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THE SCHRODINGER EQUATION IN THE MEAN-FIELD
AND SEMICLASSICAL REGIME

FRANCOIS GOLSE AND THIERRY PAUL

ABSTRACT. In this paper, we establish (1) the classical limit of the Hartree
equation leading to the Vlasov equation, (2) the classical limit of the N-body
linear Schrodinger equation uniformly in N leading to the N-body Liouville
equation of classical mechanics and (3) the simultaneous mean-field and clas-
sical limit of the N-body linear Schrodinger equation leading to the Vlasov
equation. In all these limits, we assume that the gradient of the interaction
potential is Lipschitz continuous. All our results are formulated as estimates
involving a quantum analogue of the Monge-Kantorovich distance of exponent
2 adapted to the classical limit, reminiscent of, but different from the one de-
fined in [F. Golse, C. Mouhot, T. Paul, arXiv:1502.06143]. As a by-product,
we also provide bounds on the quadratic Monge-Kantorovich distances be-
tween the classical densities and the Husimi functions of the quantum density
matrices.

1. INTRODUCTION

Consider the nonrelativistic quantum dynamics of a system of N particles in-
teracting through a two-body potential with a mean-field type coupling constant.
(In other words, the coupling constant is chosen so that the kinetic and potential
energies of typical N-particle configurations are of the same order of magnitude.)
After suitable rescalings of the various quantities involved (see the introduction of
[7] for details), the dynamics happens to be governed by a two parameters family
of Schrodinger equations indexed by i and N, of the form

N N
. 1
W ihOy U N, = —3h? E Ap YN g+ N E V(e —2)¥Np s
=1 k=1

_ mn
\I]th‘t:O =V

Here \Iﬂﬁﬁ = \Ilﬁh(:cl,...,xjv) € Cand Uy = Uni(t,z1,...,25) € C are the
wave functions of the N-particle system initially and at time t respectively, while
V' is the real-valued, rescaled interaction potential.

We are concerned with various asymptotic limits of this dynamics as N — oo
and i — 0, which are represented in the diagram below.

In [7], the limits corresponding to the horizontal arrows have been studied in
detail. Following an idea of Dobrushin [6], we arrived at quantitative estimates
on distances metricizing the weak convergence of probability measures, or of their
quantum analogues. However, the method used in [7] differs from Dobrushin’s in [6]
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2 F. GOLSE AND T. PAUL

in several ways. First, we avoid formulating our results in terms of the N-particle
phase-space empirical measure, which does not seem to have any clear quantum
analogue. Likewise, we avoided expressing the solution of the N-particle Liouville
equation by the method of characteristics, of which there is no convenient quantum
analogue. Our approach of the Vlasov limit of the N-particle Liouville equation is
of a completely Eulerian nature, so that its extension to the quantum dynamics is
rather straightforward.

g
ﬁ*}O\L \ \LEHO

bl

Diagram 1: The large N and small & asymptotic limits

The main result in [7] is that the upper horizontal arrow, i.e. the large N,
mean-field limit of the N-particle linear Schrédinger equation to the Hartree equa-
tion is uniform as A — 0. This uniform convergence was stated in terms of a
nonnegative quadratic quantity M K% (p, p'), defined for pairs of density operators
p, p' (nonnegative operators of trace 1), obtained by quantization of the quadratic
Monge-Kantorovich distance distmik, 2 (see section 2 where the definition of this
distance is recalled for the reader’s convenience). The corresponding estimate was
proved under the assumption that the interaction force field VV is bounded and
Lipschitz continuous.

An important observation is that M K[ is not a distance on the set of density
operators. However, M K} (p, p) remains to within O(h) of the quadratic Monge-
Kantorovich distance between classical objects attached to p, p’. Specifically,

distatsc.o(Walpl, Walo')2 — O(h) < MK (p, p')?
where Wy designates the Husimi transform, while
MK (p, p)? < distari (i, 1) + O(R)

if p,p’ are Toplitz operators at scale i whose respective symbols are the Borel
probability measures p,u’. (See section 2, where the definitions of the Husimi
transform and of Toplitz operators are recalled.)

Proving the uniformity as 7 — 0 of the mean-field limit corresponding to the
horizontal arrow in Diagram 1 is obviously the key to obtaining the convergence
of the N-body Schrédinger equation to the Vlasov equation in the joint limit as
N — oo and i — 0. This convergence holds independently of distinguished scaling
assumptions that would link N and &, as a consequence of the main result in [7],
and of Theorem IV.2 in [10], which establishes the validity of the classical limit of
the Hartree equation, leading to the Vlasov equation (the rightmost vertical arrow
in Diagram 1).

Indeed, the classical limit of the Hartree equation leading to the Vlasov equation
has been first investigated mathematically in [10] for very general initial data and
potentials, including the Coulomb potential, in terms of an some appropriate weak
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topology and related compactness methods. The price to pay for this generality on
the data is the lack of quantitative information on the rate of convergence. Besides
convergence is proved along sequences h,, — 0. Under additional assumptions on
the initial data and the interaction potential, one can prove [1] that the Wigner
function of the solution of Hartree’s equation is L2-close to its weak limit, i.e. to
the solution of the Vlasov equation. The quantum counterpart of this result is the
closeness of the solution of Hartree’s equation to the (Weyl) quantization of the
solution of Vlasov in Hilbert-Schmidt norm. The convergence rate is O(Ai%) with
a < 1 depending on the initial data and potential (assumed regular enough). The
case o = 1 was recently treated in [4], where a more exhaustive bibliography on the
subject can be found. The case of pure states is treated in [2] for initial data given
by coherent states, and the solution of Hartree’s equation is computed at leading
order in terms of the linearization of the “Vlasov flow”. Most likely, the method
used in [2] can be extended to any order in the expansion of the Hartree solution
in powers of h/2.

Our first main result in the present paper, Theorem 2.5, bears on a quantitative
estimate for the classical limit of Hartree’s equation leading to the Vlasov equa-
tion, i.e. on the convergence rate for Theorem IV.2 in [10]. It involves a hybrid
quantity Ej built on distyk 2 and M K5, whose main properties are stated in The-
orem 2.4 and which allows comparing classical and quantum objects (see Definition
2.2 below). This convergence rate is established under the assumption that the
interaction force field VV is bounded and Lipschitz continuous, and involves the
Lipschitz constant of VV. Observe that the large-time growth of the convergence
rate obtained in Theorem 2.5 is exponential, at variance with the estimates ob-
tained in [1, 4], which are super-exponential. Our result can be also formulated as
a direct comparison between the Vlasov solution and the Husimi function of the
Hartree solution. (A similar comparison can be found in our previous work with C.
Moubhot, at least implicitly, as a consequence Theorem 2.4 and 2.3 (2) in [7].) Since
a density operator is completely determined by it Husimi function for each A > 0
(see Remark 2.3 below), the estimate in Theorem 2.5 involves all the information
included in the quantum density, i.e. the Hartree solution. We also recall that the
Husimi and the Wigner functions of a density operator have the same classical limit
(i.e. the same limit as i — 0): see Theorem III.1 (1) in [10].

Our second main result, Theorem 2.6, establishes the limit of the N-body linear
Schrodinger equation leading to the Vlasov equation in the limit as N — oo and
h — 0 jointly, again with a convergence rate where the “distance” between the
single-particle marginal of the N-body density operator and the Vlasov solution is
expressed in terms of the quantity Ej defined in Definition 2.2. Since the quantities
MK} and Ej, are not distances, the estimate in Theorem 2.6 does not immediately
follow from Theorem 2.5 and the uniform convergence result, i.e. Theorem 2.4 in
[7]. For that reason, we have provided a direct proof of the limit as as N — oo
and i — 0 jointly, corresponding to the diagonal arrow in Diagram 1. This proof
combines ideas from the proofs of Theorem 2.5 and of Theorem 2.4 in [7]. As for
Theorem 2.5, the convergence rate obtained in Theorem 2.6 grows exponentially fast
as t — +o0o. The convergence proof involves a stability and a consistency estimate,
in the sense of the Lax equivalence theorem in numerical analysis [9]. Perhaps
the new element in this proof, in addition to the idea of measuring the “distance”
between a classical and a quantum density by the Ej functional, is the following
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observation: while the consistency estimate involves the N-fold tensor product of
copies of the Vlasov solution, the stability estimate is most conveniently formulated
in terms of the first equation only in the BBGKY hierarchy of the quantum N-body
problem.

