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A DERIVATION OF THE VLASOV-NAVIER-STOKES MODEL
FOR AEROSOL FLOWS FROM KINETIC THEORY

ETIENNE BERNARD, LAURENT DESVILLETTES, FRANCOIS GOLSE,
AND VALERIA RICCI

ABSTRACT. This article proposes a derivation of the Vlasov-Navier-Stokes sys-
tem for spray/aerosol flows. The distribution function of the dispersed phase
is governed by a Vlasov-equation, while the velocity field of the propellant
satisfies the Navier-Stokes equations for incompressible fluids. The dynamics
of the dispersed phase and of the propellant are coupled through the drag
force exerted by the propellant on the dispersed phase. We present a formal
derivation of the model from a multiphase Boltzmann system for a binary
gaseous mixture, involving the droplets/dust particles in the dispersed phase
as one species, and the gas molecules as the other species. Under suitable
assumptions on the collision kernels, we prove that the sequences of solutions
to the multiphase Boltzmann system converge to distributional solutions to
the Vlasov-Navier-Stokes equation in some appropriate distinguished scaling
limit. Specifically, we assume (a) that the mass ratio of the gas molecules to
the dust particles/droplets is small, (b) that the thermal speed of the dust
particles/droplets is much smaller than that of the gas molecules and (c) that
the mass density of the gas and of the dispersed phase are of the same order
of magnitude. The class of kernels modelling the interaction between the dis-
persed phase and the gas includes, among others, elastic collisions and inelastic
collisions of the type introduced in [F. Charles: in “Proceedings of the 26th
International Symposium on Rarefied Gas Dynamics”, AIP Conf. Proc. 1084,
(2008), 409-414].

1. INTRODUCTION

An aerosol (or a spray) is a complex fluid consisting of a dispersed phase, for
instance solid particles or liquid droplets, immersed in a gas, sometimes referred to
as the propellant.

An important class of models for the dynamics of aerosol/spray flows consists of

(a) a kinetic equation for the dispersed phase, and

(b) a fluid equation for the background gas.

The kinetic equation for the dispersed phase and the fluid equation for the back-
ground gas are coupled through the drag force exerted by the gas on the drop-
lets/particles.

1991 Mathematics Subject Classification. 35Q20, 35B25, (82C40, 76 T15, 76D05).
Key words and phrases. Vlasov-Navier-Stokes system; Boltzmann equation; Hydrodynamic
limit; Aerosols; Sprays; Gas mixture.
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A well-known example of this class of models is the (incompressible) Vlasov-
Navier-Stokes system:

OuF + v - VoF — —— divy((v — u)F) =0,
mp
pg(Oru+u-Vau) + Vup = pgvAyu + H/ (v—u)Fdv,
RS
divy,u=0.

The unknowns in this system are F' = F(¢,z,v) > 0, the distribution function of
the dispersed phase, i.e. the number density of particles or droplets with velocity
v located at the position x at time ¢, and u = u(t,z) € R3, the velocity field in the
gas. The parameters x, m,, p, and v are positive constants. Specifically, x is the
friction coefficient of the gas on the dispersed phase, m, is the mass of a particle
or droplet, and p, is the gas density, while v is the kinematic viscosity of the gas.
The last equation in the system above indicates that the gas flow is considered
as incompressible’. The scalar pressure field p = p(t,r) € R is instantaneously
coupled to the unknowns F' and u by the Poisson equation

—Aup = pgtrace((V,u)?) — ﬁdivz/ (v—u)Fdv.
R3
The mathematical theory of the Vlasov-Navier-Stokes system has been discussed
in [33]. Various asymptotic limits of the Vlasov-Stokes system that are of great
interest in the modeling of aerosol or spray flows have been investigated in the
mathematical literature: see for instance [22, 23, 17].

Our aim in the present work is different: we are concerned in deriving models
such as the Vlasov-Navier-Stokes system from a more microscopic description of
aerosol flows.

Perhaps the most natural idea for doing so is to view the Vlasov-Navier-Stokes
system as a mean field model governing the limit of the solid particles (or droplets)
phase space empirical measure as the particle number tends to infinity and the
particle radius vanishes in some appropriate distinguished scaling.

Derivations of the Stokes and Navier-Stokes equation with a force term including
the drag force exerted by the particles on the fluid (known as the Brinkman force)
from a system consisting of a large number of particles immersed in a viscous fluid
can be found in [1, 16]. While these papers obtain the same Navier-Stokes equation
as in the coupled system above (more precisely, its steady variant), they assume
that the phase space distribution of particles or droplets is given, and therefore do
not derive the full Vlasov-Navier-Stokes system. The reason for this shortcoming
is the following: both references [1, 16] use the method of homogenization of el-
liptic operators with holes of finite capacity pioneered by Khruslov and his school
— see for instance [29, 11]. Unfortunately, these methods assume that the min-
imal distance between particles remains uniformly much larger than the particle
radius r < 1 — specifically, of the order of 71/? in space dimension 3. While this
assumption can be imposed if the distribution of particles is given, such a control
on the distance between neighboring particles is probably not nicely propagated
by the particle dynamics and most likely hard to establish (see however [25] for

11t is well known that the motion of a gas at a very low Mach number is governed by the
equations of incompressible fluid mechanics, even though a gas is a compressible fluid. A formal
justification for this fact can be found on pp. 11-12 in [28].
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interesting ideas in this direction). Even if such a control could be established,
configurations of N particles with such a uniform control on the minimal distance
between neighboring particles are of vanishing probability in the large N limit: see
for instance Proposition 4 in [24]. Worse, the coupled dynamics of finitely many
rigid spheres immersed in a Navier-Stokes flow may not be defined for all positive
times: see [14, 18].

In view of all these difficulties, we have chosen another route to derive coupled
systems such as the Vlasov-Navier-Stokes system from a more microscopic model.
Specifically, we start from a coupled system of Boltzmann equations for the solid
particles or droplets and for the gas molecules.

One might object that the Boltzmann equation is a first principle equation nei-
ther for the solid particles nor for the gas molecules. In addition, the idea to
treat the gas molecules and the particles in the dispersed phase on equal footing
is most unnatural. On the other hand, the system of Newton’s equations written
for each solid particle immersed in an incompressible Navier-Stokes fluid cannot be
considered as a first principle model for aerosol flows either. Indeed, it is only in
some very special asymptotic limit that the dynamics of a gas is governed by the
incompressible Navier-Stokes equations.

On the other hand, using a system of Boltzmann equations for the dispersed
phase and the gas allows considering distributions of solid particles or droplets
without any constraint on the minimal distance between neighbouring particles. In
fact collisions between particles in the dispersed phase are described by a collision
integral, in the same way as collisions between gas molecules.

