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Abstract

Shape memory alloys (SMAs) are exploited in several innovative applications, expe-

riencing up to millions of cycles, and thus requiring a fully understanding of material

fatigue and fracture resistance. However, experimental and methodological descrip-

tions of SMA cyclic response are still incomplete. Accordingly, the present paper aims

to investigate the cyclic response of SMAs under macroscopic elastic shakedown and

to propose a criterion for the high cycle fatigue of SMAs. A multiaxial criterion based

on a multiscale analysis of the phase transformation between austenite and martensite

and using the rigorous framework of standard generalized materials is proposed. The

criterion is an extension of the Dang Van high cycle fatigue criterion to SMAs. The

criterion is applied to uniaxial experimental data taken from the literature. It distin-

guishes run out from failure tests in the infinite lifetime regime. The sound structure

of the underlying concepts permits a novel insight into the development of a general

multiaxial failure criterion for SMA materials.
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91128 Palaiseau cedex, France
Tel.: +33169335712.

Email address: giulia.scalet@unipv.it (G. Scalet)

Preprint submitted to International Journal of Fatigue September 4, 2015



1. INTRODUCTION

Shape memory alloys (SMAs) possess unique properties, known as shape mem-

ory effect and pseudoelasticity. These properties result from reversible diffusionless

solid-solid transformations (known as martensitic transformations) between a relatively

ordered parent phase, called austenite (A), and a less ordered product phase, called

martensite (M).

Shape memory effect and pseudoelasticity are successfully exploited in many fields,

e.g., structural engineering, automotive, aerospace, micro-electromechanical, robotics,

and biomedical industry (Jani et al., 2014; Lagoudas, 2008). In particular, a wide seg-

ment is covered by SMA actuation systems (Mertmann and Vergani, 2008) and by in-

novative devices for the control of civil structures (Asgarian and Moradi, 2011). Within

the biomedical industry, self-expandable vascular stents represent a considerable part

of SMA applications for mini-invasive techniques (Petrini and Migliavacca, 2011). The

question of lifetime prediction and of the improvement of the alloys with respect to this

aspect is a major topic in the field (Chluba et al., 2015; James, 2015).

The rather complex micromechanical behaviour of SMAs also induces unusual

fracture and fatigue responses when compared with polycrystalline metallic alloys

(Mahtabi et al., 2015; Robertson et al., 2012). It has already been discussed, for

instance by Tabanli et al. (1999, 2001), that classical fatigue criteria cannot be di-

rectly applied, due to the uncertain role of the phase transformation under cyclically

varying deformations and of the stress and/or thermally-induced microstructural evo-

lution of the different phases (Robertson et al., 2012). Indeed, transformations between

austenitic and martensitic phases, moving martensite interfaces, accumulation of dislo-

cations are believed to play an important role in the fatigue lifetime of SMAs (Barney

et al., 2011; Pelton, 2011).

The prediction of crack initiation and growth under thermo-mechanical cyclic load-

ing is an essential requirement for the design of novel SMA components (Rahim et al.,

2013), since fatigue failure has emerged as one of the main design issues (Azaouzi

et al., 2013; Hibbert and O’Brien, 2011). As an example, SMA actuators are subjected

to thermal cycling and are expected to undergo at least 104-105 cycles during their
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service life (Karhu and Lindroos, 2010; Strittmatter and Gümpel, 2011). For SMA

cables used as damping prevention in stay cable, suspension, and prestressed concrete

bridges, fatigue life is usually taken into account considering the frequency range of

vibration on real scale bridges, i.e. 5-20 Hz, and a number of working cycles up to

5 · 106 (Menna et al., 2015). In the majority of the biomedical applications, stents are

permanently implanted in the human body and experience millions of in-vivo cycles

due to blood pressure; stents should survive at least for 10 years without exhibiting

failure, which translates into 4 · 108 service cycles (US Food and Drug Administration,

2010).

In order to prevent premature failure of SMA components, it is firstly necessary to

verify whether they will shakedown elastically or by alternating phase transformation,

or will fail by alternating plasticity. The shakedown regions in a typical fatigue diagram

are usually associated with high and low cycle fatigue regime (Constantinescu et al.,

2003). Figures 1(a) and (b) show two possible cases of SMA uniaxial pseudoelastic

response under cyclic loading, i.e. under alternating phase transformation and elastic

shakedown, respectively.

(a)

σ

ε
A

A+M

M

(b)

Figure 1: Two examples of SMA pseudoelastic response under cyclic loading with strain-stress paths denoted

by red lines: (a) alternating phase transformation; (b) elastic shakedown.

Several experimental investigations and fatigue methodologies have analyzed both

SMA structural fatigue (component failure) and functional fatigue (the evolution of
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shape memory effect and pseudoelasticity under repeated thermo-mechanical cycles);

see Robertson et al. (2012) as review article.