To the best of our knowledge, the first work concerning this subject is the seminal
paper by Graffi-Martinez-Pulvirenti [8]. For each sequence A(N) — 0 as N — oo
and each monokinetic solution of the Vlasov equation (i.e. of the form f(¢,z,§) :=
p(t,2)0(& — u(t,x))), the Wigner transform at scale i(N) of the first marginal of
the solution of Schrodinger is proved to converge to the solution of Vlasov over the
time interval [0,7]. A priori, the convergence rate and the time T depend both
on the Vlasov solution f and on the sequence /i(N) (see Theorem 1.1 in [8]). On
the preceding diagram, the result proved in [8] corresponds to the leftmost vertical
and bottom horizontal arrows along distinguished sequences (A(N); N), over time
intervals which may involve the dependence of & in terms of N.

Another approach of the same problem can be found in [13]: it is proved that
each term in the semiclassical expansion as i — 0 of the quantum N-body problem
converges as N — oo to the corresponding term in the semiclassical expansion of
Hartree’s equation.

One should also mention the earlier reference [12], which treated the mean-field
limit for systems of N fermions with A(N) = N~1/3 (see also [14], together with
the more recent reference [4]).

Finally, we have applied the ideas in the proofs of Theorems 2.5 and 2.6, i.e.
using the Ej functional and the first equation in the BBGKY hierarchy of the
quantum N-body problem in the stability estimate, to the classical limit of the
quantum N-body problem (i.e. the N-body Schrodinger equation) to the classical
N-body problem (i.e. the N-body Liouville equation) in the limit as i — 0. This
is the leftmost vertical arrow in Diagram 1. This limit has been the subject matter
of a large body of mathematical literature for N fixed. At variance with all these
results, the main novelty in Theorem 2.7 is that this vanishing A-limit is uniform
as N — oo. Here again, a convergence rate in terms of the Ej functional and of
the Lipschitz constant of the interaction force VV is given.

The precise statements of all the assumptions and main results of this article,
together with the general setting of our approach are given in detail in the next
section.

2. MAIN RESULTS

2.1. From the Hartree Equation to the Vlasov Equation. Let us consider
the Cauchy problem for the Hartree equation, written in terms of density operators:

(2) ihO Ry = [=$h* Ay + V5, p[Ry](t, x), Ri],  Rn|,_, = Ry

The notation is as follows: Rjp = Rp(t) € L($) is the time-dependent density
operator on the state space ) := L?(R%). Henceforth, it is assumed that

Ry(t) = Ri(t)* >0, and that trace(Rp(t)) =1 forallt>0.

The set of all bounded operators on $ satisfying these properties is denoted by
D($). Denoting by rp(t, z,y) the integral kernel of Rp(t), i.e.

Ra(t)o(e) == [ it oty
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we set
plRi)(t, x) :=rp(t,z, x).
The interaction potential V' is assumed to be an even, real-valued, bounded function
in the class C*!(R). The existence and uniqueness theory for the Cauchy problem
(2) has been studied in [5].
On the other hand, consider the Vlasov equation

(3) Ouf + {512 + V%o ps(t,2), f} =0, fl,_y= 1"
Here f = f(t,x,£) is a time-dependent probability density on R% x RY,

pritia) = [ fltm e,
RA
and {-,-} is the Poisson bracket such that
{ze, i} = {6 G} =0, {an, &} = u-

Next we define a way to measure the convergence rate of Ry to f in the limit
as h — 0. It involves a quantity which is intermediate between the notion of
Monge-Kantorovich distance of exponent 2 between Borel probability measures on
R? x R? and the pseudo-distance M K§ between density operators defined in [7]
(Definition 2.2). First we define a notion of coupling between distribution functions
in statistical mechanics and density operators in quantum mechanics.

Definition 2.1. Let p = p(z,£) be a probability density on R? x RY, and let
R € D(9). A coupling of p and R is a measurable function Q : (z,&) — Q(z,§)
defined a.e. on R? x R? and with values in L(H) s.t. Q(z,€) € D(HH) for a.e.
(r,€) € R x RY, and

trace(Q(z, €)) = p(z, €) for a.e. (z,€) € RY x R,

//Rded (x,&)dzdé = R.

The set of all such functions is denoted by C(p, R).

Mimicking the definition of Monge-Kantorovich distances, we next define the
pseudo-distance between Ry and f in terms of an appropriate “cost function” anal-
ogous to the quadratic cost function used in optimal transport.

Definition 2.2. For each probability density p = p(z,€) on R% x R? and each
p € D(H), we set

1/2
Er(p,R) := (Qeicrgﬂ) /Rded trace(ch(x,«E)Q(m,«f))dmdf) € [0, +o0],

where the transportation cost cp, is the function of (x,£) with values in the set of
unbounded operators on = LQ(RZ) defined by the formula

cn(z,€) = 5(jx — yl* +[€ + ihVy[*)

Before going further, we briefly discuss some basic properties of Ej. First we
recall a few elementary facts concerning Toplitz quantization on R For each
z =1z +if € C¢, we denote

|Z’ h) -y — (ﬂ-h)7d/4€7|y*I|2/2h€i£.(y,z)/h

)
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and we designate by |z, h)(z, h| the orthogonal projection on the line C|z, h) in $.
An elementary computation shows that

[z, 2)lls =1.
For each Borel probability density on R? x R%, we set
1
OP} (p) i= — &, h &, il p(dad
R0 = g [, o+ i€ R) o i€ Hn(dnde)
and we recall that
(4) OPF (1) =I5 .

If ¢ is a polynomial of degree < 2, one has
(5)  OPj(¢(x)) = ¢(x) + $A(AP) 5,  OPL((€)) = p(—ihV,) + TA(AP) s,

according to formula (48) in [7].

We also recall the definition of the Wigner and Husimi transforms of a density
operator on §). If R € D($)) with integral kernel r, its Wigner transform at scale i
is the function on R?% x R? defined by the formula

Wr[R|(x,&) = /Rd e ®Yr(z + Shy,x — Lhy)dy.

@)
The Husimi transform of R is
Whi[R] := e"®=¢/* W, [R]

and we recall that
Wh [R] > Oa

while

/ Whi[R](x, )dade = Wi[R](x, €)dad¢ = trace(R) = 1.
RIxRY RiIxR4

In particular, WH[R] is a probability density on R? x R? for each R € D($)).
Remark 2.3 (W,[R] determines R). According to (4),
(6) L*(R%) = span{|z, k) s.t. z € Cd}

so that R is completely determined by its “matriz elements” on this set, i.e. by
(z,h|R|2',h) as z, 2" run through C%. On the other hand, a straightforward compu-
tation shows that

WH[R](:Ea €) = <$ + Z&a FL|R|ZE + ’Lga h) = (|$ + Z&a h>a le + ’Lga h))LZ(Rd) .
In other words, the Husimi function of R captures only the diagonal part of the
distribution of these matriz_elements. One might therefore suspect that some in-
formation on R is lost in Wy[R]. However, the total family of coherent states ap-
pearing in the right hand side of (6) is so much redundant that the diagonal matriz

elements of a density operator R on that set, i.e. its Husimi transform, determine
R uniquely. Indeed, denoting by r = r(y,y’) the integral kernel of R, one has

(ﬂh)d/2e(\z+2|2+\z'+2’|2)/8h<z, h|R|Z’, h>

:/ 1y, y e~ WP+ 1)/ 2he=(u-2ty"2) /B gy gy s
Rd
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Let R,R' € D($), with integral kernels denoted r = r(y,y’) and v = '(y,y’)
respectively. Since R and R’ are in particular Hilbert-Schmidt operators, one has
r,r’ € L*(RY x RY) so that

2 712 s
S(z,7) = /Rd(r(y,y’) =7 (y,y"))e” WIHW ety 20 R gy gy

is holomorphic in (z,%2') on C% x CL. If Wi[R] = Wx[R'] identically on R% x R¥,
then S wvanishes identically on the linear manifold of equation z = 2’ in C% x C?.
The Taylor expansion of S in z at 2’ is therefore of the form

S(z,2")=(z—-2) Z an(z',2")(z = 2"

with a,, real-analytic on C% for each n > 0. Since S(z,-) is antiholomorphic for
each z € C?%, one has

Oyan =(n+2)apt1, n>0,
ag = 0,

and one concludes that a, = 0 identically for each n > 0, so that S(z,2') = 0
identically on C? x C%. Equivalently, the matriz elements satisfy (z, h|R|2', h) =
(z,h|R'|2', ) for all z,2" € C¢, and this implies that R = R'. This elementary ar-
gument shows that knowing Wi [R](x,€) for all x,& € R determines R completely.