Another benefit in this approach is the great variety of models describing the
interaction between the dispersed phase and the propellant. In the present work,
this interaction is described in terms of a general class of Boltzmann type collision
integrals, assumed to satisfy a few assumptions discussed in section 3 below. We
have focussed our attention on two examples of such collision integrals; in one case,
collision are assumed to be elastic, while the other example is based on the diffuse
reflection of gas molecules on the surface of dust particles or droplets, which is an
inelastic process.

For that reason, we believe that the idea of starting from the kinetic theory
of multicomponent gases may provide an interesting alternative to the traditional
arguments used in deriving the various dynamical models appearing in the theory
of aerosol flows.

This approach should not be confused with the more detailed analysis of rarefied
gas flows past an immersed body (see for instance [32, 31, 30]). It has been known
for a long time that the motion of an immersed body in a viscous fluid involves
nonlocal effects in the time variable: see [5] for a short, yet detailed presentation
of the Boussinesq-Basset force. Similar effects can be observed in the case of a
solid particle immersed in a rarefied gas and have been recently studied: see [2]
and the references therein. Since our description of the interaction between the
dispersed phase and the propellant is based on collision integrals, it does not include
such effects. On the other hand, our purpose is not to focus on the details of the
interaction between a single dust particle or droplet with the propellant, but rather
to investigate the collective behavior of the dispersed phase. Whether the system of
Boltzmann equations for a 2-component gas can be justified from a more detailed,
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microscopic model, such as the dynamics of a system of solid particles immersed in
a rarefied gas, seems to be a very interesting problem, albeit a very difficult one.

Our derivation of dynamical equations for aerosol flows from the kinetic theory
of multicomponent gas is systematic yet formal, in the sense of the derivations of
fluid dynamic equations from the Boltzmann equation in [3]. The outline of this
paper is the following: section 2 introduces the system of Boltzmann equations used
as the starting point in our derivation. In particular, the fundamental conservation
laws and basic properties of this system are recalled in section 2, along with the
dimensionless form of the equations and the definition of the scaling parameters
involved. Section 3 studies in detail the main properties of the collision kernel
describing the interaction of gas molecules with dust particles or droplets. Our
main result, i.e. is the derivation of the Vlasov-Navier-Stokes system, is stated as
Theorem 4.1 in section 4. Its proof occupies most of section 4.

2. BOLTZMANN EQUATIONS FOR MULTICOMPONENT (GASES

Consider a binary mixture consisting of microscopic gas molecules and much
bigger solid dust particles or liquid droplets. For simplicity, we henceforth assume
that the dust particles or droplets are identical (in particular, the spray is monodis-
perse: all particles have the same mass), and that the gas is monatomic. We denote
from now on by F = F(t,x,v) > 0 the distribution function of dust particles or
droplets, and by f = f(¢t,z,w) > 0 the distribution function of gas molecules.
These distribution functions satisfy the system of Boltzmann equations

1 (01 +v-V.)F = D(F.f) + B(F).
M) (O +w-Va)f =R(f, F)+C(f).

The terms B(F) and C(f) are the Boltzmann collision integrals for pairs of dust
particles or liquid droplets and for pairs of gas molecules respectively. The terms
D(F, f) and R(f, F') are Boltzmann type collision integrals describing the deflection
of dust particles or liquid droplets subject to the impingement of gas molecules, and
the slowing down of gas molecules by collisions with dust particles or liquid droplets
respectively.

2.1. Fundamental conservation laws for multicomponent Boltzmann sys-
tems. Before describing in detail the collision integrals introduced above, we recall
their fundamental properties.

Collisions between gas molecules are assumed to be elastic, so that the Boltz-
mann collision integral C(f) satisfies the following local conservation laws of mass,
momentum and energy: for each measurable f defined a.e. on R? and rapidly
decaying as |w| — oo,

1
(2) C(fHilw)| w | dw=0.
R |w]?

Collisions between dust particles or liquid droplets may not be perfectly elastic,

so that the Boltzmann collision integral B(F') satisfies only the local conservation

laws of mass and momentum: for each measurable F defined a.e. on R? and rapidly
decaying as |v| — oo,

3) B(F)(v) (3}) dv=0.

R3
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Collisions between gas molecules and dust particles or liquid droplets obviously
preserve the nature of the colliding objects. Therefore, the collision integrals
D(F, ) and R(f,F) satisfy the following local conservation of particle number
per species: for each measurable F and f defined a.e. on R? and rapidly decaying
at infinity,

(1) [ pEn@a= [ R(fF)w)dw =o.
R3 R3
These collision integrals satisfy the local balance of momentum in the aerosol, i.e.

(5) My D(F,f)(v)vdv+mg/ R(f, F)(w)wdw =0,
R3 R3

where my is the mass of gas molecules and m,, the mass of dust particles or liquid
droplets.

If the collisions between gas molecules and droplets or dust particles are elastic,
these collision integrals satisfy in addition the local balance of energy in the aerosol,
ie.

my [ DED@Pdv+my [ RUF) @)l dw =o0.
R3 R3

2.2. Dimensionless Boltzmann systems. We assume for simplicity that the
aerosol is enclosed in a periodic box of size L > 0, i.e. # € R3/LZ3. The system
of Boltzmann equations (1) involves an important number of physical parameters,
which are listed in the table below.

| Parameter | Definition |
L size of the container (periodic box)
N, number of particles/L?
N, number of gas molecules/L?
Vi thermal speed of particles
Vy thermal speed of gas molecules
Spp average particle/particle cross-section
Shyg average particle/gas cross-section
Sgq average molecular cross-section
n=mg/my mass ratio (molecules/particles)
e=V,/V, thermal speed ratio (particles/molecules)

Table 1: the physical parameters for binary gas mixtures

We first define a dimensionless position variable:
Z:=xz/L,
together with dimensionless velocity variables for each species:
vi=v/V,, w:=w/V,.
In other words, the velocity of each species is measured in terms of the thermal
speed of the particles in the species under consideration.

Next, we define a time variable, which is adapted to the individual motion of the
typical particle of the slowest species, i.e. the dust particles or droplets:

t:=1tV,/L.
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Finally, we define dimensionless distribution functions for each particle species:
F(t,2,0) = VF(t,x,0)/N,, (. 2,0) =Vt 2,w)/N,.

The definition of dimensionless collision integrals is more complex and involves
the average collision cross-sections Sy, Spg, Sqq, Whose definition is recalled below.

The collision integrals B(F'), C(f), D(F, f) and R(f, F) are given by expressions
of the form

B = [ P@)FE, e )
—PW) [ Pl oS0 = v du.,
ePw) = [ 5w, du’ dus)
=g [ fwl = S - v d
DEAE) = [ Py (0. du)
=) [ 1l = ulZ(o - ) du,
RUFYw) = [ POy 00" )
~ fw) [ PWlo=ulS(o - uldv.

In these expressions, Il,,, 144, 11,4, 11y, are nonnegative, measure-valued measur-
able functions defined a.e. on R?, while Ypps 2gg, Lpg are nonnegative measurable
functions defined a.e. on Ry.