Experimental investigations are generally coupled with observations to track the

nucleation and evolution of martensite and austenite during mechanically unstable

regimes with the final aim of characterizing the material fatigue response on a mi-

croscopic and even macroscopic level (Brinson et al., 2004; Creuziger et al., 2008;

Gall et al., 2008; Gloanec et al., 2010; Kim and Daly, 2011; Lackmann et al., 2011;

Merzouki et al., 2010; Pelton, 2011; Treadway et al., 2015; Yin et al., 2014). Experi-

mental observations have also inspired a series of fatigue approaches aimed to estimate

the lifetime, as a macroscopic crack initiation criterion. Most of the studies focus on

stress- or strain-life SMA fatigue approaches for different types of uniaxial tensile load-

ing, e.g., (Gupta et al., 2014; Kang et al., 2012; Maletta et al., 2012; Pelton et al., 2013;

Wang et al., 2008), while only few focus on the torsional fatigue loading of SMAs, e.g.,

(Predki et al., 2006; Runciman et al., 2011).

Concerning available failure criteria, although uniaxial ones may fail to accurately

predict the lifetime of devices under multiaxial loading conditions, only few multiaxial

fatigue criteria exist for SMAs. It is worth mentioning the works by Moumni et al.

(2005, 2009) and Morin et al. (2010) who firstly proposed an energy approach, where

the dissipated energy of the pseudoelastic hysteresis cycle was used as a parameter for

lifetime estimation. Recently, Hartl et al. (2014) proposed a constitutive model describ-

ing SMA behaviour undergoing a large number of cycles, coupled with a continuum

theory which includes an internal damage evolving into final failure. These approaches

focus on the cyclic alternating phase transformation behaviour of SMAs. Only few

works have been proposed to extend the shakedown theorems for elasto-plastic mate-

rials to SMA structures, see, e.g., (Feng and Sun, 2007; Peigney, 2010, 2013, 2014;

Pham, 2008; Wu et al., 1999). To the authors’ knowledge, no works address the fa-

tigue analysis of SMA elastic shakedown, even though such a loading condition is very

frequent in various applications (Robertson et al., 2012).

Motivated by the above considerations, the present paper focuses on the cyclic

response of SMAs, under the elastic shakedown regime, and proposes a multiaxial

criterion for the high cycle fatigue of SMAs. The derivation starts from the following
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considerations: such criterion should (i) predict high cycle fatigue crack initiation;

(ii) be based on a multiscale analysis taking into account the complexity of the phase

transformation between austenite and martensite; (iii) be multiaxial.

The Dang Van-Papadopoulos criteria (Dang Van et al., 1989; Papadopoulos, 1987)

belong to the class of fatigue criteria fulfilling the above conditions. Their merit comes

from the underlying fundamental concepts of shakedown and standard generalized ma-

terials applied at the grain level in metallic polycrystals. Such criteria have have been

successfully applied to both infinite and finite lifetime in the high cycle fatigue regime

(Ferjani et al., 2011a; Papadopoulos, 2001; Van and Maitournam, 2002; Wackers et al.,

2010b). The homogenization assumptions relating the grain scale plasticity with the

macroscopic behavior have been discussed in (Bertolino et al., 2007; Hofmann et al.,

2009). They have permitted to extend consistently the criterion to finite lifetime (Bosia

and Constantinescu, 2012; Morel, 2000a) as well as to explain the scatter of fatigue ex-

periments and to explore the effect of loading path (Guerchais et al., 2014) to include

the presence of stress concentrations created by defects (Guerchais et al., 2014). More-

over, the coherent thermodynamic foundation permitted to relate plastic dissipation

with self-heating (Charkaluk and Constantinescu, 2009; Luong, 1998) and it opened

innovative techniques for lifetime predictions (Doudard et al., 2004, 2007; Poncelet

et al., 2010).

The aim of this paper is to derive a similar thermodynamically consistent frame-

work for the analysis of fatigue in polycrystalline SMAs. Generally, polycrystalline

SMAs present a complex microstructure made of austenite and/or martensite, which

appear in the form of plates, inclusions, or grains. Therefore, three different length

scales can be considered, corresponding to different systems: (i) the microscopic scale

of microstructures (pellets, inclusions, bands, etc.) formed in each grain; (ii) the meso-

scopic scale of individual grains; and (iii) the macroscopic scale of the polycrystalline

material, consisting in several grains (Peigney, 2009). Here, we consider classical ho-

mogenization assumptions to evaluate the mesoscopic mechanical quantities from the

macroscopic ones and we perform the shakedown analysis by using the recent theo-

rems by Peigney (2010, 2013, 2014), obtained for a large class of SMA constitutive

laws within the generalized standard materials framework.
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The shakedown and multiscale analysis is then applied to a series of uniaxial fatigue

experiments taken from literature (Pelton, 2011). A constitutive law of the Souza-

Auricchio type (Auricchio and Petrini, 2004; Souza et al., 1998a,b) is identified on the

specific material and the complete mechanical behaviour is computed for all the test

cases. The proposed fatigue criterion successfully predicts failure or run out of the

tested specimens.

The analysis leads to a new insight in the analysis of the fatigue phenomena in

SMA materials and it opens a new path for the development of a general multiaxial

failure criterion for this class of materials and the manufacturing of new alloys.