If 41 is a Borel probability measure on R% x R?, then
(7) trace(OPT(R) = [ WhlR(w, uldrds).
RéxR4

according to formula (54) in [7]. In particular, for each polynomial of degree < 2,
one has

(8)  trace((6(z) + o(~ihV.)) OPF () = [ (6(a) + o(&)ldrde) + $ho.

RIxR4
see formula (55) in [7].
In addition, we shall need the following properties of Ej,.

Theorem 2.4. For each probability density p on R x R? such that
[ (af + ePapladeds < oo
RixR4

and each R € D(9), one has
En(p, R)* > ydh.
(1) Let Ry, = OPE((27nh)%p), where p is a Borel probability measure on R% x R
Then
Ex(p, Rp)? < distmk 2(p, p)* + 3dh.
(2) For each R € D($)), one has
En(p, R)? > distuk 2(p, Wi[R])? — 3dh.

(3) If Ry, € D($) and Wi[Rp]) — p in S'(R? x R?), then u is a Borel probability
measure on R% x R? and one has

distyrk,2(p, ) < lim Ey(p, Rp) -
h—0
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The main result in this section is a quantitative estimate of the convergence rate
of the solution Ry of the Hartree equation to the solution f of the Vlasov equation
in terms of the pseudo-distance Ej and, as a by-product, in terms of the Monge-
Kantorovich distance between f and the Husimi function of Rj. We recall that this
limit has been formulated in terms of the Wigner transform of Ry, in [10] (Theorem
IV.2). This is the left vertical arrow in the diagram of section 1.

Theorem 2.5. Let V be an even, real-valued function of class Cb' on R%. Denote
by L the Lipschitz constant of VV and let A = 14+4L?>V 1. Let f be a probability
density on R x R such that

/ (e + [€)F (@, €)dadé < oo,
R4 x R4

and let f be the (weak) solution of the Viasov equation (3) with initial data f*.
Let Ri™ € D(9), and let Ry, be the (weak) solution of (2) with initial data Ri™.
Then, for each t > 0, one has

En(f(t), Ra(1))? < eME(f™, Ri")? .
In particular, for all t > 0, one has
distaric2(f(8), Wa[Ru(1)))? < eMEw(F™, Ri")? + 3dh.

dMorel(i)ver, if R = OPL [(2nh) ™), where ™ is a Borel probability measure on
R x R%, then

distur 2 (f (£), Wa[Ra(t)])? < e (distaric 2(f, 4™)? + 3dh) + Sdh.

Notice that, because of statement (3) in Theorem 2.4, if the Wigner transform
of Ry (t) satisfies
WilRn(t)] — u(t) in S'(R* x RY)
for all t > 0 as t > 0, then the last inequality in Theorem 2.5 leads to

distumx2(f(2), u(t)) < distar 2(f™, u™)e=/? t>0.

Since p is a weak solution of the Vlasov equation by Theorem IV.2 in [10], this
inequality is precisely the analogue of Dobrushin’s inequality in [6], formulated in
the Monge-Kantorovich distance of exponent 2, instead of the Monge-Kantorovich
distance of exponent 1 as in [6]. (That the Monge-Kantorovich distance of exponent
2 can be used in Dobrushin’s argument has been observed by Loeper [11]; see also
[7] for an extension to Monge-Kantorovich distances of arbitrary exponents.)

2.2. From the N-Body Schrodinger Equation to the Vlasov Equation.
In this section, we explain how the Vlasov equation, i.e. the mean-field theory
of large particle systems in classical mechanics, can be deduced from the N-body
Schrodinger equation in the limit of large N and small A. In other words, we
combine the classical limit discussed in the previous section with the mean-field
limit in quantum mechanics, in which the Hartree equation is deduced from the
linear N-body Schrédinger equation. Since the mean-field limit of the N-body
Schrodinger equation is uniform in the limit as 7 — 0 according to Theorem 2.4 in
[7], this combined limit is a straightforward consequence of the quantitative estimate
for the classical limit obtained in Theorem 2.5 above, at least when formulated in
terms of Monge-Kantorovich distances and Husimi transforms.
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In this section, we propose a slightly different approach, and estimate directly the
difference between the single-particle marginal of the N-particle density operator
and the Vlasov solution in terms of the Ej functional. This estimate combines the
ideas used in the proof of Theorem 2.5 above, with those of [7].

Before stating our main result, we introduce some elements of notation pertaining
to large particle systems.

Firstly, the particles considered in the present work are indistinguishable. The
mathematical formulation of this property is the following symmetry condition. For
each N > 1, let &y be the group of permutations of the set {1,..., N}. For each
o € Gy and each Xy = (21,...,2x5) € (RN, we denote

O"XN = (xa(l),...,xa(N)).

With § := L?(R%) as in the previous section, we set Hy := HOV = L2((RI)V).
For each ¥ € Hy and each 0 € Gy, we set

UU’L/JN(XN) = wN(O' . XN) .

Obviously
Ur=U,=U;"

o

so that U, is a unitary operator on ). A density operator for a system of N
indistinguishable particles is an element Ry € D($n) satisfying the symmetry
relation

U,RnU; =R foreacho € Gy .
The subset of elements of D($y) satisfying this symmetry condition is henceforth
denoted D*(Hn).
Secondly, we recall the notion of n-body marginal of an element of D()y) for

allm=1,...,N. For each Ry € D($y) and each n = 1,..., N, we define R}y to
be the unique element in D($),,) such that

(9) traceq, (Ry(A1®...® Ay)) = traceg(RN(A1®...0 A, R I ®...® Ig))
for each Ay,..., A, € L($). Equivalently
traceg, (R Br) = traceg y (RN (An @ Iy _,))
for each By, € L($,), using the identification Hy ~ H, @ Hy—_n. Clearly
Ry € D°(Hn) = Ry € D°(9,) .

At this point, we introduce the N-particle dynamics. Let the interaction po-
tential V' be an even, real-valued function of class C*' on R%, and consider the
N-particle quantum Hamiltonian

N

N
1
HE,N = E 1 7%712AI]. =+ N kE 1V(:L'j — :L'k)
J= J,R=

Assuming that the state of the N-particle system at time ¢ = 0 is given by the
symmetric density operator R}y € D*($n), the state at time ¢ > 0 of that same
system is biven by the propagated density operator

(10) Ry n(t) = e~ tHnn/hpiny eitHnn/h g >0,
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Observe that U, Hny = HnU, for each o € Gy, so that Uye®HN/I = itHn/hyy
for each t € R and each 0 € Gy. As a result, the symmetry property of Rf{’N is
propagated by the dynamics, i.e.

UsRp n(t)Ur = Ry n(t) for eacht > 0 and each 0 € Gy .

Theorem 2.6. Let V be an even, real-valued function of class Ct' on R%. Denote
by L the Lipschitz constant of VV and let T' = 2+ 4L%> VvV 1. Let Rf{’N € D*(HN)
and let Ry n(t) be given by (10) for each t > 0. Let f'™ be a probability density on
R? x R? such that

/ (e + [€2)F (@, €)dadé < oo,
R xR

and let f be the (weak) solution of the Vlasov equation (3) with initial data f™.
Then

1 n pn 1 in\®n pin (2||VVHL°°)2 et -1
;Eh(f(f)® Ry n(t) < NEH((f )% aRh,N)eFt + N1 T

for each n = 1,...,N and each t > 0. In particular, for each n = 1,...,N and
each t > 0, one has

% distax 2 (f(1)®", W [Rg,N(t)])Q

1 (2 VV=)? e — 1
- N N -1 I

If moreover ;Z}N is the Téplitz operator at scale h with symbol (21h)? s where pi?

En((f™)®", Riily)et" +

+ 3dh.

is a symmetric Borel probability measure on (R*)N, i.e. Rj'y = OPF[(2rh) N uiw],
one has

% distak,2 (f(¢)®", WH[R%N(’?)W

Q2VV]r=)® et — 1
N-1 A

1 . .
= (N distur 2((f™)®", ui)? + %dh) M+ + Ldh.

The result in Theorem 2.6 is the diagonal arrow in the diagram of section 1. It is
natural to consider the quantity % Er(Fx", i'x)? since the square of the “distance”
E;, between symmetric N-particle densities (quantum and classical) grows linearly

with the particle number N.