The quantities IT and X are related by the following identities:

/ dv Il (v, dv’ dol) = [v" — V|2, (0" — vL]) dv' dvl,,
R}

/ dw g (w,dw’ dw)) = |w' — W) |Seq(Jw" — wl|) dw’ dwl, ,
R

3
w

(7)
/ dv Iy (v, dv’ dw') = [0 — W' |Zpe(J0" — w']) dv’ dw',
R}

/ dw gy (w, dv’ dw') = [v" — w'|Z,4(Jv" — w'|) do’ dw' .
R,
In each one of these identities, the left hand side is to be understood as an integral
with respect to the unprimed variable (v for the 1st and 3rd identities, w for the
2nd and the 4th) of a nonnegative measurable function with values in the set of
Borel measures on R® x R3. The identities (7) imply the conservation of mass
for each species of particles for all the collision integrals appearing in (6). These
conservation laws have been stated above: see the first lines of (2) and (3), and (4).
We refer to formula (3.6) in [27] for this general presentation of collision integrals.
Specific examples of these collision integrals will be discussed in section 2.3 below
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According to formula (2.2) in [27], X,,,X,, and X,, have the dimensions of
areas. The corresponding dimensionless quantities are

ZA]mo(|@|) = ZPP(VPWD/SPP,
igg(m” = Egg(vgm”/sggv
XA:pg(|2|) = 21051(Vg|2|)/spg-

Likewise, we define the dimensionless measure-valued collision kernels by the for-
mulas

pr(” o’ do;,) = Ty (v, dv’ dv;)/SPPVp47
ﬁgg(w dw’ dw},) = Tlge (w, dw’ dw;)/SggV;,
Hpg(v, do' dw') = Ig (v, do’ dw’)/Sng; ,
Ty, (w0, v’ d') = T, (w, do’ dw/)/Spg‘/ng?’.

We henceforth define the dimensionless collision integrals as follows:

while

fF({;)/ f)|zo - 2pg(%@fw) dw,
R(f, F)(w) // o) f (@' )T,y (b, do’ d’)
R3><R3
Aray | Vs s Vpr oA N
— f(w )/RSF(v) Vo= Zpg(vgv—w‘) do.

With the dimensionless quantities so defined, we arrive at the following dimen-
sionless form of the multicomponent Boltzmann system:

N N V, A A & A A
OF + 0.V, F :NgSngVgD(F,f) + N, S, LB(F),

(8)
A V, & A
8f+7w Vaif = NpSpgL gR(f )JrNgSggLVgC(f).
P P
Throughout the present study, we shall always assume that
(9) NpSppL < 1.

In other words, the collision integral for dust particles or droplets NpSppLB(F ) is
considered as formally negligible, and will be henceforth systematically discarded
in the equations.
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Besides, the thermal speed V,, of dust particles or droplets is in general smaller
than the thermal speed V; of gas molecules; thus we denote their ratio by

V
10 =L clo,1].
(10) €=, [0,1]
Recalling that the mass ratio [0,1] 3 n = m,/m, is supposed to be extremely
small, since the particles are usually much bigger than the molecules, we also assume

N,
11 ==—2cl0,1].
(1) 1= €]
This assumption on the ratio of the number of particles to the number of molecules
defines a scaling such that the mass density of the gas is of the same order of
magnitude as the mass density of droplets.
Finally, we shall assume that

(12) Ny SpgL=¢€, and N;Sg,L=1/¢.

Under these assumptions,

|2 Vy 1
NgSngVZ N, (N Sng)V 7’
V V.

(NpSng)VZ = (NgsggL)VZ )

so that we arrive at the scaled system
~ ~ 1 A ~ =«

GF + 0-VzF =-D(F, f),

(13) !

1 N B
0f + <o Vaf = R )+ 5C(f).
Henceforth, we drop hats on all dimensionless quantities and variables introduced
in this section. Only dimensionless variables, distribution functions and collision
integrals will be considered from now on. We also use V, W as dummy variables in

the gain part of the collision operators D and R, in order to avoid confusion.
We define therefore the (e- and 7-dependent) dimensionless collision integrals

// J (W) (w, dw’ dw?)
R3><R3

(14)
- f(w) /R Fw)lw = w0 — . du
= // F(V)f(W)ILyg(v,dV dW)
R3xR3
(15)
— F(v) /Rs fw) |ev —w| Epg (Jev — w]) dw
F)(w) = F(V) f(W)ILyp(w,dV dW)
(16) //RSXR3

— fw) [ Po) e =] Sy (= wl) do
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with X4y, X, satisfying (7). Notice that the scattering kernels II,,, and Il ,, depend
in fact on € and 1. Whenever necessary (for instance in describing the asymptotic
behavior of these kernels in the small e and 7 limit), we shall denote them II7;7 and
II5;7 respectively.

The scaled Boltzmann system (13) is then recast as

1
OF +v-V,F ==D(F, f),
n
(17) 1 1
O f + ;w'vmf =R(f, F) + e_gc(f)
2.3. Explicit formulas for the collision integrals. In the previous section, we
have introduced a general setting for the various collisional processes involved in

gas-particle mixtures. The explicit formulas for the main examples of collision
integrals considered in this work are given in the next three sections.

2.3.1. The Boltzmann collision integral for gas molecules. The dimensionless colli-
sion integral C(f) is given by the formula

(18)  C(f)w) = / /R P = f0) fw))elw = ) s

for each measurable f defined a.e. on R? and rapidly decaying at infinity, where
19) w' = w(w, we,w) = w — (w—wy) - ww,
wh, =W, (0, Wy, w) = wat (W — wy) - ww,

(see formulas (3.11) and (4.16) in chapter IT of [7]). The collision kernel ¢ is of the
form

(20) c(w — e, w) = | — Wy g9 (|w —ws], | cos(w = ws,w)]),

where 0,4, is the dimensionless differential cross-section of gas molecules. In other
words,

1
Sgy(J2]) = 4n / oo (12l ) ds,

while
(21) Iy (w,-) = // Awadw G (1,10, ) @ Ow? (w,w, ) (W — Wi, W)
R3xS2

The left hand side is to be understood a function of w with values in the set of
positive Borel measures on R? x R?, while the right hand side is a linear superpo-
sition of the positive Borel measures 6, (uw,w, w) ® Ow(w,w. ) 00 R? x R? obtained
by integrating over w,,w while w is kept fixed.

If more to one’s taste, one can equivalently formulate this equality by applying
both sides to a test function x € C.(R3 x R?):

J[ o xww, w.awaw.)

R3xR3

= // <5w’(w,w*,w) & 5111’ (w,wy,w)>s X>C(’w — Wk, w) dw*dw
R3xS2 *

— // X (W' (w, wy, w), W (w, we, w))e(w — wy, w) dw,dw .
R3xS2
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One recognizes in the last right hand side of the equalities above the usual expres-
sion for the gain term in the Boltzmann collision integral for identical particles
interacting by elastic collisions.