The present paper is organized as follows. Section 2 presents a review of the ther-

modynamic framework of the constitutive laws and the shakedown theorems for SMAs.

Then, Section 3 introduces the Dang Van type criterion for SMAs. Section 4 presents

the results of its application to experiments from the literature. Conclusions and sum-

mary are finally given in Section 5. A scheme of the numerical algorithm for the

computation of the fatigue criterion is provided in Appendix A.

2. THERMODYNAMIC FRAMEWORK AND SHAKEDOWN THEOREM FOR

SMAs

This section reviews the constitutive laws and the shakedown theorem for SMAs in

the framework of generalized standard materials (Halphen and Nguyen, 1975).

2.1. Thermodynamic framework

Assuming a small strain regime, the initial configuration of the local SMA material

state is described by the total strain """, the temperature ✓, and an internal variable ↵.

The variable ↵ represents the inelastic strain and can include the description of several

physical phenomena characterizing SMA behaviour, ranging from permanent plasticity

and phase transformations, up to void generation and fracture (Peigney, 2010).

According to (Halphen and Nguyen, 1975), the constitutive model is defined in

terms of the free energy w and the pseudo-potential of dissipation �, from which the

stress tensor � and the thermodynamic force A associated to ↵ are derived.
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The free energy is assumed to depend on the total strain """, the temperature ✓, and

the internal variable ↵, i.e., w = w (""", ✓,↵), as follows:

w =
1

2
("""�↵) : C : ("""�↵) + f (1)

where f = f (✓,↵) is a positive differentiable function, describing the energy contri-

bution associated to the internal variable and temperature variations. Here and in the

following, the stiffness tensor C is assumed to depend on the component of the internal

variable describing phase transformation.

The free energy describes the relation between the state and internal variables """ and

↵ and their conjugate quantities � and A, as follows:
8
>><

>>:

� =
@w

@"""
= C : ("""�↵)

A = �@w

@↵
= � � 1

2
("""�↵) :

dC
d↵

: ("""�↵)� @f

@↵

(2)

The evolution of the internal variable ↵ is described in terms of the time derivative

↵̇ by using the pseudo-potential of dissipation � = � (↵̇), which is a positive convex

functional vanishing at the origin.

It is then convenient to introduce the complementary pseudo-potential of dissipa-

tion �⇤ = �⇤ (A), which is the Legendre-Fenchel transform of �. Such a step requires

the introduction of the indicator function IP (A):

�⇤ = IP (A) =

8
><

>:

0 if A 2 P

+1 otherwise
(3)

where P = {A | F (A)  0} is the set of admissible thermodynamic forces, de-

scribed in terms of the limit function F . In classical plasticity F represents the yield

limit, while it describes phase transformation and/or permanent plasticity in the case of

SMAs.

The evolution equation for ↵ in terms of �⇤ is derived as (Frémond, 2002; Peigney,

2010):

↵̇ 2 @�⇤ (A) = @IP (A) (4)
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while the evolution equation for A in terms of � is obtained as follows:

A 2 @� (↵̇) + @IT (↵) (5)

The internal variable ↵ is constrained to take values in a convex and closed subset T ,

with the term @IT (↵) representing the subdifferential of the indicator function IT (↵),

defined to enforce the constraint on ↵, as follows:

IT (↵) =

8
><

>:

0 if ↵ 2 T

+1 otherwise
(6)

Then, the thermodynamic force A associated to ↵ is defined as follows:
8
>>>><

>>>>:

A = Ad +Ar

Ad 2 @� (↵̇)

Ar 2 @IT (↵)

(7)

where Ad represents the dissipative force and Ar the non-dissipative force reacting to

the internal constraint on ↵.

2.2. Shakedown analysis

In the reviewed modeling of the thermodynamic framework, the concept of shake-

down is essential for systems undergoing a given cyclic loading history. Recently,

Peigney (2010) has addressed the asymptotic behaviour of non-smooth mechanical

systems and provided the necessary and sufficient conditions ensuring elastic shake-

down. This was accomplished by bounding the mechanical dissipation, which is ac-

tually the extension of the original line of thought of (Koiter, 1960; Nguyen, 2003)

to non-smooth mechanics. It is worth pointing out that shakedown theorems reported

by Peigney (2010) are general and do apply to all SMA models entering the class of

generalized standard materials. Within this family, we can cite the models proposed by

Lagoudas et al. (2012); Leclercq and Lexcellent (1996); Moumni et al. (2008); Sedlák

et al. (2012); Souza et al. (1998b); Stupkiewicz and Petryk (2012); Zaki and Moumni

(2007).
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Let us consider a SMA structure under cyclic loading. Its response is described in

terms of state and internal variables (""", ✓, ↵) and the conjugate quantities (�, A). If

the structure attains an elastic shakedown state at time t > t0, then ↵ (t) and A (t) are

constant, meaning that the response of the structure is elastic around a fixed residual

stress field triggered by a fixed inelastic strain characterizing the phase transformation

and/or permanent plasticity. It is therefore convenient to consider the elastic response

of the structure, defined by the fictitious elastic stress hystory �e.