2.3. From the N-Body Schrédinger Equation to the N-Body Liouville
Equation. As a by product of the methods introduced to prove Theorems 2.5 and
2.6, we establish the validity of the classical limit from the N-body Schrodinger
equation to the N-body Liouville equation as i — 0, i.e. the right vertical arrow in
the diagram of section 1. This limit is of course well known for each N > 1 (see for
instance Theorem IV.2 in [10]); the novelty in the approach presented here is that
this limit is proved to be uniform as N — co. More precisely, we seek to compare
the evolved density operator Ry n(t) defined by (10) in the previous section 2.2,
and the solution Fi (¢, Xn,Zx) of the Liouville equation

N
1
) OFN +En VaxyFy = Vxy | & Y Vi —m) | Ve F =0,
k=1

in

FN‘t:OZ N -
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Specifically, we obtain a uniform (in N) bound for the quantity

- En(F (2), B (0)?

in terms of its value for ¢t = 0. Forn = 1,..., N, let Fj be the n-th marginal of
F, as in the statement of Theorem 2.6.

Theorem 2.7. Let V be an even, real-valued function of class Cb' on R%. Denote
by L the Lipschitz constant of VV and let A = 1 +4L% Vv 1. Let R}'{fN € D*(Hn)
and let Ry, n(t) be given by (10) for each t > 0. Let Fi be a symmetric probability
density on (R? x RY)N such that

/ (e + [6P)Fif (2, €)dedt < oo
RAN xRN

and let Fiy be the (weak) solution of the N-body Liouville equation (11) with initial
data F{P.
Then, for allt >0 and alln=1,...,N

1 1 ) _ 1
~En(FR (1), Ry v ()%™ < G En(FR, Ryy) e 20"
In particular,
L. n 17 n 1 n n
7 distaarc 2 (FR (6), WalRR N (D])* < - Bn(ER (1), BR v (8)° + .

Moreover if }{fN = OP,Z:[;LK}] where ptt is a symmetric probability measure on

(R? x RHYN, then
1 .. o ~
~ distak 2 (FR (1), Wil v (1)?
1 3 mn mn _1
< <N distari 2 (FR, w3 ) + %dh) em 2t Lap,
for allt >0 and each n = 1,...,N. In the particular case where p%t = Fi', one
finds that
1 1 n A7 n _1
~ distaa 2(FR (8), Wil R (8)])° < dh(1+ e 2=
for allt >0 and eachn=1,...,N.

Together with Theorem 2.4 in [7], Theorem 2.7 shows that both the upper hor-
izontal and left vertical arrows in the diagram of section 1 correpond to uniform
limits. This uniformity explains why the mean-field, large N limit and the classical,
small A limit can be taken simultaneously in the quantum N-body problem, in the
case of interaction potentials with Lipschitz continuous gradient.

3. PROOF OF THEOREM 2.4

3.1. Proof of the general lower bound. Set A; = (z; —y;) and B; = §;+ihd,,;
both A; and Bj are self-adjoint unbounded operators on $), and one has

A%+ B = (A; +iB;)" (A +iB;) +i[B;, Aj] > i[B;, A;] = i(—ih) = h
foreach j =1,...,d. Thus
d
€§) =3 (A?+ B?) > 1dh.

Jj=1
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In particular, for each @ € C(p, R), one has
/ trace(Q(z, §)cn(x, §))dxds > %dh/ trace(Q(x,§))dxdé = dh.
RIxR4 RIxRA
Minimizing the left hand side of this inequality over C(p, R) leads to the announced
inequality.
3.2. Proof of (1). We shall use the following intermediate result.

Lemma 3.1. Let p be a probability density and p a Borel probability measure
on R x R, and let q be a coupling for p and p. Then q is a measurable map
(2,8) v q(z,€) defined a.e. on R x RY with values in the set of Borel probability
measures on R x R%, and the map

Qn: (2,6) = OP ((2mh) q(x, €))

belongs to C(p, OPL ((2mh)?p)).

In other words, for each coupling ¢ of p and p, the Toplitz operator Qp(x,&) =
OP%(Q(ZE, £)) belongs to C(p, Ry). Therefore

Bn(p B < [ trace(cn(a, )00 (gl )
RIxRd
For each z € R, consider the quadratic polynomial
y = y(z,y) = 5lz —yl*.
Then
cn(,§) = y(z,y) + (& —ihVy),
and applying formula (8) shows that

trace(en(z. 0RF (ol ) = [ (o €mutdydn) + FhAq =)

= / Y(, & y,n)p(dydn) + 3dh.
RIxR4

Hence

En(p, Rp)? < / V(@ &y, m)p(dydn) + 5dh
R4xRd

for each ¢ € II(p, 1), and minimizing the right hand side of this inequality as ¢ runs
through II(p, i) leads to the announced inequality.

It remains to prove Lemma 3.1. This is a variant of Lemma 4.1 in [7].

Proof of Lemma 3.1. First, we observe that, for each ¢ € C(R? x R%)

/ / $(y,)g(dxdedydn)
Ox(R4xR)

if Q is Lebesgue-negligible in R? x RY. Hence, for each ¢ € Cp(R? x RY), the
bounded Borel measure on R? x R? defined by

Q drdédyd
H//QX(Rded) d(y,n)q(drddydn)

< Il | /Qp(:c,f)dzdg o
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is absolutely continuous with respect to the Lebesgue measure on R? x R¢. By
the Radon-Nikodym theorem, this Borel measure has a density with respect to the
Lebesgue measure on R? x R? which is precisely

(z,8) — o(y,m)q(x, &, dydn)
RIxR4

where ¢(z,&, ) is the sought map.
Since q(z,¢) is a probability measure for a.e. (z,¢) € R% x R%), one has

Qn(x, &) = OPL((2wh)q(x,€)) = OPF ((27h)*q(x,€))* = Qn(x,£)* >0,

and
trace(Qn(a,)) race(OP (21 'a(w.€) = [ gl . dydn) = ).
On the other hand
/ Qu(x, €)dudg = OPT ((2rh)q(x, €))dude
RIxR4 RIx R4

=O0Pf ((27rh)d / q(:c,g)dxdg) = OPE((2nh)p) .
RIxR4
Hence Qp, € C(p, OPE ((27h)%)). O
3.3. Proof of (2). Let a,b € Cp(R? x RY) satisfy
(12) a(a, &) + by, n) < 5(lz —y[> + 6 = nf*) = T(z,&,y,n)
for each z,y,&,n € R%. Then
a(z,&) OP} (1) + OPJ (b) < OPY(I(,€, -, -)) = cn(, &) + 3dhly

where the last equality follows from formulas (5).
Then, for each @ € C(f, R)
[ acelente, QL. )i
RixR4
> / a(z,&) f(z,&)dzdé + trace(OPF (b)R) — Ldh
RIxR?

- / ale, €)f (¢, €)deds + / b(y, ) WalR)(y, ) dydn — Ldh.
RIxRY RixRA

where the last equality follows from formula (7).
Minimizing the left-hand side of this inequality over @ € C(f, R), and maximizing
over all a,b € Cy(R? x R?) satisfying (12), one has

En(f,R)* + idn

> WS (/a(w,E)f(w,E)de+/b(y,n)Wh[R](y,n)dydn>
a,beCy (RIxRA)

= distux 2 (f, Wa[R])?,

where the last equality follows from Kantorovich duality (Theorem 1 in chapter 1
of [15]).
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3.4. Proof of (3). Since Wi[Ry] — pin &' (R%x R%), one has Wy[Ry] — p weakly
in the sense of probability measures on R% x R as h — 0, by Theorem IIL.1 (1) in
[10]. Statement (2) implies that

lim Ep(f, Rp) > lim distak o (f, Wa[Ra))?
h—0 h—0

and Remark 6.12 in [16] implies that

lim distumk 2(f, Wh[Rh])Q > distm 2 (f, 1) -
h—0

4. PROOF OF THEOREM 2.5

The proof is based on the same idea of an Eulerian variant of the Dobrushin
estimate [6] for the mean field limit as in [7].