We recall that the collision integal C satisfies the conservation of mass, momen-
tum and kinetic energy (2) — see formulas (1.16)-(1.18) in chapter II of [6].

We assume that the molecular interaction is defined in terms of a hard potential
satisfying Grad’s cutoff assumption. In other words, we assume that there exists
¢ > 1 and v € [0, 1] such that

0 < ce(z,w) < eu(1412])7, for a.e. (z,w) € R® x 82,
22 1
(22) / c(z,w)de—L, for a.e. z € R3.
S2 Cy 1+ |Z|

Next we discuss the properties of the linearization about a Maxwellian equilib-
rium state of the collision integral C. By scaling and Galilean invariance, one can
consider the Maxwellian distribution
(23) M(w) :=

o lwl?/2

1
(2m)3/2
without loss of generality. The linearized collision integral is defined as
(24) L6 = —M~'DC(M) - (M),

where D is the functional derivative.

The following result is a theorem of Hilbert in the case of hard sphere collisions,
extended by Grad to the case of hard cutoff potentials (see [7], especially Theorem
I on p.186 and Theorem II on p.187).

Theorem 2.1. The linearized collision integral L is an unbounded operator on
L?(Mdwv) with domain Dom £ = L?((¢x M)?>Mdv), where

&(z) = /S ez, ).

Moreover, L = L* > 0, with nullspace

(25) Ker £ = Span{1, wy, ws, ws, |w|?}.
Finally, L is a Fredholm operator, so that
ImL =Ker Lt
Defining by
(26) Alw) =w@w— %|w|21

the traceless component of the tensor w ® w, we see that AL Ker £ in L?*(Mdv).
Since L satisfies the Fredholm alternative, there exists a unique A € Dom £ such
that

(27) LA=A,  AlKerL.

Using the symmetry properties of the collision integral and the rotation invariance
of the Maxwellian distribution (23), one can show that the matrix field A is of the
form

(28) A(w) = alw)A(w),
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where « is a measurable function such that
/ a|w])2[w| (@ M(w))2 M (w)dw < oo
RB

See [15] for a complete proof of this statement.
In the sequel, we shall assume for simplicity that the molecular interaction is
such that
ae L*Ry).
It is a well known fact that, in the case of Mawxell molecules, that is, in the case
where the collision kernel is of the form

oz, w) = O(| cos(v = vy, w)|),

then « is a positive constant. (See for instance the discussion between formulas
(3.15) and (3.17) in chapter V of [6].)

2.3.2. The collision integrals D and R for elastic collisions. For each measurable
F and f defined a.e. on R? and rapidly decaying at infinity, the dimensionless
collision integrals D(F, f) and R(f, F') are given by the formulas

//Rsxsz F v ( ) F(U)f(w))b(ev — w,w) dwdw
W= [[ 0@ - s F@e - w0 v,

where
n_.n 2n
v =0" (v, w,w) vr<v— ) ww ,
(20) 5
w'=w" (v,w,w)i=w——— (w—ev) - ww,
1+n

(see formula (5.10) in chapter II of [7]). The collision kernel b is of the form
(30) blev — w,w) = |ev — wlopg(lev — w), | cos(ev — w,w)|),

where 0,4 is the dimensionless differential cross-section of gas molecules. In other
words,

1
(31) Sy(|2]) = dm / 0y (12 1) i,
while

Hpg(U, ) = // dw dw b(GU — w, w)év”(v,w,w) ® 5w”(v,w,w) s
(32) R3xS2
IT,, (w // dv dw b(ev — W, W)y (1,1,0) @ Owr (v,1,0)
R3x82

where the equalities (32) are to be understood in the same way as (21).

One should keep in mind that the velocity of each species is measured in units
of the thermal speed of that species. This accounts for the appearance of the
thermal speed ratio € in the formulas above. Moreover, the reduced mass of the
dust particles or droplets and gas molecules defined by formula (5.2) in chapter 1T
of [7] is

mptg . Mg _ Myl
mp+mg 14+n 147
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These formulas explain how the mass ratio  appears in the definition of v and
w' above.

We recall that the operators D and R defined in this subsection satisfy sepa-
rately the conservation of the number of particles and molecules (4), and jointly
the conservation of momentum (involving both operators):

(33) € D(F,f)(v)vdv—i—n/ R(f, F)(w)wdw =0.

This last identity is a dimensionless version of (5).
These properties can be easily checked using the formulas

(34) e+’ =ev+nw, e —w" =R,(ev—w),

where R, is the reflection defined by R,w = w — 2(w-w)w for each w € S2. Indeed
these formulas show that (v, w) — (v”,w") is a linear involution for each w € S2.
As in the case of the molecular collision kernel ¢, we assume that b is a cutoff
kernel associated with a hard potential, i.e. we assume that there exists b, > 1 and
B* € [0,1] such that
0 < b(z,w) < b.(1+]2))", for a.e. (z,w) € R® x 82,
(35)

Ed

1
/s? b(z,w)dw > REaEE for a.e.z € R3.

We also assume that (for a.e. w € S?)
(36) b(-,w) € CYR?\ {0}), and sup |9:b(z,w)| < C(1 + |2]).
wes?

2.3.3. An inelastic model of collision integrals D and R. Dust particles or droplets
are macroscopic objects when compared to gas molecules. This suggests using
the classical models of gas-surface interaction to describe the impingement of gas
molecules on dust particles or droplets. Perhaps the simplest such model of colli-
sions has been introduced by F. Charles in [8], with a detailed discussion in section
1.3 of [9] and in [10]. We briefly recall this model below.

First, the (dimensional) particle-molecule cross-section is

Spg =m(rg + rp)2,

where ry is the molecular radius and r, the radius of dust particles or droplets.
Then, the dimensionless particle-molecule cross-section is

Epg(lev —wl) =1.
The formulas for 5,4 and ¥, correspond to a binary collision between two balls of

radius r, and ry.
Next, the measure-valued functions II,, and Ily, are defined as follows:

I, (v, dV dW) := K, (v, V, W) dVAW ,

37
(37) Iy (w,dV dW) = Kgp(w, V., W) dVdAW ,
where,
4 2 V4w |?
e 0= g (1) e (4 (52) o - 25 )
(38)

L o (2 0))
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eV +nW

2
1+1n )

x/Sz(n- (V — W) (n (w— W)):’”-

_ My
ﬂ N 2k/’BT‘squ

where kp is the Boltzmann constant and Tj,,s the surface temperature of the
particles.
Thus, defining

(40) PN(&n) == g X exp(—g A°[€*)(€ - n)+,

for each A > 0 and n € S?, we see that the integral kernels K, and K, are given
in terms of P by the expressions

Kgp(w,V,W) = #(1 —|—77)4ﬁ4 exp <—% 2(1 —|—77)2 w
(39)

In these formulas

Kpg(v, V,W) :%GB/P[BI—:;’Z] (%7”& - ev,n) ((eV —W)-n)ydn,

Kgp(w,V,W) =1 /P[ﬂ(l + )] (w - %Z}K,n) ((eV —=W)-n)idn.