The theorem by Peigney (2010) establishes the following result:

Shakedown theorem. If there exists a positive coefficient m > 1, a time t0, and a

time-independent field Ar
⇤ such that

F (m�e (t)�Ar
⇤)  0 for all t > t0 (8)

then there is elastic shakedown, whatever the initial condition is.

Here, �e = C"""e is the fictitious elastic response of the system and Ar
⇤ the residual

stress or eigenstress generated by the inelastic processes of phase transformation and/or

irreversible plasticity.

The shakedown theorem actually states that the structure will attain a shakedown

state under a given cyclic loading, provided that the fictitious elastic stress path can be

included in the limit domain defined by the limit function F , translated by a residual

stress field Ar
⇤.

For the numerical computations of Section 4 we will employ, as SMA constitutive

model, the three-dimensional phenomenological model originally presented by Souza

et al. (1998a,b) and then investigated by Auricchio and Petrini (2004), and Auricchio

et al. (2009b) (denoted in the following as the Souza-Auricchio model). The model

assumes a deviatoric second-order tensor representing the transformation strain asso-

ciated to transformations between austenite and martensite as internal variable, i.e.

↵ = etr. Such an internal variable is constrained to satisfied the inequality ketrk  "L,

where "L is a parameter related to the maximum transformation strain reached at the

end of the transformation during a uniaxial test. We further define the martensite vol-

ume fraction as z = ketrk/"L. Indeed, z varies between 0 (fully austenite) and 1 (fully
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martensite).

The free-energy and the dissipation pseudo-potentials are thus defined as:
8
>>>>><

>>>>>:

w =
1

2
("""� etr) : C : ("""� etr) + � h✓ � ✓⇤i ketrk+ 1

2
hketrk2

� = Rkėtrk

�⇤ = IP (A)

(9)

Here, h is a positive parameter related to material hardening during phase transforma-

tion; � a positive material parameter related to the dependence of the critical stress

on temperature; ✓⇤ the temperature below which only martensite phase is stable; the

notation h·i denotes the positive part function, while || · || denotes the Euclidean norm.

The set of admissible thermodynamic forces P = {A | F (A)  0} is described

in terms of the limit function F , taken in the form:

F = ||A||�R (10)

with R the positive radius of the elastic domain. Recall that the thermodynamic force

A is the work-conjugate to the deviatoric transformation strain and it is thus indicated

as deviatoric transformation stress.

For the Souza-Auricchio model, the shakedown theorem (see inequality (8)) be-

comes:

Shakedown theorem (Souza-Auricchio model). If there exists a positive coefficient

m > 1, a time t0, and a time-independent field Ar
⇤ such that

||mse �Ar
⇤||  R for all t > t0 (11)

then there is elastic shakedown, whatever the initial condition is.

Here, se is the deviatoric part of �e.

3. FATIGUE CRITERION POSTULATION FOR SMA INFINITE LIFETIME

3.1. Macro-meso passage

In high cycle fatigue, dissipation can be considered negligible and, therefore, it

is accepted that only few grains of the SMA material undergo inelastic deformations
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whilst most of the material remains elastic. Hence, a multiscale analysis is applied

to relate the macroscopic with the microscopic variables, i.e. between the scale of

the structure and that of the material grains (Dang Van et al., 1989; Morel, 2000b;

Papadopoulos, 2001); this situation is schematically represented in Figure 2 for SMAs.

The material point at the macroscopic scale is considered as a representative elementary

volume (REV) at the mesoscopic scale. Such a volume may contain a large number of

grains of austenite (A), martensite (M), or of both austenite and martensite (A+M). A

representative situation of this schematic view is suggested by SEM observations of a

NiTi sample, see Figure 3. At the local scale, blue boundaries highlight austenite grains

(A), red boundaries martensite grains (M), and red-blue boundaries mixed austenite-

martensite grains (A+M).

)ˆ,ˆ( εσ

εσ,

εσ,

V

V

MACROSCOPIC 
SCALE 

MESOSCOPIC 
SCALE 

),( εσ
A"

M"

A+M"

Figure 2: Schematic representation of the macroscopic scale of the SMA specimen and the mescopic scale

of the RVE. The RVE consists of a set of austenite (A), martensite (M) or mixed grains containing martensite

and austenite (A + M) in the form of bands.