4.1. Step 1: Growth of the Moments of f.

Lemma 4.1. Let f™ be a probability density on R x R such that
JI e +1€P)s o, ) dade < oc.
RixR4

and let f be the solution of the Cauchy problem (3). Then, for each t > 0, one has
[ e+ 1€P)s . €)dode
RixR4

<et ([ 4o+ 162" o o 4 V] )

Proof. First we recall the conservation of energy for solutions of the Vlasov equa-
tion:

d
= (//Rded %|€|2f(t,x,£)dxd§ + % //R'ide V(e - y)pf(t,x)pf(t,y)dacdy) =0

so that

// et a, €)dude < // L¢P i (a, €)dade + | V]|~
RIxRA RIxR4

for each t > 0.
On the other hand

d
E//Rdmd sl f (¢t 2, &)dwds = +//RdXRd,g.xf(t,x,£)dxd§

malt) = [ dla + 1P, e

so that

satisfies
t
ma(t) < ma(0) + | V]| 1 +/ ma(s)ds
0

The conclusion follows from Gronwall’s lemma. O
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4.2. Step 2: a Dynamics for Couplings of f and Rj. Forall Qi" € C(f™", Ri"),
let Qr = Q(t, z, ) be the solution of the Cauchy problem

(13)
OQr+(€ - V=YV 5y ps(t,2) - Ve)Qn+ —%ihAy—i—%V*P[Rh](t,y)th =0,
Qh|t:0 = Q-

Let us briefly recall how the solution of (13) is obtained. Denoting z = (z, §), let
t Z(t,s,2) € R x R? be the integral curve of the time-dependent vector field
(&, —VV % py(t,z)) passing through (z,§) at time ¢t = s. Let ¢t — M(t, s) be the
time-dependent unitary operator on $) such that

ihOyMp + $P* Ay My — V  p[Ri)(t,y)Mp =0,  Mp|,_ = I .
Then
Qh(t’ Z) = Mh(t) %n(Z(O’ t, Z))Mh(t)*
(see [5], especially Proposition 4.3).

Lemma 4.2. Let Qi" € C(f™,Ri™). Then, for each t > 0, one has Qn(t) €
C(f(t), Rn(t))-
Proof. Since M (t) is unitary
trace(Qn(t, 2)) = trace(Mp(t)QI(Z(0,t, 2)) Mn(t)*)
= trace( My (t)* Mu(t)* Q™ (Z(0,t, 2)))
= trace(Qy" (Z(0,t,2))) = f"(Z(0,t,2)) = f(t,2),

while

/Rded Qn(t, 2)dxd§ = Mp(t) </Rd><Rd %”(Z(O,t,z))dzdg) My (t)*
= Mp(t)Ry* Mp(t)* = Ry(t).
O

4.3. Step 3: the Eulerian Estimate for the Second Order Moment of Q).
We define

En(t) := /Rd o trace(cn(2)Qn(t, 2))dzdE .

Since Qp, is a solution of (13), one has

%(t) :/Rd N trace(Qn(t, 2){L[€|* + V % ps(t, ), cn(2)})dadE

+/ trace (Qh(t, z) {%zhAy — 2V p[Rul(ty), cn(z)}) dxde .
RIxR? h
We shall need the following auxiliary computations. First

{3lEP en(2)} =€ (z — ),

while
[—%ihAy, cn] = 3iR[Vy, cp] - Vy + 3iAV - [V, )

—%zh(y —x) -V, — %mvy (y —x),
so that
{31€1%,cn(2)} + [3ihAy, cr(2)] = 3(z —y) - (+ihV,) + 5(E+ihVy) - (z —y) .
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Likewise
{Vxps(t,x),cn(2)} = =VV % ps(t,x) - (£ +ihV,),

while

cn(2), Ly pIRA](t, y)] = 5 VVrp[R(t, ) (E+ihVy)+3(E+ihVy) - VV*p[R](t,y)

h
so that
{V*pf(t’z>’ch(z)} + [%V*p[Rh](tay)vch(z)a
= LYV % p[R](t,y) — VV * ps(t,z)) - (€ +ihV,)
+%(§ +ihVy) - (VV x p[R](t,y) — VV * ps(t, x)) .
Hence
@

0= [ tracolQut )5 (o~ 9)-(€+IRT,)+ (€4, )-(z ~ y)dodg
R4xR4

+/ trace(Qn(t, 2)3(VV x p[R|(t,y) — VV * ps(t,x)) - (€ +ihVy))dxdE

RIxR4

+/ trace(Qn(t, 2) 3 (£ +ihVy) - (VV x p[R](t,y) — VV * ps(t, x)))dzdf .
RIxR4

At this point, we recall that, if A, B are self-adjoint, possibly unbounded opera-
tors on §, and if p € L£($) satisfies p = p* > 0, then

trace(p(AB + BA)) < trace(p(A? + B?))

since
trace(p(A — B)?) > 0.

(If T is an unbounded, self-adjoint nonnegative operator on $J, we define trace(pT)
as an element of [0, +oc] by the formula trace(pT') := trace(p'/?Tp'/?), even if pT
is not a trace-class operator on $.)

Hence

[ racelQut )b (e =) (€409, + (€4 30V, - (o — ) < En(e).
and
/R | trnee(@u(t: )3TV (1) = TV % plRI(L ) - (€ + 119, )
+/ trace(Qn(t, 2)3 (£ + ihVy) - (VV x ps(t,z) — VV = p[R](t, y)))dzd
RIxR4
< / trace(Qn(t, 2)5|VV * ps(t, ) — VV * p[R](t, y)|*)dxdE
RIxR4

+/ trace(Qn(t, 2)|¢ + ihV, [*)dadE .
RIxR4
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Next
/ trace(Qn(t, 2)5|VV % ps(t, &) — VV % p[R](t,y)|*)dadé
RixR4

< / trace(Qn(t, 2)|VV % py(t,x) — VV x p[R](t, 2)|?)dzdé
RIxR4

+ / trace(Qn(t, 2)|VV  p[R](t,z) — VV % p[R](t, y)|?)dewde .
RIxR4
Observe that

YV % plRI(t,2) = VV 5 plRI(t, )| = \ /R V(@ —2) = V(y—)plRIt,2)dz

— [ V(&= 2) V- 2)lplRI(t, 2)dz < Lip(VV)|z — g / PIRI(t, 2)d
Rd R4

< Lip(VV)|z -y

Hence

/ trace(Qn(t, 2)|VV % p[R](t,2) — VV * p[R](t, y)|*)dxd¢
RIxR4

< Lip(VV)Q/ trace(Qn(t, 2)|z — y|*)dxde
RIxR4

Summarizing, we have proved that
d&x

o (t) < En(t) + / IVV % ps(t,z) — VV % p[R)(t, x)|* f(t, z, €)dxdE

R4xR4
+ / trace(Qn(t, ) (A€ + AV, 2 + Lip(VV)|z — y|?))dade .
RixR4
Observe that
YV syt X) — YV 5 p[RI(E, X)
= [ WV - of s deds — [ VO =yl v)dy
RIxR4 Rd
= / VV(X —x)f(t, z,&)dxdé — trace(VV (X — )Rp,)
RixR4

_ / trace((VV(X — &) — VV(X — 9))@n(t, o, €))dade
RiIxR4

so that
VV 5 ps (1 X) = VV 5 plR](E, X)[?

< / trace(|[VV (X — ) — VV(X — 4)2Qn(t, z,€))dwde
RIxRA

< Lip(VV)Q/ trace(|z — y|2Qn(t, , €))dxdE .

RixR4
Hence
d&x

E(t) < &x(t) + Lip(VV)Q/ trace(|z — y|?Qn(t, z, €))dwdE

RIxRA

+ / trace(Qn(t, 2)(b[& + iRV, [2 + Lip(VV)2|z — y[?))dade .
RixR4
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or, in other words,

d&r

—H() < (144 Lip(VV)? vV 1)Ex(t) .

Therefore
En(f(t), Ru(t))? = En(t) < eMER0),  forallt>0.

Minimizing the left hand side of the inequality above as Q%" runs through
C(f™, Ri™), we conclude that

En(f(t), Ru(1)? < eMER(f™, RIM?,  forallt>0.

4.4. Step 4: Convergence Rate and Monge-Kantorovich Distances. First,
we apply statement (2) in Theorem 2.4 to the left-hand side of the inequality above:,
one finds that

distarc o (£ (£), WalRa(D)])* <En(f (1), Bu(t))* + 3dh
<eMEp(f", Ri"? + 4dh, forallt>0.
In addition, if Ri* = OP{[(27h)%u™™) where '™ is a Borel probability measure on

R?, we apply statement (3) in Theorem 2.4 to the right-hand side of the previous
inequality, to find that

distari 2 (f(£), Wa[Ra(1)])? < €™ (distai 2 (£, 1) + Ldh) + Ldn
for all t > 0.