3. ASSUMPTIONS ON II,, AND IIg,

In the sequel, we shall state a theorem which holds for all collision integrals
satisfying a few assumptions introduced below.

We recall that 1I,, and I, are nonnegative measure-valued functions of the
variable v € R? and w € R? resp., which depend in general on the small parameters
e and 7) (see formulas (29), (32), and (37)-(39)). We do not make this dependence
explicit, unless if necessary (as in Assumptions (H4)-(H5) below). In this case, we
write II777 and II77 instead of 1l and II,p.

Assumption (H1). There exists a nonnegative measurable function
g=q(r)<C(1+7r) forsome C >0
such that the measure-valued functions I, and II,, satisfy

/ I, (v, dVAW)dv = / I, (w, dVAW) dw = q(|eV — W|)dVdW .
R3 R3

Note that Assumption (H1) is coherent with the fact that in the last two lines of

(7), the same cross-section ¥, appears (and thus with the conservation of mass).

Assumption (H2). There exists a function @ = Q(r) € C(RY) satisfying
Q>0, and Q(r)+1|Q'(r) <C(1+r) for some C >0,

such that the measure-valued functions I, and Il , satisfy
e/ dv (v — V), (v, dVdAIWV) = —77/ dw (w — W)y, (w, dVdAW)
R3 R3

_n

1+n
This assumption implies the conservation of momentum between molecules and
particles.

(eV = W)Q(|eV — W[)dVdW .
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Assumption (H3). There exists a constant C' > 0 such that the measure-valued
function II,, satisfies

My, (v, dVAW) < O (14 |V — W |*)q(|eV — W|)dVdW,

where ¢ is the function appearing in Assumption (H1).

Assumption (H4). The limiting measure HS%,O satisfies the following invariance?

property:
TR#H!O”’DO = Hgbo for each R € O3(R),

where
(41) Tr: (w,V,W) — (Rw,V,RW).
Besides, for each ® := ®(w, W) such that [®(w, W)| < C(1 + |w|? + |W|?)M (W),

/ 1+ V)
R3

for some p > 3, as €, — 0. Moreover,

/ / (w, W) (A1 (w,dVAW) — I (w, dVAW)) dw| — 0
R3><R3

// dw (1 + |w]* 4 [W[*) M (W)ILD (w, dVdW) € L'((1 + V?)~%dV).
R3xR3

Assumption (H5). For all h € L?(M (w)dw),

/ / / (LW ) (L4 V)P (14 | f2) MOV [B(W)|TIS (w0, AVAW) duo
R3xR3xR3
< C|R|| L2 (v (w)dw) s

where C' does not depend on 7 and e (for  and € close to 0).

We next prove that the elastic and inelastic models previously introduced (in
sections 2.3.2 and 2.3.3 resp.) satisfy the assumptions (H1)-(H5).

3.1. Verification of (H1)-(H5) for the elastic collision model.

Proposition 1. For each collision kernel b of the form (30) satisfying (35), let the
quantities ¥4, I,y and I1,, be defined by (29), (31) and (32). Then, assumptions
(H1)-(H5) are satisfied, with

1
(42) q(lev — w)) :47r/ lev — w| opg(ev — w|, w) dpe,
0
1
(43) Qlew—wl) =87 [ Jev = wl aygev = wl, s .
and
(44) C=1.

2The notation T #m designates the push-forward of the measure m by the transformation 7.
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Proof. For each continuous and compactly supported test functions ¢ = ¢(v, V, W)
and 1 = ¢ (w, V, W), one has

/// o(v, V, W)Iyg (v, dVAW) dv
R3xR3xR3
(45) = /// ¢(Ua Ul/a wll)b(G'U —w, W) dwdwdv
R3xR3xS2
= /// ¢(’UN, v, w)b(ev —w, (AJ> dwdwdv .
R3xR3xS2

where the last equality follows from the fact that the map (v, w) — (v”,w") is a
linear involution for each w € S2. By the same token

/ / / D (w, V, W)y (w, AV AT )duw
R3xR3xR3

(46) _ ///Rsstxsz bW, v, w)b(ev — w, w)dwdwdv .

Observing that

1
/b(ev—w,w)dw:47r|ev—w|/ Opg(lev —wl, w) dp,
s2 0

one arrives at assumption (H1) with ¢ defined by (42).
Then we see that

—n(w—-w") w
2n
147

e(v—2") w

1

2n

—e)w,
1+ )

(w—ev) w= (w

and that
/ ((ev" —w") - w)blev — w, w)w dw
g2

1
:47T|ev—w|(ev”—w”)/ Opg (|ev — w|, p)p? dpe
0

and conclude that assumption (H2) holds with @ defined by (43).

Observing that
2 2
_ ( n > lev” — w//|2
1+n

2
<L> lev — w|? < n?lev —w|?,
1+mn

shows that assumption (H3) holds with C' = 1.
Next, one has
/ / / P(w, V, W)L (w, dVAW) dw
R3xR3xR3

— /// d(w — 2w - ww, v, w)b(w, w) dvdwdw ,
R3xR3x82

which obviously implies the relation

0,0 _ 0,0
Iy, = Tr#l1l,, .

6,U// + nw//
€V —
1+n
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Besides, for each p > 3 and each continuous ® = ®(w, W) such that
@ (w, W)| < C(L+ |w|* + W) M (W)

one has

/ (1+ V)~
RS
/1+|v|

O (w, W) (IG5 (w, dVAW) — Hgbo(w,dVdW))dw‘
R3xR3

(w”, w)b(ev—w,w)— (0, w)b(w,w)) dvdwdw| ,
R3><S2

where
W=w-—2w- ww.
By continuity of b and ®, we see that
O (w”, w)b(ev — w,w) — ®(w,w)b(w,w)
as €, — 0. Then, using the estimate
(", w)[blev — w,w) < O+ |w|*)*2(1 + [v]*)** M (w),

we conclude that

/ (1+ V)
R3

as €, — 0 by dominated convergence. Finally we observe that

/ / w, W)L (w, dVdW )dw — T19:0 (w, dV dW )dw) | —

// 1+ [w]* + WA (A + V)P MWD (w, dVAW) dw

R3xR3xR3

= /// (14w — 2(w - W)w|? + |w*) (A + |v|*) 72 M (w)b(—w, w) dwdwdv
R3xR3x82

= C// (1 + |w|*)(1 +v*) " M (w)|w| dwdv < oo,
R3xR3

so that assumption (H4) is satisfied.
Finally, for each h € L?(M (w) dw) and each €, > 0 small enough,

i (14 W) (V)72 (1 fof?) M (W) ()15 o, 4V AW s
R3xR3xR3
B /// (L [w]?) L+ [u]*) 7P (L4 [w” [2) M (w) [ (w) |b(ev — w, w) dwdwdv
R3xR3xS?
< C// (L [w]?) L+ [0 ]*) 7P (L o]+ [w]*) (L4 o]+ w]) M (w) [h (w)| dwdy
R3xR3
<c [ (el M@)o < Clbllrwan
by the Cauchy-Schwarz inequality. Hence assumption (H5) is also verified. (I

3.2. Verification of (H1)-(H5) for the inelastic collision model.

Proposition 2. The scattering kernels 11, and 11y, defined by (87)-(39) satisfy
assumptions (H1)-(H5), with

/o
36

q(lev —w|) = lev —w|, Q(lev —w|) = + |ev —w|,
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and
16

E .
As in the previous section, we explicitly mention the e, n-dependence of the

scattering kernels whenever needed, in which case we use the notation K7, K¢/
to designate K, and K, respectively.

