, for each p € D(H), we consider the mean-field Hamiltonian

H? = —1A+V,
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where V), designates the operator defined on §) as the multiplication by the function

T /V(z —2")p(a',2")da" =: V,(z).
The Hartree equation for the density matrix p. is
(34) i€dipe = [HZ, pe] pe‘t:o = pin .

By a straightforward computation, the solution p. of the Hartree equation (34)
satisfies

(35) icop2N = A, p2N],  pEN],_, = (0™,
where

H v =H! @5, , +IQH! @5y ,+ ...+ 15y, ®H.

5.1. The quantum dynamics of couplings. Let Ry € Q((pi*)®", pi"y), and
let t — Re n(t) € D(H2n) be the solution of the Cauchy problem
(36) i€dyReny = [HN ® Iny + Iny @ Hen, Ren], Ren|,_y =Ry
For each o € &, we denote by 7, the unitary operator on o defined by

ToV(z1,. s TN, Y1, UN) = U(Zo-1(1)5 o T 1 (N)s Yo 1 (1)5 - - - > Yo I (N))
for each ¥ € $Hon. We shall henceforth assume that
(37) ToRI'NTS =R, foreacho € Sy.
Lemma 5.1. For each t > 0, one has Re n(t) € Q((pe(t))®V, pe.n(t)). Moreover
(38) ToRe n(t)T) = Re n(t) for each 0 € Gy andt > 0.
Proof. By definition

Ren(t) = Uen(t/e) RN Uen(t/€)"

where

d .
%UG,N(t) = 7Z(H§,EN Qlyy +15y ® /HG,N)UEJV(t) ) UEJV(O) =Ig,y -
Since H/ %y @ Iy + Loy ® Hen is self-adjoint, Ue n(t) is unitary for each ¢ > 0.
Therefore

R n(t) = Ren(t)* >0 and traceg,, (Re n(t)) = traceg,, (Ran) =1

for each t > 0.
The marginals of the density Rc n in the product Hony = Hn ® Hy are defined
by analogy with (18)-(19) in Definition 2.1:
(30) Reni1 € D(HN) and traceq, (ARe n,1) = traceq,y (A® Igy)ReN),
Ren2 € D(HN) and traceg, (ARe n,2) = traceq,y (Isy @ A)Re n),

)

for each A € L(Hn).
Let A € L($n) be such that

N
> AL Al € LBN);

j=1
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then
i€0; traces y (ARe,N,1) = i€0; traceg, y (A ® Iy ) Re,n)
= —traceg,  ([Hy ® Iny + Iny @ Hen, (A® Loy ) Re N)
= — traceg, v ((H]y, A] @ I ) Re,N)
= —traceﬁN([HfN, AlRc N 1)
= traceg  (A[HZy, R n,1])
and

Renil,_g =R = ("),

By uniqueness of the solution of the Cauchy problem (35), one concludes that

R na(t) = pe(t)®N , foreacht>0.

Similarly
i€dy traceg y (ARe N 2) = i€d; traceg,  (Iny ® A)Re n)
= —traceq, ([Hy @ Loy + Iny @ Hen, (Iny @ A)|Re N)
= —tracegp,y ((Ioy) ® [He Ny A])Re.N)
= —traceq y ([He,n; Al Re, N ,2)
= traceg  (A[He, N, Re,n 2])
and

__ pin _ in
RE,N,2|t:0 - R57N72 - pe,N .

By uniqueness of the solution of the Cauchy problem for the von Neumann equation
(33), one concludes that

Re n2(t) = pen(t), foreacht>0.
Finally, let o € Gy;

i€ (ToRe N()T)) = To[H2N @ Iy + Iny @ Hen, Re N TS
= [To(Hy @ Iny + Iny @ He,N) TS, ToRe NS

= [T HINT, @ Loy + Iny @ ToHe NTy, ToRe NT,]

=[Hy @ Ioy + Loy @ He N, ToRe NT,]

where 7, is the unitary operator on $n defined in (9), since one has obviously
TGHPNT = HffN and 7o He nTS = Hen -
On the other hand
ToReN(0)T) = To RN (0)T,) = Ry = Re n(0),
so that, by uniqueness of the solution of the Cauchy problem (36),