The loading of the REV by macroscopic stress �, strain """, and inelastic strain ↵

is computed through standard continuum theory (macroscale). To evaluate the meso-

scopic state, i.e. mesoscopic stress �̂, strain "̂"", and inelastic strain ↵̂, several homog-
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A 

≈ M 

A + M 

Figure 3: SEM image of a NiTi sample: local material scale. Blue boundaries highlight austenite grains (A),

red boundaries martensite grains (M), and red-blue boundaries mixed austenite-martensite grains (A+M).

enization techniques have been considered in the literature for metallic structures (Bui

et al., 1981; Cano et al., 2004; Dang Van et al., 1989). In order to obtain a simple closed

formula for the fatigue criterion, we adopt a Lin-Taylor’s homogenization scheme (Lin,

1957; Taylor, 1938), based on the equality of macroscopic and mesoscopic strains:

""" = "̂"" (12)

From the expressions of the elastic Hooke’s law at the macroscopic and mesoscopic

scale, we deduce (Cano et al., 2004; Dang Van, 1999):

�̂ = A : � � A : C : (↵̂�↵) (13)

where the fourth-order tensor A is the localization tensor. As commonly accepted in fa-

tigue problems (Dang Van, 1973, 1999; Dang Van et al., 1989; Maitournam et al., 2011;

Morel, 2000b; Papadopoulos, 2001), it is assumed A = I, I being the fourth-order iden-

tity tensor. As stated previously, the macroscopic stiffness tensor C and consequently
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the mesoscopic stiffness tensor Ĉ depend on the components of the internal variables ↵

and ↵̂ describing phase transformation of SMA. A similar dependence is also assumed,

respectively, for the macroscopic L and mesoscopic L̂ compliance tensors.

The Lin-Taylor scheme is known to provide a stiff response in the homogenization

theory (Zaoui, 1987). However, since the results are here used to justify measures of

the stress path and not intrinsic values, it will not affect the obtained fatigue predictions,

as shown in the examples discussed in the following. Such a choice has already been

tested in case of polycrystalline metals (Hofmann et al., 2009).

3.2. Fatigue criterion

In high cycle fatigue, when the loading is close to infinite lifetime, a commonly

accepted assumption is that each point material is in an elastic shakedown state. There-

fore, ↵ and ↵̂ are constant during the cyclic loading (see Section 2.2). Then, according

to the shakedown theorem (see Eq. (8)), a time-independent field Ar
⇤ can be defined

such that:

�̂ (t) = � (t)�Ar
⇤ with Ar

⇤ = C : (↵̂�↵) (14)

As it can be observed, given the computed � (t), the mesoscopic stress tensor �̂ is

known at each time if the residual stress Ar
⇤ is known. The residual stress Ar

⇤ can

not be directly computed without the exact knowledge of the microstructure and its

evolution up to the shakedown state. As in the formulation of the Dang Van criterion

by Papadopoulos (1987), we shall compute the smallest hypersphere encompassing the

path of the deviatoric stress s. Then, Ar
⇤ is the center of such hypersphere, that is the

solution of the following min-max problem:

Ar
⇤ = min

Ar
1

max
t

ks (t)�Ar
1k (15)

The mesoscopic shear stress ⌧̂ (t) can be calculated once computed �̂ from Eq.

(14):

⌧̂ (t) =
�̂I (t)� �̂III (t)

2
(16)
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where �̂I , �̂II , �̂III are the principal stresses, with �̂I � �̂II � �̂III . Similarly, the

mesoscopic hydrostatic stress can be computed as follows:

�̂h (t) =
1

3
tr(�̂ (t)) (17)

In the case of ↵ deviatoric (as in the case of the Souza-Auricchio model), it yields

�h = �̂h (Dang Van et al., 1989).

Since it is well known that the hydrostatic part of the stress plays an important

role in crack opening, evolution of damage, and implicitly in fatigue lifetime (Schijve,

2009), we propose to consider a fatigue criterion, defined by:

Dang Van (DV) fatigue criterion for SMAs. Let us consider a structure subjected

to cyclic loading and resulting in an elastic shakedown state at both macroscopic and

mesoscopic scale. If

max
t

{⌧̂ (t) + a (↵) �̂h}  b (↵) (18)

for all points of the structure, then fatigue crack initiation will not occur.

The safety domain in the stress space (�h, ⌧̂ ) is delimited by a straight line, denoted

next as DV line. Figure 4 shows the splitting of the stress space in the infinite and finite

lifetime by the DV line (red). The lifetime of a component will be infinite if the stress

path lies below the DV line or will be finite if at least one of the points lies above the

same line (see the grey dotted curve of Figure 4); if any point of the loading path is

located above the DV line, life will be finite and fatigue crack initiation will occur (see

the black curve of Figure 4).

Parameters a and b, introduced in Eq. 18 and defining the DV line, are material

constants usually identified on classical uniaxial fatigue experiments in tension and/or

torsion (Dang Van, 1999). As a and b are computed from experiments at N cycles, we

shall use the notation aN and bN , where subscript N stands for the number of run-out

cycles of the experiments used to calibrate the model (Ferjani et al., 2011a,b; Wackers

et al., 2010a). Moreover, such parameters are assumed to depend on the internal vari-

able ↵, as verified by the numerical simulations presented in Section 4. This allows to

obtain a set of DV lines in the stress space (�h, ⌧̂ ) for fixed number of cycles N . Each
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𝜏  

𝜎ℎ 

Figure 4: Illustration of the Dang Van (DV) criterion in the (�h, ⌧̂ ) plane. The stress space is split in the

infinite and finite lifetime by the DV line (red).

line is defined by an internal variable ↵. As an illustrative example, a set of DV lines,

each defined for a fixed value of the martensite volume fraction 0 < z < 1 and number

of cycles N , is represented in Figure 5.