C:

Proof. Setting successively a = % —evand b= [ (HT") a, we see that
/ Kpg(v, V,W)dv
R3

_ //RSXSZ % (1*7’7)4exp (—%52 (1*7’7)2 |a|2) (a-n); (v —W)-n), dadn

1 1172 n R . .
:_/[Rsxszexp(*glﬂ Jb-m)s (V= W) -n), dbd

27?2

:%/Sz((eV—W)-n)+dn:|eV—W|.

Likewise, setting ' = S(1 + ) (w - %Z)ﬂ), we see that

/ Kgp(w, V. W) dw
R3
1
// exp(— L)Y - n)y ((V — W) -n), dbldn = |V — W].
R3xS2

" 22

so that assumption (H1) is verified.
With b =3 (1—‘;71) (%%ﬂ — ev) as above

6/ (v=V)Kpg(v,V, W) dv
R3

L /R be 1P /2(h )y db) ((eV = W) -n)4dn

N ((WeV)%B
:_%L (/SZ(GV—W)((eV—W)- dn +—/ (eV=W)-n), d)

_ 1+ (eV — W)(|eV—W|+(27;)Bl/2).

Likewise, setting ' = B(1 + ) (w - %Z)ﬂ) as above, we see that

_77/ (w = W)Kgp(w, V, W) dw
R3

_%IZU/((%;E/QTH-&V—W)) ((eV—=W)-n), dn

_ (2m)!/2
——1+n(eV—W)(|6V—W|+ 35 )

so that assumption (H2) is also satisfied.
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2

Still with b = 3 (ﬂ) (M - ev), one has
VW
YTV K0, VW) d

n 1+n
/R3 1 + n

2
(L 1 2 axn(— L [BI12)(b - N
_ (1+77) — /32(27T /R3|b| exp(—LbP)(b-n)y db) dn eV — W]

16 n 2
<5 (i) w-m

€V

so that assumption (H3) is satisfied.
Observe that

0,0 _ 70,0
1100 (w, AV, dW) = KO (w, W) dVdW
with
KO0, 1) = ke exp(—35uf®) | (W m)(w-m)- dn
= K% (Rw, RW)
for each R € O3(R). Hence Tr#I1? = IT:0, which is the first property in (H4).
On the other hand

/// (L4 V) 30+ [wf? + WM (W)L (w, AV, W) du
R3><R3><R3

(1 2w WK% (w, W) dwdW <
/R3 1+|V| //RR w4 WMWK (w0, W) duwd W < oo

since
0 < K% (w, W) < 25 w||W|exp(—35°|w[?).
Hence the third property in (H4) is verified.
Let ® = ®(w, W) be such that |®(w, W)| < C(1 + |w|?> + |W|*)M (W). Then,

27?2 .
FI@(w, WK (w, V,W) < C([V[+ W]+ [w))(IV] + [W])

)

(14 |w]? + [W]2) M (W) exp (éBQ w

1+n

Since

2

L

1+n 1+1n
2

> min(1, 8%/2 W2+‘ ~ S

_mln(ﬂ/)<| I“ + |w T+ 0 \4

> min(L, 2/2)((W]* + [w]* — 2[V]?)

|W|2+62 w—

we see that
272 .
FI@(w,W)IKgQ(w,V, W) <C(V|+ W[+ |w)(IV]+[W])
x(1+ [l + [WI2) exp(ulV ) exp(— Ll + W)

with
= min(1, 5%/2).
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Therefore
// ®(w, W)K g (w, V, W) dwdW
R3xR3
%// O (w, W)K ) (w, V,W) dwdW
R3xR3

for each V € R? by dominated convergence. Setting y = w — %}7&, one has

21

B R3xR3

-p VW
//Rsm@(“ [ ’W) (L+m) exp (—38°(1+1)°[y]?)

X / ((eV—=W)-n) (~y-n)t dndydW‘
R3

< COt|VP) / / (L2 + WP+ V)M (W)
R3xR3

1+|V|

O(w, W)K g (w, V, W) dde‘

= (1+IVP)

x exp(—3 82|y} |yl(|V |+ |W]) dydW
which is integrable in V' € R? for p > 3. Therefore,

/ (1+ V)
R3

as €, — 0 for all p > 3 by dominated convergence. This completes the verification
of (H4).

. . . . o VW
Using again the substitution y = w — <71~ > one has

(w, W) (A1 (w,dVAW) dw — I1)0 (w, dVAW) dw) | — 0

/// A WEM) W)L+ V) TP+ |w]?)II (w, dVAW) dw
R3xR3xR3

(][ @ WRMRI VR )
R3xR3xR3

B 2)

X — (1 +n)*exp <252(1+77) i

X / (eV—-W)-n); <<M - w> n) dndVdWdw
s2 n

1+n

<c [[[ AWV VE R+ Bl
R3xR3xR3
x|V + Wlly|exp (=2 8%|y[?) VAW dy < C||h|| L2 (v (w) dw) -
which is precisely assumption (H5). O

4. PASSAGE TO THE LIMIT

In this section, we use the material presented in sections 2-3 to state and prove
the main result in this paper, i.e. the derivation of the Vlasov-Navier-Stokes model
for thin sprays from the system of Boltzmann equations for a binary mixture of gas
molecules and dust particles or droplets.
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4.1. Statement of the main result. We henceforth consider a sequence of solu-
tions f, = fu(t,z,w), and F,, = F,(t,x,v) to the system of kinetic-fluid equations
(17), with sequences €,,, 7, — 0 in the place of the parameters €, > 0:

1
atFn+Uva = (anfn)a

(47) . n .

n

where C, D and R are defined by (18)-(20), (15) and (16).

Theorem 4.1. Assume that the scattering kernels gz and g in (15)-(16)
satisfy (H1)-(H5), while the molecular collision kernel ¢ satisfies (22). Assume
further that the function « in (28) is bounded on Ry, and that

en—0, and 1n,/2 —=0.