ToRe ()T} = Re n(t) for each t > 0 and each 0 € & .
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5.2. The Dobrushin type estimate. Set
X
Den(t) = trace | — > (Q;Q; + Py Pj)Ren(t)
j=1

We compute

dD 1 1 &
e,N .
7 = —Etrace lN g (Q Q]—i—P P)[HPN®L5N+I;3N®H€N, . N]

j=1

_ N B}
1 1
= Ztrace | ¢ HPN®If)N+IﬁN®HeNaNZ(Q;Qj+P;P) Re,N)

Jj=1

- . -
= trace | i |HY ® Igy — Hen @ Iny, ~ > Q@+ Prp)) R@N)

j=1

N
1 , 1 . «
+ —trace | i |Hen @ Loy + Iy ®H€,N,NZ(Q]-Qj + P/ Pj) RG,N)

€ -
Jj=1
Consider the second term on the right hand side of this equality. One has

[He,N ®Igy+1sy ®H€,N’ (Q;QJ + P;Pj)]
=[-3€°(A; @ In + In © A), Q5Q;];
1 N
tw > [Vik @ Iy + Is @ Vi, P} Pyl
k=1

where the index j on the brackets in the right hand side indicate that the corre-
sponding operators act on the variables z; et y;. In other words

Ay = I%a(j—l) QAR [g(N—ﬂ
for each operator A on §.
Obviously
[ 3€(A; ® In + In ® A;), Q5 Q;]
— 1(diva, [Va,, Q5 Q]+ [Va,. QQ5] - Va,)
— 1€%(divy, [V, Q;Q5]+[Vy,, Q;Q;] - Vy,)
—ie(PFQ; + Q5 Fj).
On the other hand
Vi ® Iy + I ® Vi, P Py| =[Vir @ Iy + Ig ® Vi, P}1P;
+ PV ® I + I ® Vi, P
=ie(VV (x; — 1) = VV(y; —ur)) Pj
+ieP](VV(z; —xx) = VV(y; — yk))) -
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Therefore

N

1 . 1 . N
Etrace 1 | Hen @ Igy +I;DN®/H€,N,N;(Q]-QJ‘+PJ- Pj)| Re.n
| N
= trace N Z(P;Qj + Q@ Pj)Re n
j=1

1 *
— trace |+ > Pr(VV(z; —ax) — VV(y; — yk))Ren

1<jk<N

1
— trace | & > (VV(xj—ax) = VV(y; — yk))PiRe v

1<j,k<N
By the Cauchy-Schwarz inequality
| trace ((P]*Qj + Q;Pj)Re,N) | < trace ((PJ*Pj + Q;Qj)Re,N) ,

while

trace((P} (VV(z; —2x)=VV(y; —yx))+(VV(zj —2x)=VV(y; — yx))Pj)Re.N)
< trace(P; PjRe n) + trace(|VV (z; — ax) — VV (y; — yi) " Re,n) -

Eventually
N
1 . 1 . «
- trace | ¢ |Hen ® Ioy + 1oy @ He,nN, N Z(Qij + P Pj)| Ren
j=1
1 & 1
< trace N Z(P;‘Pj +Q;Qj)Re N | + trace N2 Z P!P;R. N
=1 1<j k<N

1
+ trace N2 Z |VV($j — X)) — VV(yj - yk)|2Re7N

1<j,k<N

. 1
< 2D,y + Lip(VV)? trace N2 Z |(x; — k) — (y; — yr)|* Re.n
1<j k<N

. 2
< 2D, y + Lip(VV)? trace Nz Z (Jz; — y;1* + |k — yk|*) Renv
1<j,k<N

N
. 4
= 2D, y + Lip(VV)? trace <N ; |z — yl|2R€,N>

< (2+4Lip(VV)*) D, n,
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so that

dD. N
dt

< (2+4Lip(VV)*) D n

N
+Etrace 7 HffN®IﬁN7H57N®IﬁN7N E (QijJerPj) Re N
Jj=1

Next observe that

N
1 * *
H]y @ Igy — Hen ®IﬁNaN Z(Qj@j + P/ Pj)