5. PROOF OoF THEOREM 2.6
5.1. Step 1: a Dynamics for Couplings of f®" and Ry y. Consider an arbi-
trary coupling }L”N € C((fimenN, R%?N), satisfying the symmetry condition
(14) Qi'n(o-Xn,0-En) = UsQi'N (XN, EN)US
Let Qr.n = Qnn(t, Xn,EN) be the solution of the Cauchy problem

N
0iQn N (6, XN, EN) + D (& Vay, = VV xe pr(t,5) - Ve, )Qn v (t Xn, Ex)
(15) J=1

+ = [, Qnn (8 X, Bl = 0,
with initial data
(16) Qrn(0, XN, EN) = QF'n (XN, EN).
Here, we denote by [, -]n the commutator between operators on $y.

Lemma 5.1. Let Qp n be a (weak) solution of (15) with initial data (16). Then
(a) one has

Qrn(t) € C(fF()®N, Run(t))  for each t >0;
(b) for each o € S and each t > 0, one has

Qh,N(taU'XN)U EN) = UUQH,N(taXN)EN)U; .
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5.2. Step 2: Coupling BBGKY Hierarchies. Instead of working directly with
the equation (15) for N-particle couplings, we look at the hierarchy of equations
for the n-particle marginals of Q5 n.

Definition 5.2. For each n =1,..., N, we define the n-particle marginal of Qn n,
henceforth denoted Q}. v, as follows: for a.e. Xy, =, € (R,

Q;;N(t, Xn, En) = / [Qh,N(ta XN, EN)]nd.Tn+1dfn+1 I dmNdi s
(RdXRd)an
where the n-particle marginal of the N-particle density Qnn(t, Xn,Zn) has been
defined in (9).

Integrating with respect to x2, &2, ..., zN, En and taking the 1st particle marginal
of both sides of (15) leads to the equation

atQili,N(t’xlagl) + (51 ’ vm = VV i pf(ta xl) ) V&)Q%,N(taxlagl)
)

+ﬁ/ , e [Hh,NvQh,N(t,XN,EN)]]lVdSCQdéé...,d;L'Ndé'N:0'
(RIxRA)N -1

Then

[Hh,Nth,N(taXNaEN)]jlv =[-2R*A,,, QnN(t, XN, EN)"h

1

N
+ = [V —3), Qun(t, X, En)] -
=2

=

At this point, we integrate further in xs,&s, ..., 2N, &N, and find that

/ . [Hh,Nth,N(thNaEN)]]lVd$2d§2---adedi
(RéxRA)N -1

= [-%rﬂAyl, Qun(t, Xn,EN) daadss . .. dondén

(RIxRA)N-1 N

1 N

N Z/ V(y1 —y;), Qun(t, Xn, En)|Ndw2ds . .., doydéy .

=2
Using the symmetry relation (b) in Lemma 5.1, we observe that
V(1 —4), Qun(t, Xn,EN)N = V(v — v2), Qun(t,0- X, o - En)ly

where ¢ is the permutation exchanging 2 and j and leaving all the other indices
invariant. Hence

/ o M Qv (t Xx BN daadés - davdEn
(RAXRA)N-1
= [_%hQAyquli,N(taxl,&)]l

N -1
S . V(1 — y2), QN (t, 21, 22,&1, &2)|3dwads .
X
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Eventually, we arrive at the equation for Q;liﬁ N Which is
(17)
0iQp v (t,71,1)
+(§1 V = VV xg pf(t 1'1) V&)Qh N(t 551751) h[ ylth N(t 1'1,51)]

7
Jrﬁ/ [V (g1 — 12), QF n(t, 21, 22, €1, &)]5daadés = 0.
R4xR4

This equation couples the first particle marginals of Qs n, and is not in closed
form, as it involves the 2-particle marginal Q%ﬁ n- Therefore, this equation can be
regarded as coupling the first equation in the BBGKY hierarchy for the N-particle
equation with the Vlasov equation.

Remark 5.3. Proceeding in the same way, one could also write the analogous equa-
tion coupling the j-th equation in the BBGKY hierarchy for the N-particle equation
with the equation satisfied by the j-fold tensor product of the Viasov solution:

(18)

n

ath,N(ta Xn, En) + Z(@ ’ vﬂﬂj = VVig pf(ta xj) ’ vfj)Qg,N(ta Xn, En)

j=1
. n 1 n N _
=5y Ay 5 D VI~ uk) Qv (t X )
j=1 g, k=1

n

V(Y5 — Yns1), ngvl(t, Xot1,Ent1)np1dng1d6n41 = 0.

. n
Z/R'ixR'i

Forn = N, this equation obviously coincides with the original equation (15). Anal-
ogously, we recall that the last equation in the BBGKY equation coincides with the
N -particle Liouville, or von Neumann equation.

In the course of the proof, we shall use only the first equation (17) in the hierarchy
of equations (18) for n = 1,..., N — 1, together with the original equation (15).
Equations (17) and (15) are used for two different purposes in the proof. We shall
return to this later.

5.3. Step 3: On Moments and Symmetries of Qp n(t). Henceforth we denote
cng(@,&) =Lz —y P + £ +ihVy,|?), j=1,...,N.

Define

Dh,N(t) ::/ N ZtracegN(Ch,](x],EJ)Qh N(ﬁ XN,HN))CZXNCZ._N
(RExRA)N

Lemma 5.4. For eachn=1,...,N and each t > 0, one has

Dp,n (1) :/ - Ztraceyjn(ch](xj,fj)Qh ~(t Xn, En))dXndEy
(RAIxRA)" n
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Proof. By statement (b) in Lemma 5.1, one has
/ traces y (ch,j (25, &)@ N (t, X, En))dXndEN
(RAxRA)N
= / traceym (Ua-chﬁl(xj, éj)U;thN(t, XN, EN>>dXNdEN
(RIxR4)N
:/ traceq y (cn,1(21,€1)Us QN (t, 0 - XN, 0 - ZN)Uy ) dX Nd=N
(R4 xRA)N

= / tracegq y (cn,1(21,€1)Qn,N (6, XN, EN))dXNdEN
(RIxR4)N
if o is the permutation exchanging the indices 1 and j. Therefore

D n(t) = / traceq y (¢r,1(z1,81)Qn,n(t, XN, En))dX NdEN
(RExXRA)N

= / traceq (cn,1(21,&1)Qf v (t, 21, £1))dz1&1
RIxR4

and by the same token

1 - -
DhﬁN(t) = / — ZtracegN (chyj(xj,fj)thN(t,XN, :N))dXNd:N
(RIxRA)N n et
1 — n - -
:/ —Ztraceyjn(ch,j(xj,Ej)QhﬁN(t,Xn,:n))and:n
(R'iXR'i)" n =1

forallm=1,...,N. O

5.4. Step 4: a Differential Inequality for Dj n(¢). The most important step
in the proof of Theorem 2.6 is to obtain a differential inequality controlling the
convergence rate of R, y to f in some appropriate sense. This control involves two
different arguments, referred to as “stability” and “consistency” by analogy with
the Lax equivalence theorem in numerical analysis.

5.4.1. Stability. Multiplying both sides of (17) by cp1(x1,&1), integrating in x1, &
and taking the trace of both sides of the resulting equality, we arrive at the following
identity:

dDp, N
—(t
o (1)

:/R traceﬁ(@rli,N(tvxlvfl)(él'Vzlch,l(xlvfl)*%mmynCh,l(fclvflmdzld&

dx R4

*/ traceq (Qf n(t, 21,6)VV %4 pr(t,21) - Ve, cna(21,61))da1dé
R4xR?
i N—1

— trace(Q7 n(t, X2, Z2)[V (y1 — y2), cn1 (21, €1)]2)da2ds .
A N RIxR4 ’

We shall use the following auxiliary computations:

& Vaeni(1,6) =& Ve sz — > =& - (21 — ),
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while

_%ih[Aylﬂch,l(‘rlagl)] = %’thyl : [Vyl, %l(El - y1|2]

— Lib[Vy,, $lar — 1) - Vg,
=—1ihVy, - (y1 — 21) — 3ih(y1 — 21) - Vy,
so that
(El . vllch,l(xlagl) - %ih[Ayl,Ch71($1,€1)]
= 3(&1 +ihVy,) - (21— y1) + S(@1 —91) - (&1 +iAV,,) .