To evaluate the mesoscopic stress path (�h, ⌧̂ ) we employ an algorithm similar to

that employed for the classical DV criterion (Bernasconi, 2002). In particular, the crite-

rion is computed as post-processing of the mechanical fields obtained by the simulation

described in Section 4 and the post-process is performed with the Matlab implementa-

tion of the optimization code SDPT3 (Tütüncü et al., 2003). Details about the algorithm

are given in Appendix A.

4. EXAMPLE OF SMA APPLICATIONS

4.1. Experimental data and model calibration

The papers by Pelton and coworkers (Pelton, 2011; Pelton et al., 2003, 2008) re-

port detailed experimental results from fatigue data collected on NiTi microdogbone-

and diamond-shaped specimens, as well as on stents. For the sake of completeness of
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Figure 5: Set of Dang Van (DV) lines in the stress space (�h, ⌧̂ ) for N fixed. Each line is defined by a fixed

value of the martensite volume fraction 0 < z < 1.

available data, in the present work we refer to the set of uniaxial experimental results

by Pelton (2011), related to microdogbone specimens with 6mm gauge length, 0.3mm

gauge width, and 0.15mm gauge thickness. The specimens were extracted from stent-

like devices that were laser machined from thermomechanically processed Ni50.8Ti49.2

tubing, subsequently expanded and thermally shape-set into their final dimensions. The

design and manufacturing conditions led to an austenite finish (Af ) temperature of

20 �C, i.e. comparable to the Af temperature of other NiTi self-expanding peripheral

stents (Pelton, 2011). Such uniaxial fatigue experiments in tension will allow to cali-

brate the DV parameters a and b.

The Souza-Auricchio model is herein adopted to simulate the experimental tests

and Table 1 reports the model parameters, identified according to the procedure re-

ported in (Auricchio et al., 2009a). The experimental monotonic pseudoelastic stress-

strain curve at 37 �C (i.e. at the temperature of the considered fatigue tests) is reported

in Figure 6 (red dotted line), superimposed on the predicted one (blue line).

With regard to fatigue test conditions, the microdogbone specimens were pre-

strained at 37 �C to 9% (beyond the stress plateau) and then fatigued from the un-

loading plateau. Particularly, the specimens were cycled, either up to fracture or up to

107 cycles (run-out), with various combinations of mean strain and strain amplitude.
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Table 1: Calibrated parameters of the Souza-Auricchio model in a one-dimensional setting; see Auricchio

et al. (2009a,b).

Parameter description Symbol Value Units

Initial elastic modulus Ei 38000 MPa

Final elastic modulus Ef 11000 MPa

Maximum transformation strain "L 4.49 %

Stress-strain slope measure during transformation h 290 MPa

Elastic domain radius R 148 MPa

Slope of ✓⇤ with respect to temperature � 9.50 MPa/�C

Reference temperature ✓⇤ 278.55 �C

Regularization parameter � 10�12 �
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Figure 6: Experimental (red dotted line) (Pelton, 2011) and numerical (blue line) monotonic stress-strain

curves related to a NiTi microdogbone specimen tested at a constant temperature of 37 �C.

Figure 7(a) reports the experimental results obtained by Pelton (2011) as constant-life

diagram, where the different conditions of mean strain and strain amplitude are dis-

played. The specimens that survived 107 cycles are shown as blue triangles, whereas

specimens that fractured are shown as red circles.

For all the mean strain-strain amplitude cases reported in Figure 7(a), we first try

to establish which data are possibly related to the elastic shakedown condition, i.e. the
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Figure 7: Constant-life diagram. (a) Experimental data by Pelton (2011). Conditions that survived the 107

cycles testing are shown as blue triangles, whereas cyclic conditions that fractured as red circles. (b) The

green curve distinguishes between the elastic and phase transformation shakedown subspaces. The experi-

mental data considered in the present work are numbered (red numbers refer to specimens that fractured).

The color map indicates martensite formation.
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case of interest for the present study. Numerical simulations of all the cases permit

to split the constant-life diagram shown in Figure 7(b) into two subspaces, referring

to elastic and alternating phase transformation shakedown, respectively. The experi-

mental data by Pelton (2011), resulting in elastic shakedown, are numbered in Figure

7(b), while those resulting in phase transformation shakedown are not considered in

the present work.

From the numerical simulations we also obtain that the several combinations of

mean strain and strain amplitude give rise to different values of the martensite volume

fraction z. As it can be observed from Figure 7(b), the formation of martensite is

responsible for an increasing of the elastic shakedown domain between 1 and 6% mean

strain. Table 2 reports the computed values of z and along with the Young’s modulus

E = E(z) for the fatigue cases numbered in Figure 7(b).

4.2. Fatigue analysis

We start by considering the cases of Table 2 showing a fully martensitic transfor-

mation (z = 1), i.e. fatigue loading is applied on a fully transformed material. In

particular, we consider the experimental points numbered from 7 to 17 in Figure 7(b).