Jj=1

= W) PR - 5 S Vek— ), (PP + B R))

j=1 1<k<I<N

= %Z([Vpe ()), P1P; + Bf [V, (2;), Pj))

Y (Ve PP+ BV (e — ), Pi)
1<k<I<N
s Y (Viak ), BB+ BV (@~ ), PY)

1<k<I<N
T
=~ > (Vo (@), P{1P; + P} [V, (x5), Py))
j=1
——= ([V(l‘k —.Tl),P]:]Pk-i-P]:[V(.Tk —.Tl),Pk]).
1<k, I<N
Moreover

Voo (), Pf1P; + P}V, (%)), Pj] = ie(VV, (z;)P; + PFVV, (z;)),

while

V(zk — 1), P P + Py [V (zk — 1), Pl
= ze(VV(zk — :L'Z>Pk + P]:VV(:L']C — :L'l>> .
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Therefore
i 1 &
- [HIy @ Loy —Hon @ Loy, 1o D (QQs + P P)
=1
| &
=~ 2 (VW (@)) Py + PV, (2;))
=1
1
TN Z (VV(xp — 1) Py + PEVV (21, — 21))
1<K,I<N
1 & 1 X
=N Z (vvpe (z5) — N Z VV (z; $k)> P;
j=1 k=1
1 Y 1 Y
N Z PrAVV, ()) — Z VV(z; — )
N < N
Jj=1 k=1
Thus

N

L SQIQs+ PP | Rew

1
—trace | i |H]y @ Iyy — Hen @ Loy, N

€ °
Jj=1

N
+% Ztrace (P;PJR@N) ,

j=1
so that
1 1
- trace | i |H!Y @ Iy — Hen @ Loy, N Z(Q;Qj + PIPj)| Ren
j=1
1 J 1 i
< Dcn+ ~ Ztrace VV, (z;) — N Z VV(zj — k)| Ren

j=1 k=1
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Therefore, the differential inequality satisfied by De n is recast as

dlzl—?N < (3+4Lip(VV)?) D, n
1 1 ’
+ N Z trace | |VV, (z;) — N Z VV(z; — k)| Ren
=1 k=1
= (3+4Lip(VV)?)D. n
N 2
+ % Z trace Voo (z5) Z VV(zj —ap)| p2N

The last inequality comes from the fact that the multiplication by
2

VV,. () Z vV (z

acts on the variables variables z1,...,zn only, and that the first marginal R n1
de R n is p®V by Lemma 5.1.
Let us finally estimate the term

1 N
N Z trace
j=1

By a straightforward computation

N 2

1
Vo (@) = > VV(z; — )
k=1

QN
Pe

2

N
1
trace | |VV, (z;) — N Z VV(x; —zp)| pN
k=1
| XN 2 N
= / ‘/VV(xj — 2 )pe(t, o 2" )dz' — N ;VV(% — Tg) Epﬁ(t,xé,xé)dXN ,

fe(t, ) == pe(t,x, x),
where p, is the solution of the Hartree equation (34). Since p.(t) € D($), then f.(t)
is a probability density on R? for each € > 0 and each ¢t > 0. Applying Lemma 3.3
with p =1 and p = fc(¢,-) shows that
2
)| o2V | < Svviie.
€ - N

trace | |VV,, (z;) Z VV(z; — xi)

Therefore
DX (1) < ADex (1) + S| VV -
with
A =3 +4Lip(VV)2.
Gronwall’s inequality implies that
eM—1