Likewise

-V K pf(t,.’L'1) : V£IC}171(.’L'1,§1) =-VV *z pf(ta (El) : v£1 %'61 + 'thyl |2
=—VVx; pf(tv'rl) : (51 =+ Zhvyl) )

while
ﬁ[V(?A —y2),cn1(71,&1)]2 = ﬁ[V(m —y2), 316 + ihV,, [*]2
= —ﬁ(& +ihVy,) - [(§1 + iRV, ), V(g — y2)]2
72_7”1[(51 + Zhvw)a V(yl - y2>]2 ' (51 + Zhvyl)
= 3(& +ihVy,) - VV(y1 —12) + 3VV (41 — y2) - (&1 +ihVy,) .
Hence
dDh,N 1 1 .
— 1) =3 . traces (Qp, v (t, 21, &) (§1 + 1AV, ) - (21 — y1))dz1dé
X
! /R - traces(Qh (o, &) = )+ (6 iR, ))dode
X
= [ traces(Qh {21, €)VY e py(tin) - (€1 + RV, ))dordés
RiIxRA
N — 1 2 —_ . —
PN e T2 @y (6 X2 Z)(60 1 ihV,) - TV (31— 92)) X,
X
N-1 . _ . _
+— tracem (Qh,N(t5 XQ, :Q)VV(yl - yQ) . (51 + zhvyl))ngdzg .

2N J(raxma)?
At this point, we use the inequality
(A*B+ B*A) < (A*A+ B*B)
so that

(19) trace(Q(A*B + B*A)) < trace(Q(A*A + B*B))
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for all Q > 0. Thus

dDhﬁN
dt

/ . . tracegz (Q%yN(t,Xg, EQ)V(t,.Tl,.TQ) . (&1 + Zhvyl))ngdEQ
(RixR4)

[ traces, (QR (1 Xa,Z2)(6 + ihV,,) - Va1, 22))dXadEs
(R¥xR4)?

+— / tracem (Q% N(t, XQ, EQ)(&l + Zhvyl> . W(XQ, YQ))dXQd:Q
N (R4 xR )2 ’

(t) < Dp,n (1)

N =

N =

=

=

-1 . —_
+— / traceg, (Q% N(ta Xo, EQ)W(XQ, YQ) . (51 + ’thyl))dXQd:Q ,
2 (R4 xR™)2 ’

=

with the notation
V(t,x1,22) 1= VV %5 ps(t, 1) — %VV(:Q )
and
W(X2,Ys) :=VV(xy —22) — VV(y1 — y2) .

By the same token

dDp,n
dt

/ tracem (Q%,N(tv XQ, EQ)V(t, I, SCQ) . (51 + Zthl))dXQdEQ
(R¥xR4)?

(t) < Dp,n(t)

N[ =

N[ =

/(Rd oy tracegz(Q%N(t, X2, E2)(&1 + ihVy,) - V(t, 21, 22))d X2dEs
X

N -1 . -
+— traces, (Q7 y(t, X2, Z2)[&1 + 1AV, |*)dX2dZs

2N (R4xR4)2
N - 1 2 p— 2 —_—
+W tracem(QhﬁN(t,Xg,:2)|W(X2,Y2)| )dXQd:Q ,
(R4 xR4)?
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so that
dDn, N

—(t) <D t

o () <Drn(t)

—% / traceg, (Q%N(t, Xo, EQ)V(t, X1, .Tg) . (&1 + Zhvyl))ngdEQ
(RAxR4)2

—%/ traces, (Q7 y (t, X2, Z2) (&1 + ihVy, ) - V(t, 21, 22))dX2dZs
(RexR4)2

JF%/ traces, (Qf n(t, X, Za)|é1 + iV, |?)dX2d=s
(RixR4)2

+%L2/ traceq, (Qf n(t, X2, Za)|(z1 — y1) — (22 — y2)[*)dX2d=s
(RxR)?
= Dp.n (1)

/ traces, (Qf n (t, X2, Z2)V(t, 1, 22) - (€1 + iV, ))dX2dZs
(RixR4)?

N [=

N[ =

/ tracem (Q%,N(tv XQ, EQ)(&l + Zhvyl) . V(t, T, ZL'Q))dXQdEQ
(RixR4)?2
+%/ traceq (Qp v (t, 1,&1)[&1 + ihV,, |*)de1dé:
RixR4
+L2/ traces, (Qf n(t, X2, Za) (|21 — y1[* + |2 — yo[*))d X2d=s
(R4xR4)2

= Dh7N(ﬁ)

/ . . tracegz (Q%yN(t,Xg, EQ)V(t,.Tl,.TQ) . (&1 + Zhvyl))ngdEQ
(R¥xR4)?

N =

N =

[ traces, (QR (1 Xa,Z2)(6 + ihV,,) - V(. an,22))dXadEs
(R4 xR4)2
+%/ traceyj(QaN(t,zl,&l)Ml +Zhvyl|2)d1'1d§1
RIxR42

+21.2 /Rd o traceﬁ(Qfli,N(t,xl,gl)ul _ y1|2)d$1d€1
X

Eventually, we arrive at the inequality
dDhq N
dt

/ traceq, (Qf n (t, Xa, Z2)V(t, 21, 22) - (&1 + ihV,,))dX2dZs
(RxR)2

(t) < (1+1VA4Lip(VV)}) Dy n (1)

N =

N [=

/ tracem (Q%,N(tv XQ, EQ)(§1 + Zhvyl> . V(t, T, ZL'Q))dXQdEQ .
(RixR1)2
5.4.2. Consistency. The consistency part of the proof is the control of the terms

% / traceyj (Q%N(t, XQ, Eg)V(t, I, .Tg) . (&1 + Zhvyl))ngdEQ
(RIxR4)2

(SIS

/ tI‘aCGy‘J (Q%,N(t5 XQ, Eg)(gl + Zhvyl) . V(t, 1, SCQ))dXQdEQ .
(R4xR%)2
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At this point, we undo the symmetry reduction leading to equation (17), and dis-

tribute the interaction of particle 1 with particle 2 evenly into interactions of particle
1 with particles 2,..., N. In other words

/ tracem (Q%,N(t5 XQ, EQ)V(t, I, SCQ) . (51 + Zthl))dXQdEQ

(R?xR4)

= / tracegN(Qh,N(t, Xn, EN)V(t, xy, $2) . (&1 + ’thyl))dXNdEN
(RExR4)

= / traceyjN(Qh,N(t, o-Xn,o- EN)V(t, xq, $j) . (&1 + ’thyl))dXNdEN
(R4xR4)N

/ traceg, (UthyN(t, X, EN>U;V(t, Ty, :L'j) . (51 + Zﬁvyl))dXNdEN
(REXRA)N

/ traceg , (thN(t, X, EN)U;V(t, X1, :L'j> . (51 =+ iﬁvyl>Ug>dXNdEN
(REXRA)N

= / traces  (Qn,n (8, XN, EN)V(E, 21, 7)) - (61 + iRV, ))dXNnd=EN
(R?xR4)

for all j =2,..., N, where o is the permutation exchanging 2 and j and leaving all
the other indices invariant. Similarly

/ traces, (Qf v (t, X2,22)(&1 +ihVy,) - V(t, 21, 32))dX2dZs
(RIxR%)

= / traceq  (Qnn(t, XN, En) (&1 + AV, - V(t, 21, 2;))dX NdEN
(R4 xR4)N
Therefore

%/ traces (Qf n(t, X2, E2)V(t, 21, 32) - (&1 + 1AV, ))dX2dZ,
(R4xR4)2

/ tI‘aCey)(Qh N(t XQ, 2)(51 + ’thyl) . V(t,:cl, ZL'Q))dXQdEQ
R4xR?)2

L\.’)I»—A

N
= %/ traces y (Qn.n y—1 Z (t,x1,25) - (& +ihVy,))dXNdEN
(RIXRAHN

j=2

N
+1 / traces y (Qn.n (&1 +1hVy,) - w7 > V(t, 21, 7;))dX NdEN .
(RAxR4)N

j=2

Applying inequality (19) shows that

% / tracegz (Q%,N(ta XQ, Eg)V(t, I, .Tg) . (&1 + Zhvyl))ngdEQ
(RIxR4)2

+

NIE

/( R4)2 trac 2( h’N(t’ 2 2)(61 ih\ yl) ! V(ta wlaxQ))dXQd—*HQ
X
2

N
/(RdXRd)N traceg , Qf%N Z t , L1, :Cj dXNd=EN

j=2

<

(SIS

+1 / traces y (Qn.n|&1 + 10V, |*)dXndEN .
(REXRA)N
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Observe that
2

N
/(Rd Rd)N traceﬁN Qﬁ"N lel Z V(tv ‘rla ZL']) dXNdEN
X

5

<

2

N
:/ traceq (Qn) |wo1 S Vit o1,a;)| dXndEy
(REXRAN

N
=/ FOPN (XN, EN) |57 DVt 21, 2))| dXndEN
(RIxRA)

N
- /(Rd)N +1 Zv(t’xl’xj) pf(t)®N(XN)dXN .