As an example, Figures 8 and 9 report some representative loading curves in terms of

macroscopic stress and strain.

The DV criterion is then implemented to predict failure for the considered cases.

Figure 10 represents the DV diagram in terms of mesoscopic shear stress, ⌧̂ , and hy-

drostatic stress, �h, where the loading paths generated by the simulations of the ex-

perimental specimens are represented. The obtained V-shape is a consequence of the

simulation of the considered uniaxial tests. As it can be observed in Figure 10, mate-

rial behavior in the DV diagram is similar to that classically observed for metals. In

particular, by increasing the strain amplitude at constant mean strain, an increase of

the only mesoscopic shear stress is determined; see, e.g., cases 7, 8, and 9 in Figure

10. Similarly, by increasing the mean strain at constant strain amplitude determines the

increase of the only hydrostatic stress; see, e.g., cases 7, 10, and 13 in Figure 10.

The calibrated DV line (green line) is also represented in Figure 10. The DV pa-

rameters, a107 and b107 , are calibrated by using the loading paths related to cases 11
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Table 2: Summary of the experimental cases by Pelton (2011), considered in the present work and numbered

in Figure 7(b). Computed values of the martensite volume fraction z and Young’s modulus E = E(z).

Case Experiments from Pelton (2011) Numerical simulations

✏a [%] ✏m [%] Fatigue life z E(z) [MPa]

1 0.2 1 Run-out 0.08 31730

2 0.4 3 Run-out 0.41 18917

3 0.2 3 Run-out 0.45 18109

4 0.6 6 Run-out 0.92 11666

5 0.4 6 Run-out 0.96 11357

6 0.2 6 Run-out 0.99 11064

7 0.6 7 Run-out 1 11000

8 0.4 7 Run-out 1 11000

9 0.2 7 Run-out 1 11000

10 0.6 8 Failure 1 11000

11 0.4 8 Failure 1 11000

12 0.2 8 Run-out 1 11000

13 0.6 9 Failure 1 11000

14 0.4 9 Failure 1 11000

15 0.2 9 Failure 1 11000

16 0.1 9 Failure 1 11000

17 0.05 9 Run-out/Failure 1 11000

and 17, that fractured, and result:
8
><

>:

a107 = 0.808

b107 = 137.770 MPa
(19)

It should be remarked that the calibrated DV parameters refer to 107 cycles (i.e. N =

107).

Once determined the DV line, we can verify the other fatigue experimental results

by Pelton (2011). As it can be observed in Figure 10, cases 7, 8, 9, 12, and 17 do not
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Figure 8: Representative loading cases of Table 2, showing a fully martensitic transformation (z = 1).

Macroscopic stress-strain curve for 7% mean strain and 0.6% strain amplitude (case 7); 8% mean strain and

0.4% strain amplitude (case 11); 9% mean strain and 0.05% strain amplitude (case 17).
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Figure 9: Representative loading cases of Table 2, showing a fully martensitic transformation (z = 1).

Macroscopic stress-strain curve for 0.6% strain amplitude and different mean strains: 8% for case 10 and

9% for case 13.

result in failure, while cases 10, 11, 13, 14, 15, and 16 fail. The predicted results are in

agreement with experiments of Figure 7(a).

Now, we consider the cases reported by Pelton (2011) which show the coexistence

of austenitic and martensitic phases (0 < z < 1), as reported in Table 2, i.e. referring

to fatigue loading acting on the unloading plateau. In particular, we consider the exper-

imental points numbered from 1 to 6 in Figure 7(b). As an example, Figure 11 reports
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Figure 10: Calibrated DV line (green) in the hydrostatic-mesoscopic stress plane and loading paths of cases

7-17 of Table 2 showing a fully martensitic transformation (z = 1).

two representative loading curves in terms of macroscopic stress and strain.
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Figure 11: Representative loading cases of Table 2 showing the coexistence of austenitic and martensitic

phases (0 < z < 1). Macroscopic stress-strain curve for 3% mean strain and 0.4% strain amplitude (case

2); 6% mean strain and 0.6% strain amplitude (case 4).

Figure 12 represents the DV diagram in terms of mesoscopic shear stress, ⌧̂ , and
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hydrostatic stress, �h, where the loading paths generated by the simulations of the

experimental cases are represented. As it can be observed, in such a mixed domain,

material behavior in the DV diagram presents significant differences compared to that

classically observed for metals. In particular, by increasing the strain amplitude at

constant mean strain, it triggers the increase of both mesoscopic shear and hydrostatic

stresses and the decrease of martensite fraction (see Table 2); see, e.g., cases 2 and

3 in Figure 12. Increasing the mean strain at constant strain amplitude determines

the decrease of both mesoscopic shear and hydrostatic stresses and the increase of

martensite fraction (see Table 2); see, e.g., cases 1, 3, and 6 or 2, 5 in Figure 12.