A

8
DE,N(t) S DE,N(O)eAt + NHVVH%“



MEAN-FIELD AND CLASSICAL LIMITS 29

5.3. From D n to MK5(p:(t)*V, pe n(t)). Let us denote by RP, the marginal
density of R,y corresponding to the n first particles. In other words, for each
A € L($H2n), we set

traceg,,, (AR?,N) = traceg,y (S(A ® IﬁZ(N—n,) )S*R67N>
where

Slll(‘rlaylarrEQayQa"'axN;yN) :\Il(xla"'axNayla"'ayN)'
We claim that

(40) Ry € Q(pZ™, PeN) -
Indeed, for each B € L($),,), by Lemma 5.1, one has
traceg,, (B ® Ig, )RY N) = traceg, (S(B ® Iy, ® 157)2(]\]7"))5*}26,]\[)
= tracep,y (B®Igy_,) ® Igy)ReN)
= tracegs,y (B® Igy_,)Ren1)
= tracegy (B ® Iny_,)pd™)
= traceg, (BpZ™)

while
traceg,, ((In, ® B)RZ ) = traceg,y (S(Is, @ B® Lg,_ )9 Re N)
= traceg,y (Ioy @ (B Isy_,)ReN)
= tracen,y (B ® Igy_ ., )ReN2)
= traceq, (B ® Igy_, )Pe,N)
)

= traces, (Bpg y) -
Observe further that, for each j = 1,..., N, one has
traces, y ((Q5Q; + P} Pj)Re,n) =traceq,y (75 (Q1Q1 + P P1) 7o, Re n)
=traceg,y (Q1Q1 + P P1)T5, Re NTS)
=traces,, (Q1Q1 + Py P1)Ren),
where o; is the permutation of {1,..., N} exchanging 1 and j and leaving all the

other integers invariant, because of the identity (38) in Lemma 5.1.
Hence, for each N > n > 1, each € > 0 and each ¢ > 0, one has

De n(t) = traceq, ((Q;Q; + P/ Pj)Re n(1)) foreachj=1,...,N,

n

1 * *
= - traceg, v Z(QJQJ + P]— Pj)Rc n(t)

j=1

1 —~ . +p\pn
= Etracemn Z(QijJer Pj)RE N (t)

j=1

Because of (40), this implies that

1 n
De,N(t) Z EMKE(pe(t)(@na pe,N(t)) ’
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for each N > n > 1, each € > 0 and each ¢ > 0. In particular,
At _ 1
A

€

8n
(41) MES(pe(t)®", p2 5 (1)) <nDe n(0)eM + NIIVVII%«J

This inequality holds for each RZ’N € Q((pim)®N, pi’fN) satisfying the symmetry
condition (37).

5.4. Upper bound for D n(0). Let Qi"y € Q((p")®N, pi"y), and set

eN NlZT

ASISIN,

By construction, Ry € D(Hy ® Hv) and satisfies (37). On the other hand, for
each A € L($Hn), one has

tracef)N@ﬁN((IﬁN ® A) e,N) :ﬁ Z traceﬁN@ﬁN((IﬁN ® A)%QEJVE)

" oeSN

1
:ﬁ Z traces yeoHy (T (IYJN ®A)T eN)

" oeSN

ATY Z traceﬁN@ﬁN((IﬁN ®(T:ATU)) ZLN)

T oEGN

=— Z tI‘aCegN(T;ATnglN)

" oeSN

1 3 *
=i Z traceg y (AT, pe N T, )

" oeGN
— traces,, (Api"y)
since leN satisfies the symmetry condition (10). By the same token
traces yeay ((A ® IS')N) ZLN) = traceg (A(pin)(@N)

for each A € L(Hn). Hence Ry € Q((pI")*N, pi'y ).
On the other hand

D n(0) = traceg, (Q;Q; + P} P;)

* * 1
’Qj4_FGI?)Rﬁ 2: 7;

ceEGN

=traceg,

2 |

N

* 1 * * in

=traceg, E T NE (Q;Q; + PPy | T-Q '
oceGnN j=1

NI
:_ tracef)zN ( Q%Qj + P;Pj)
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because
1 & 1 &
T | % 2 (QQi + B R | To =5 D_(Q;Q; + P} Fy)
j=1 j=1
for each 0 € Gy.
Inserting this in (41) shows that

1 . S 8 eM—1
~MES(p()°" p2n (1) <5 IVVIEe—

At N
e * *
+ ~ traceg, g (Q;Q; + P;P;)

j=1

for all Qv € Q((pi")®N, pi"y) with N > n > 1. Minimizing over Q" leads to

M50 g ) < IV St MRS (N i)
n 2\Me s Me,N =N L A N 2 € s Me,N
which is precisely inequality (15).