Let g, = gn(t,z,w) > 0 and F, = F,(t,x,v) > 0 be sequences of smooth (at
least C1) functions, and let
(48) fu(t,z,w) == M(w)(1 + engn(t, z,w)),
where M is the Mazwellian distribution (23). Assume that

F,—F in LS, weak-*,  and that g,—g in L7, (R} x R® x R?) weak

for some F € LS. (Ry x R®* x R3) and g € L7 (R} x R® x R?).

Assume that
(a) the pair (Fy, frn) is a solution to (47), with C,D, R defined by (18)-(20), (15)

and (16)
(b) there exists p > 3 such that

sup sup (1+ [v*)PFE,(t,z,v) < Cr < 00
n>1 (t,2,0)€[0,R]x [~ R,R]? x R?

for each R >0,
(c) the sequence

/ gn(t, 2, w)? M (w) dw
R3
is bounded in L}, ,(R% x R?),

(d) the sequence of velocity averages of gn

(49) / gnd(w)M(w)dw = | gd(w)M(w)dw
RS R3

strongly in L} (R% x R?) for each ¢ € C.(R?).

loc
Then there exist L> functions p = p(t,z) € R and 0 = 0(t,x) € R, and a L™
vector field u = u(t,z) € R3 s.t.

g(t,x,w) = p(t,x) + u(t,x) - w+ 6(t, x)%(|w|2 -3)

(50) 5 3
for a.e. (t,x,w) € Ry x R x R7,
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and the pair (F,u) satisfies the Viasov-Navier-Stokes system
OF +v -V F = rdivy((v —u)F),

div, u =0,

(51)
Opu + divy(u @ u) = vAzu — Vaep + :‘i/(’U —u)F dv,

in the sense of distributions, with
(52) vi= 15 A:LAM(w)dw >0, k:= %/Q(|w|)|w|2M(w) dw > 0,

where Q is defined in assumption (H2), while A, L are defined by (27)-(24).

4.2. Proof of Theorem 4.1. The proof of Theorem 4.1 is based on the formal
derivation of the incompressible fluid dynamic limit of the Boltzmann equation
formulated in [3]. However, the interaction with the dust particles/droplets involves
very serious complications.

This proof is split in several steps, referred to as Propositions 3 to 9, and a final
part in which all the convergences of the different terms appearing in eq. (47) are
established.

4.2.1. Step 1: Asymptotic form of the molecular distribution function.

Proposition 3. Under the assumptions of Theorem 4.1, there exist L°° functions
p=pt,z)e Rand 0 =0(t,x) € R, and a L™ vector field u = u(t,z) € R? s.t.
(50) holds.

Proof. Since C is a quadratic operator, its Taylor expansion terminates at order 2,
i.e.

C(M(1+ engn)) =C(M) + e, DC(M) - (Mgn) + €,C(Mgy)
=—e,MLgn + EiMQ(gn),
where L¢ is defined by (24) and
(53) Q(¢) := M~'C(M¢).
Then the kinetic equation for the propellant (second line of eq. (47)) can be recast

in terms of the fluctuation of the distribution function g,:

1 1 1 1
(54) Orgn + e—w -Valn + 6—2£gn = e—M_lR(M(l +egn), Fn) + G—Q(gn) .

n

Multiplying each side of this equation by €2 leads to the equality
(55) ‘an = en(MilR(M(l + egn)v Fn) + Q(gn)) - eiatgn — €W - Vzgn

The two last terms of this identity clearly converge to 0 in the sense of distributions

since g,—¢g weakly in L7 ..

Next, for each test function ¢ € C.(R?),

[ cwswan = [[[ 0w - M w)e(w)
X M (W) gn (Wi )M (W) gpn (w)e(w — wy, w) dwdw,dw ,
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where w', w), are defined by (19). By the Cauchy-Schwarz inequality,

[ oot
<c [[[ Mgt M g, ()1 + ol + fu. ) dudo

<c M(w)gn(w)zdw/ Mw)(1 + [w])? duw,

so that
/ 9(gn)¢(w) dw is bounded in L}, (R% x R?)
R3

for each ¢ € C.(R3), and €,Q(g,) — 0 in the sense of distributions.
Likewise, for each ¢ € C.(R?), we deduce from (H1) that

R(fns Fn) M~ (w)p(w) duw
RS

= I T w)e) = M )G £ (V) F (V) 0,0V AW o

so that

‘ R(fn,Fn)Ml(w)qb(w)dw‘
R3

<c [ RV - W)dvaw

<C | MW)A+engn)(W)(A + [W])dW,

R3
which is bounded in L7 (R} x R?), according to (H1) and assumption (b) in
Theorem 4.1. Therefore €, R(fn, Fn)M ~1(w) — 0 in the sense of distributions.

Finally, for each test function ¢ € C.(R?), one has®:

(Lgn|d) L2 (a1 dvy = (gnlLD) L2 (a1 dv) = (91£P) L2 (a1 dv) = (LY|D) L2 (01 av)
since L¢ € L*(M dv) and g,—g¢ in L} (R% x R3 x R?) weak. Hence

loc

Lg, — Lg = 0 in the sense of distributions.
According to (25), g is of the form (50). O

4.2.2. Step 2: Asymptotic deflection term. The following proposition is the key
observation in this work. Because the mass ratio of the gas molecules to the particles
in the dispersed phase is assumed to be small, the heavier particles are only slightly
deflected upon colliding with the lighter gas molecules. It explains how the collision
integral D(F, f) in the kinetic equation for the distribution function of the dispersed
phase converges to the acceleration term which appears in the Vlasov equation. This
result is reminiscent of Theorem 4.3 in [12].

3We use the notation

(Dl¥) 2 (a,d0) = / P(0)Y(w)M(v)dv,  for each ¢, € L*(M dv).

R3



VLASOV-NAVIER-STOKES MODEL FOR AEROSOL FLOWS 23

Proposition 4. Under the assumptions of Theorem 4.1,

1

—D(Fy, fn) = kdiv((v —u)F) in D'(R7 x R* x R%),

Tin
with k defined in (52). More precisely, for each ¢ = ¢p(v) € C2(R?) such that V¢
and V2¢ € L>®(R?), one has

1
i oo PE 0000 | FOIT00) - 0=
in D'(R% x R3).

Proof. Using (H1) or (7) and the Taylor expansion at order 2 for the C? function
¢, one has

1

- D(anfn)(v)¢(v) dv

Mn JR3
1
:EHXLWNFMVVAWXLJMM—¢W%HW@AVMWdU
1
s //RS><R3 E(V) fn(W)Ve(V) - /(v — V)L, (v, dVAW) dv

l v (y — V) ®2 . v
+ /X;XRSEJVX&UV)/EH,LO.( V)®2 1,y (v, AVAW) d

Mn
= In + Jn I
where
1
H@JO::/(l—ﬂV%«l—ﬂV+m0&.
0
We first treat the term I,,. According to (H2)
K,(V
== [ mowvew) =,
R3 1+,
where
1
K,(V):= A Fan(W) (e, V —=W)Q(lenV — W) dW .
n JRE
Hence
L=L 4+ + I+ I+ 17,
with

%4
B=—e [ BT [ Mg nvaey - whavay,

> _ Vo) | v wn
In—ASFn<V>1+nn R3M(W)gn<W)W(Q(| WV =W)) = QW) dW |

R}
R® 1+n Jgrs

~—

MW)gn(W)WQ(IW]) dWdV,

-/ F"W)Yi(:;) [ MOV Qe W awav,

1= [ R [ aranw@qey - w) - Quwpaway.