The DV line (green line) is also represented in Figure 12. The line is assumed to

have the same slope of that obtained for the range 7-9% mean strain, i.e. a107 does

not depend on z. On the contrary, b107 parameter depends on z, which ranges between

0 and 1. This means that fatigue limit varies with z, but not with triaxiality. Such an

assumption (standard for metallic alloys (Fares et al., 2006; Ferjani et al., 2011a)) is

arbitrary due to the absence of more experimental data (failed specimens) and will need

to be investigated in future works. In fact, experimental data reveal that no fracture is

attained for mean strains between 1 and 6% and strain amplitudes between 0.2 and

0.6%, thus indicating that there are insufficient data for a complete analysis within this

range to provide the b107 value.

Figures 13(a) and (b) show the dependency of the mesoscopic shear stress ⌧̂ and

hydrostatic stress �h on the martensite fraction z, respectively, for the cases 1-6. Note

that ⌧̂ and �h show the same dependence on z: cases with equal strain amplitude (1,

3, and 6 or 2 and 5) show a decrease of ⌧̂ and �h with increasing mean strain and z;

cases with equal mean strain (2 and 3, or 4, 5, and 6) show a decrease of ⌧̂ and �h with

decreasing strain amplitude and increasing z.

The obtained results are in accordance with experimental observations by Pelton

(2011), demonstrating that, between 1 and 7% mean strain, NiTi-based SMAs can ac-

commodate larger strain amplitude, for a given fatigue life. Therefore, above a mean

strain of 1% and within elastic shakedown, the fatigue life appears to increase with

increasing mean strain, thus indicating that the formation of stress-induced martensite

may be responsible for such a behavior (Pelton, 2011). This implies that microstruc-
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Figure 12: Calibrated DV line (green) in the hydrostatic-mesoscopic stress plane and loading paths of cases

1-6 of Table 2 showing the coexistence of austenitic and martensitic phases (0 < z < 1).

tural effects due to formation of stress-induced martensite (whose volume fraction in-

creases as mean strain increases) or the effects due to the lower moduli in the stress-

induced transformation regime (i.e. decreased hysteresis energy) can lead to longer

fatigue lives, than the presence of fully austenite or martensite. The work by Ono and

Sato (1988) shows in fact that few selected variants of stress-induced martensite re-

duce the internal strains due to the transformation. On the contrary, above 7% mean

strain (approximately fully martensitic phase at 37 �C), the constant life data exhibit

a negative slope. No experimental data are available for the case of fully austenitic

transformation (z = 0) for the considered SMA material.

5. CONCLUSIONS AND PERSPECTIVES

This paper has investigated the elastic shakedown behaviour of SMA materials and

has presented the extension of the DV high cycle fatigue criterion to SMAs. The pro-

posed formulation is general and suitable to several SMA constitutive laws, combining

both plastic and transformation strains as well as thermal and mechanical cycling. The
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Figure 13: Dependency (a) of the mesoscopic shear stress ⌧̂ and (b) of the hydrostatic stress �h on martensite

fraction z.

theoretical extension has been applied to uniaxial experimental data taken from the lit-

erature. The obtained results demonstrate the possibility to define a DV-type two-scale

criterion to predict fatigue crack initiation in SMA materials, suitable also for multiax-

ial loadings. However, some important issues are still unresolved and demand further

investigation. First, the criterion needs to be applied to different experimental loading

cases for its complete validation to the multiaxial case. This will allow to deeply inves-

tigate the dependence of the DV parameters on martensite volume fraction. Second,
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as the proposed approach is clearly phenomenological, further investigation involving

observations of the evolution of SMA microstructure during such a type of cyclic load-

ing and its relation to fatigue are also needed. This will provide additional insight into

microscopic deformation mechanisms and into factors influencing both crack initiation

and growth. Finally, methods for the fast identification of fatigue limits, like the in-

frared thermography measurements (generally applied to steels), should be employed

also for SMAs.
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Appendix A. Algorithmic scheme for the computation of the DV fatigue criterion

The general algorithmic scheme employed for the computation of the DV fatigue

criterion is composed of the following steps (Bernasconi, 2002; Dang Van et al., 1989):

1. calculate the stabilized macroscopic stress � (t) in each point of the structure;

2. split the macroscopic stress � (t) in its hydrostatic and deviatoric part, defined

respectively as:
8
><

>:

�h (t) =
1

3
tr(� (t))

s (t) = � (t)� �h (t) I
(A.1)

3. calculate the center A⇤
r of the smallest hypersphere circumscribing the stress

path through the following min-max problem:

Ar
⇤ = min

Ar
1

max
t

k� (t)�Ar
1k (A.2)
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4. calculate the mesoscopic stress �̂ (t):

�̂ (t) = � (t)�Ar
⇤ (A.3)

5. calculate the mesoscopic shear stress ⌧̂ (t):

⌧̂ (t) =
�̂I (t)� �̂III (t)

2
(A.4)

where �̂I , �̂II , �̂III are the principal stresses, with �̂I � �̂II � �̂III .

6. calculate the fatigue indicator:

max
t

{⌧̂ (t) + a (↵) �̂h}� b (↵) (A.5)

where �̂h = �h.
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