Next, in the special case where pin = OPT((2me)pi™) with i € Py(CY),
while p!"y OPT((27re)dNué"N) with p"y € Pg((Cd)N) satisfies (10), one has

(pé")®N OPT((27e)N (u™)®N), and we deduce from Theorem 2.3 (2) that
ME5((p)*N, pliy) < distaic 2 ("), ey )® + 2N de.
Inserting this in (15) shows that

eM—1
A

1 : in in
et (N dlStMK72((Me )®N’ MG,N)Q + 2d6)

1 8
—MEKS(p(t)®™, pP 5 (1) <— -
MK (pe(t)™", pen(t)” <5 IVVILL

which is (16). This concludes the proof of Theorem 2.4.

Remark 5.2. Let p. be the solution of the Cauchy problem for the Hartree equation
with initial data pm € D(9) such that

trace((|z]? — €2A)p'™) < co.
Then, for each € > 0 and each t > 0, one has
trace(|z]?pe(t)) < (trace(|z|?pi™) + te'(trace(—e*Ap™™) + 2||V || =) < o0,

as a consequence of the differential inequality

= |trace ([FeA, |2[*]pe(t))| < trace ((|z]> — €A) pe(t))

‘—trace (|z?pe(t))
and of the energy conservation
d
pn (trace( Apc(t) // x — 2)pe(t, z, 2)pe(t, :I:)d:r:dz) =

In particular, for each t > 0 and each € > 0, one has

trace((|z]* — €2A)pc(t)) < oo
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APPENDIX A. PROOF OF LEMMA 3.3
Without loss of generality, we treat the case j = 1. Define
V(z) = Frplar) — F(a1—2),  zeR-.

A.1. The case where p > 2 is an even integer. Start with the decomposition

1 XN PN

/ Fxp(xy) — N ZF(ml — Z) H p(xm)dz,
k=1 m=1

-/ %;vm) T1 plen)iz,

1 p/2

N
~ Ne Z /Hv(xj(l)) V(xra) H p(xm)dzy, .
1=1

j,ke{l,...,N}{1.....p/2}
For each pair of maps j,k € {1,..., N}{1P/2} define themap g € {1,..., N}{lpr}
as follows:
g)=j()if1<1<p/2, gl)=k(l—-p/2)ifp/2+1<1<p.

Conversely, given g € {1,.. .,N}{1 """ P} one reconstructs the maps j,k by the
formulas

J)=g), kl)=g(l+p/2), 1<1<p/2.

Hence
1 N PN
/ Fxp(xy) — N ; F(xy — xp) }_,[1 p(zm)dzm,
1 p/2 N
=<7 Z /HV(acg(l)) WV(Tg(14p/2)) H (X )T, -
ge{l,..., N1 p} =1 m=1
1 p/2 N
=55 2 / [1V@) Vgwpa) 1T plem)demn
gESﬁ, =1 m=1
1 p/2 N
5 2 /Hv(zg<z))'v(%0+p/z>) 11 p@m)dan ,
gGMﬁ] =1 m=1
where

MY ={ge{1,.. GNPy gt #ETH({m)) # 1 for each m =2,...,N},
SP o= {1,..., N}LePh\ M2
Obviously, for each m € {1,..., N}{%P} one has

p/2 N
J IV 0) Vo) T plemdon] < @1FI)7.
=1 m=1

Next, for each k € S%;, define

(42) lAg =min{l=1,...,ps.t. g(l) >1and #g ' ({g(0)}) = 1},

lg=1g+p/2 ifl,<p/2, andlAg:lg*p/Q if lg > p/2.
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Thus, if g € SX;, one has

p/2

N
/HV g(l) g(l+p/2)) H P(Tm)dTy,
m=1

:/ H V(SCg(l))~V(:L'g(p/2+l)) V(xg(ig)) H p(xm)dxm

1<i<p/2 1<m<N
1¢{lg,ig} m#g(lg)

: / V(xga,))p(Tga,))dgq,) =0,

since

/ V(@g(1,))P(Tg(1,))dg0,) = / (Fx p(z1) = F(z1 — 2401,)))P(Tg01,))dTg01,)

= Fxp(xq1) /F — Z41,)))P(Tg(1,))dTga,) = 0.