This last term is mastered by Lemma 3.3 in [7] in the case p = 2:
2

N
2
[ e oVt oY (XX < o TV ).
(Rd)N j:2 N — 1

Finally, we have proved that
dDh. N
dt

+% / trace;)N(thNKl +iﬁvyl|2)dXNdEN
(REXRA)N
2

N
JE=Y RN U E NN
j=2

(t) < (1+1V4Lip(VV)*)Dpn(2)

+

rol—
2

= (1+1V4Lip(VV)*)Dpn(t)

+%/ traces x (Qf n (£, 1, &1)[61 + ihV y, |?)dar déy
RexR4
2

N
+ /(Rd)N 1 ) V(x| pr )N (Xn)dXy
=2

N[

2 )2
< (24 1VALp(VV)2) Dy () + % ,

By Gronwall’s inequality
QIVV|L=)?e™ —1
N -1 r

Dun(t) < Dun(0)er +

5.5. Step 5: Conclusion. By definition of the pseudo-distance Ej, one has

1 ©2[VV| L) e — 1
—E “n Rp <D T
” n(f)", Ry n(t) < Dpn(0)e " + A =

for each n = 1,...,N and each ¢ > 0. Minimizing the right hand side of the
inequality above as the initial Qy"y runs through the subset of C((f)®, Rj"y)
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of all couplings satisfying the symmetry relation (14), we arrive at the inequality

@VV]lL=)? e 1

SR, REn () < 5 ke

! ~(0) € B R )e +

(Indeed
/ traces  (cn,j (2, &) Qn'n (XN, En))dX NdEN
(RAxRA)N ’
:/( _— traces y (cp,1 (21, £)ULQN N (0 - X, 0 - EN)Us )dX NdEN
Ri4xXR

and therefore

N
1 ; — —_
/(Rd o N > traces (e (25, &) QN (XN, En))dX N dEN
X

j=1
1 _
= / = D trace (o (25, &) QR (X, Ev))dX ndEn
(RIxRI)N =

where

A _ 1 ) _
nn " (XNEN) = o Y UsQiin (o X0 Ex)Us,
T oeGyN

so that there is not loss of generality in assuming that Q}y satisfies (14).)
By statement (2) in Theorem 2.4

% distax 2 (f(1)®", Wh [Rg,N(t)])Q

1 in\®n pin 2|VViL= Zelt —1
< ~E((Fmen Byt + V)

3dh.
N-1 T2

If R}y is a Téplitz operator, more pre_cisely if Ry = OP}[(2rh)N pi] for some
symmetric Borel probablity measure pi? on (R%)", one has

1 . —~

— distaic2 (F()°", Wil BE, v (£)])”

QVVL=)?e™ =1
N1 T + 5dh.

1 _ .
< (st a ()27 2+ )

Remark 5.5. The argument in Step 4 can be summarized as follows: the first
equation in the BBGKY hierarchy at the level of couplings (i.e. equation (17))
is used in the stability part of the convergence analysis, while the last equation in
the BBGKY hierarchy, or equivalently the N -particle equation (15) at the level
of couplings, is used in the consistency part of the proof. None of the intermediate
equations in the BBGKY hierarchy is used in the proof. In view of this remark, it is
interesting to compare the method used in the proof of Theorem 2.6 with the abstract
argument for hierarchies outlined in [3], which is based on a Cauchy-Kovalevska
argument.
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6. PROOF OF THEOREM 2.7

Let Q%"N € CS(F]ZL,R%iLN), and let (¢, Xn,ZEn) — Qnn(t, Xn,ZEn) be the solu-
tion of the Cauchy problem

7

0:Qn.N +{HN,QrN}N + ﬁ[Hh,N; Qn NNy =0,
Q57N|t:0 = %:LN .
Set
N
1 - _
Dh,N(t) = —/ traceg Qh,N(t;XNa:N)ZCh,j dXnd=N
(RIxR%)

j=1

= /(Rd Ry traces, (Qp v(t @1, &1 )en) daidés .
X

as in Lemma 5.4 with n = 1.
Multiplying each side of (17) by ¢y 1, taking the trace and integrating in (z1, &),
we get

Dh.n (1) =/ traces (Qf v (t, 21, &1){ 361, car (21, €1) })dar1déy
R4xR4
+ [ tracen (@ w(t o, €)[- 1y, cn(o1,6)] )
RixR4

+/ traces, (Qf v (t, Xo, E){ X V(#1 — 22), e (21, &) })dX2dZp

(R4 xRA)?

7
+/ 7 traces, (Qf v (t, X2, Z2)[MF2V (y1 — v2), cni (21, £1)])d X 2dZs .

R4xR4

One has

{36, cn(21,60)} = &Ve,cni(21,6) = & - (21 — 1)
while
[—2hAy,, cna(21,&)] = —2ihV,, - (1 — 21) — Lih(ys — 1) -V, .
Likewise
{52V (21 — 22), e (21, &)} = =52 VV (21 — 22) - (&4 + ihVy,)

while
g L
h h
_ Z N—1 /(1 . - 1, .
=38 (5(&1 +1ihVy,) - ihVV (y1 — y2) + 5ihVV (Y1 — y2) - (&1 + iV, ))
= 8L (3(& +inVy,) - VV (y1 — y2) + 3BV V (y1 — y2) - (&1 + 1AV y,))

[%V(yl —y2),cn1(r1,61)] = — %[Chl(zlagl)vv(yl —12)]
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so that

D)= [ traces(Qhaltar, )36 +V,.) - (o1 = )y

+/ traceq (Qr v (f, 1, &) 5 (21 — 1) - (& +ihVy,))dz1dEs
R4xR4

N-1
2N (RdXRd)Z
N-1
2N Jimixma)

N -1 _ . —
<SDpn(t) + —5— traces, (QF y(t, Xo,Za)[€1 + ihVy, [*)dX2dZs
2N (R4 xR4)2 ’
N-1 ) _ ) _
+— traces, (Qf n(t, X2, Z2)|U(Xz, Ya|*)dXad=s
2N (R4 xR™)2 ’

traces, (Q7 n(t, X2, Z2) (&1 + 1AV, ) - U(X2,Y2))dXdEs

traces, (Q7 n (t, X2, Z2)U (X2, Y2) - (&1 + 1AV, ))dX2dEs

with
U(XQ, }/2) = (VV(y1 — y2> — VV(:Cl — :CQ)) .
Denoting again L = Lip(VV), one has
U(X2,Ya)| < Llz1 — yi1| + |22 — y2|)

and therefore

Dy (t) < Dun(t) + %/ traces, (Qf n(t, Xa,Zo)|é1 + iV, |*)dX2dZs
(RixR4)?

+%L2/ traces, (Q7 n(t, X2, Z2) (|21 — y1| + |22 — y2])?)dX2dEs
(RIxR4)2
< Dp(t) + 4 / traces (QL y (£ 21, &) |61 + iV, )y déy
RIxR4

+2L? /(Rd Ry traces, (Qp n (t, 1, &)1 — y1|*)dw1déy
X
< (1 +1V4LH)Dy n(t).

Hence, for all t > 0 and all n = 1,..., N, one has

1
EEH(FJI\}(t)a RE N (1)? < Din(t) < Drn(0)e.

Minimizing over the initial coupling Qj"y € C*(Fi?', Rj'y), and using the same
argument as in step 5 of section 5 of our paper, one finds that

1 . .
inf D n(0)2 = = En(Fi* Ri"\)?.
Qi ccAt pin ) v (0)” = S En(EN, Bin)
Thus, forallt >0and alln=1,..., N,
1 n n 1 in in
;Eh(FN(t)aRh,N(t))Q < NEH(FN aRh,N)QeAt'

We conclude following the end of the proof of Theorem 2.6, Section 5.5.
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