Hence
N PN
1 #MP
(43) / F x p(x;) ;F T1 — T) Hlp(xm)dxm R LA
Now

#ME, = N — 4%,

and we next compute #S5%;.

For each element g € S%;, there are N — 1 choices for g(l;) € {2, N}, where [,
is the integer defined in (42). For each such choice, the restriction of the map g to
{1,...,p}\{ly} takes its values in {1,..., N}\ {g(lg)} and can be chosen arbitrarily
among the maps from {1,...,p} \ {l{;} to {1,..., N} \ {9(l5)}. Hence

% = (N = (N — 1)~ = (N — 1)

so that
#MEY = NP — (N —1)P.

Hence

Inserting this inequality in (43) shows that

@) [ |Frpe) 5 S F@ o] [T pendden < Z@Fl~)
N k=1 m=1 N

A.2. The case where p > 2 is not an even integer. Write p/2 as

p/2=(1-0)p/2] +0(p/2] +1),  with0<0<1,
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where [z] denotes the largest integer less than or equal to z. Using Holder’s in-
equality and (44) shows that

/

PN
H p(Tm)dxm,
m=1

2[p/2] +2)°

N
1
Fxp(x1) — I ZF(:cl — T)
k=1

- Clp/2)'

—~

ClIFllze)?

2[p/2] + 2
N

A =

ClIFllze<)? -

A.3. The case where 0 < p < 2. Using Jensen’s inequality and inequality (44)
for p = 2 shows that

N PN
1
/ Fxp(xy) — N ];F(acl — Z) nglp(xm)dacm
. N 2 N p/2
< /F*p(xl)—ﬁz (1 — xg) szmdzm
k=1 m=1
op/2 2[p/2] + 2 »
<N 2| F|[z=)? < W(QHFHLDO) :

APPENDIX B. TOPLITZ OPERATORS, WIGNER AND HUSIMI TRANSFORMS

For each z € C? with R(z) = ¢ and () = p, we denote by |z,¢) the wave
function (sometimes referred to as a “coherent state”) defined by the formula

(45) |z, €)(x) :== (7Te)_d/4e_(””—q>2/266ip'z/6.
We recall the bra-ket notation: |z,e€)(z, €| designates the orthogonal projection on

the line C|z,€) in L2(CY).
With the normalization above, denoting ) := L?(RY), one has both

(z,€|z,€) := |||z,e>H526 = /Rd Hz,e>(z)|2d:c =1,

and
1

(@ro)t /Cd |z, €)(z,eldz = I,

where the integral on the left hand side is to be understood in the weak operator
sense.

To each positive or finite Borel measure p on C%, we define the T6plitz operator
at scale € with symbol u by the formula

OPT (1) i= sy [ Jese)(evclta).

This is a possibly unbounded operator on §), defined by duality by the formula

(46)

(u OPT (1)) (@) OP7 (u)o(a)da

(v|z, €)(z, e|lu)u(dz)
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for all u,v € $ such that z — (z, e|u) and z + (v|z, €) belong to L*(C%, ).
If 1 is a positive measure, then

1
(47)  OPI() = 0PI 20, tracc(OP! (1)) = iz /C ud).
If f € L>°(C%), then
1 .
OP!()) = oy /C )z elf(2)dz € £(5), with || OPT(£)] < £z

The following formulas are elementary but fundamental: if f is a quadratic form
on R?, then

(48) { OP; (f(q)) = (f(z) + 3e(Af)I5),

OPL(f(p)) = (f(—ied,) + te(Af)Is),

where f(r) designates the unbounded operator defined on L?(R?) by the formula
(f(@)p)(x) = f(z)d(x) -

Let A be an unbounded operator on L?(R?), and assume that its Schwartz kernel
ka belongs to S'(R? x R4). In other words, A is the linear map from S(R?) to
S'(R?) defined by the formula

(Au,v) s (ray,s(R1) = (ka, U ® V) s (RIxRI),S(RIXR) -
The Wigner transform of A at scale € is defined as

(49> WG[A] = (27T>_df2(kA o Je)v where JC(LL', y) = (:C + %ey,x - %ey)
and where F5 is the partial Fourier transform in the second variable. When k4 o J,
is an integrable function, one has
We[A](z,€) = (2me) ¢ / e SV ka(x + gy, % — Fy)dy.
Rd
In particular, for each ¢,p € R?, one has

W€[|q + Zpa 6) <q + ’Lpa €|]($a €)
— (2me)~ / (me)~4/2e i€/ qivyle—(a+u/2=al Ho=u/2-a]")/2¢ g
Rd

(50) ) | 2
— (re) /2= Ir=d /6(27T6)7d/dez(pff)'y/eef|y| ey
R
= (me) e~ (w—al+le=pl*) /e
since

/ (c/dm) 2= 10-(E=D) g ev? /1= (2=0)? /e gy — o~(E~)*/e
Rd

(which is the classical formula for the Fourier transform of a Gaussian density).
Thus, for each positive or finite Borel measure on R% x R?, one has

(51) W.IOPT ()] = @G?ﬁg “u,

where G7 is the centered Gaussian density on R™ with covariance matrix al. With
pi(dqdp) = dqdp, or p(dqdp) = f(q)dqdp, or u(dqdp) = f(p)dqdp, where f is an
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arbitrary quadratic form on R, one finds that
WelIs)(x,€) = (2me) ™,

(52) Welf (@)](x,€) = (2me) ™ f(x),
Welf(—ieds))(w,€) = (2me) = f(€).

Indeed, when pu(dgdp) = g(g,p)dqdp with g a polynomial with degree at most m,
one has

€A, " n
(53) Gy rngg=eBosltg=" 3" T Deed -
0<n<m/2

Thus, for g of degree < 2, one finds that G?% *peg=(1+ ieAm,g)g. Together with
(46) and (48), this formula justifies (52).

The Husimi transform of an operator A at scale € is defined in terms of the
Wigner transform of A by the formula

W[A] := G2}, 0 e We[A].
Let R € D(§); for each ¢ € L?(R?), one has

trace(() (01R) = (2n)? [ [ WO W, [R)(w.€)dodg
by the definition (49) of the Wigner transform, and Plancherel’s identity. Special-
izing this formula to ¢ = |z, €), one finds that
trace(|z, €)(z, €|R) = (z, €| R|z, €)
= (27€)¥W,[R](q,p), where ¢ = R(2) and p = I(2).
More generally, if j is a positive or finite Borel measure on C?, one deduces from
the previous identity and the Fubini theorem that
(54) trace(OP ()R) = [ W.IR|(:)u(d=)
Cd
(The previous formula is the particular case where pu = (27¢)?6..)

In particular, if R = OPT ((27me)?u) with p € Po(R? x R¥), for each quadratic
form f on R?, one has

trace((f(z) + f(—icd,)) OPT ((2me) )
- / / ((a) + f(p))udadp) + LeAf .
RixR4

Indeed, applying (54) shows that

(55)

trace((f(z) + f(~icdy)) OPT ((2me)p))
= trace(OP[ (f(q) + f(p) — 3¢(Af)) OPL((2me) 1))

= [ (@ WOPT (e ) a.)(F(a) + 1(5) ~ $e(AF)dady
=[], WO (@ref 0. G2y * (@) + 1(5) ~ $e(A1)dadp

— [ (@G (fa)+ 1) (AN n(dadr).
R4 xRd



MEAN-FIELD AND CLASSICAL LIMITS 37

where the last equality follows from (51). We conclude by observing that

G20y G2y % (f(q) + f(p) — 3e(Af)) = e“or/?(f(q) + f(p) — 3e(Af))
(f(q) + f(p) + 3e(Af))

according to (53).
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