24 E. BERNARD, L. DESVILLETTES, F. GOLSE, AND V. RICCI
Notice that
\ [ MgV Qe - w) dw\
R3

< C/R3(1 +€n|V| + |W|)M(W)|gn(W)||V|dW

< c|V|<1+|V|>,// Mg2 AW
R3

by the Cauchy-Schwarz inequality, so that
I} =0 in L} (R} xR?).

Then,
[ MOV, (VW @l - W)~ Qi) |
< Cen [ MOV gnW)IWIVIL+ V] + W] i
< Cenl1 + |V|2>\/ [ mwigzaw,

so that

I -0 in L} (Rf xR?).
By assumption (d) in Theorem 4.1

MOV )g WWQUWN AW = [ M(W)g(W)wQ(W]aw
R3 R3

_ %u/ MW WRQ(W)dW = ku
R3

in L1

loc

(R} x R?), and therefore

ID = ku- | F(V)Ve(V)dV in D'(RS x R?).

R3
Then
[ V@i - wh - ) a]
< Cen/ MVI*(1 + e,|V] + [W])dW
R3
< Ce|VIE(L+|V]),
so that

[ T8 [ mnviQ(ey - wi - Qqwhaway o
R3 Tn R3

locally uniformly on R x R3, and

FxR?).

*

I = — [ F(WV)Ve(V)- v/ M(W)Q(IW])dWdV in D'(R
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Finally
e,V —-W w ,
[ arwyw (eI QED L S vorgw) aw
R3 n
1
< / MWWV / 1@ (06nV — W) — Q(IW])| dodw
R3 0
< CVIA+ V)
and

1
/ MWWV / Q' (6eaV — W) — QW) d6dW — 0
R3 0

for all V € R3 by dominated convergence. With assumption (b) in Theorem 4.1,
we see that

5 Vo(V) W
In+/RSFn(V)1+nn /RJM(W)|W|W VQ'(IW])dWdV — 0

locally uniformly on R} x R3, and therefore

B[ Fowvew). [ M) 2w vQ (W) dWdV in D(RF x R).
RS RS (W

By isotropy, one has

W
MW W-VQ (W) dW = 1V M(W)|W W
[ 2wy vaw) [ wywiQ i aw
so that
e s— | P /M QUWY) + LW|Q (W) dWdV
R3

in D’'(R; x R3). On the other hand, we observe that
W-VM(W)=—|W[*M(W)

so that
| e wEQqwhaw = [ w - vaw)Qwaw
RS
= | MW)div(WQ(WI)) dW
/ M(W)(EQ + [WIQ) (W) dw
Hence
D410 —— V/ HWPEMW)Q(W () dWdV
R3
=—k | F(V)Vo(V)-VaV
RS

in D'(R; x R3). Therefore
I, =~k | FWV)Ve(V)-(V—-u)dV in D' (R} x R?),
R3
with
/ MWW)Q(W )W |*dW > 0.
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Next we treat the term J,,. One has
9= 5900 ([ R0 [ o= VP avaw) do.
With U = %T—VV, one has
Elv—V|? <2lenv — U +2|U — €, V|?
2

2
T e, v — W[,

= e = OP e

According to assumption (H3),
2C
[ o= VPILy (0 vy do < 2204 eV = WENa(lenV = W),

R3 en
so that

C
Il £ Sl F0llie [ RV eV = WP~ W) VI

€n R3xR3
By (H1) and assumption (b) in Theorem 4.1,

S OB+ eV = W2V~ W) avaw

L+ e |V]+|W))3

< COCg // (A nlVIF WD\ oy (14 eg0) (W) dVAW
RS xR3 (L4 V)P

for (t,z) € [0, R] x [~ R, R]?. By assumption (c) in Theorem 4.1 and the Cauchy-

Schwarz inequality, the right hand side is bounded in L? (R} x R?). Hence

loc
J.—0 in L} (R x R?)

loc

since 7, /e¢2 — 0, which concludes the proof of Proposition 4. 0
4.2.3. Step 3: Asymptotic friction term.

Proposition 5. Under the assumptions of Theorem 4.1,

1
— | wR(fn, F) dw — m/ (v—u)Fdv inD'(R} xR?),
€n JR3 R3

with k defined by formula (52).
Proof. By assumptions (H1)-(H2),

1
— WR(fn, Fr) dw

€n R3

_ é///RXRR (w0 — W) fu (W) Fo (V)L (w0, AVAW) duo

_ _nin ///Rgmgmg (0= V)Eu (V) fu (W)L, (v, AVAW) do

_ 1 vD(Fy, fn)dv.

n JR3
Proposition 4 then implies that

66 o [ G@DE L)k [ FVITOV) (V- 0y
n JR3 R3
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in D'(R% x R?) for each test function ¢ = ¢(v) satisfying

»€ C*(R?) and Vo, V?p € L°(R?).
Setting ¢(v) = v in (56) leads to the conclusion. O
4.2.4. Step 4: Incompressibility condition.

Proposition 6. Under the assumptions of Theorem 4.1, the velocity field u satisfies
the incompressibility condition

(57) divyu=0
in the sense of distributions on R} X R3.

Proof. For each ¢ := ¢(w) € L' (M dv), we set

(59) @ = [ otw)M(w)du.
Multiplying both sides of (54) by €, M (w) and integrating in w shows that
€n0t(gn) + divg(wgy) = 0.

according to (2). Since g,—¢ in L*(R% x R3 x R?) weak and satisfies assumption
(¢) in Theorem 4.1,

(gn) — {g) and (wg,) — (wg) in LlQOC(Ri x R?) weak.

Hence
div, (wgy) = —€,0¢(gn) — 0 in D'(RY x R?),
so that
div,(wg) =0.
According to Proposition 3, one has (wg) = u, so that (57) holds. O

4.2.5. Step 5: Viscosity term.

Proposition 7. Under the assumptions of Theorem 4.1,
(Aw)w - Vag) = v(Vau+ (Vou)"),

where A is defined in (27), and v is defined in (52).

Proof. By Proposition 3, one has

(A(w)w - Vog) = (A(w) @ A(w)) : Vau
since the tensor field w — A(w)w is odd. By Lemma 4.4 in [4] (see formula (4.13a)),
one has

(Aij Ar) = v(6ikdi + 6udjn — £6i50k1),
with

V= %([l:ﬁfl}>0
(see formula (4.10) in [4]). Formulas (4.10)-(4.13a) in [4] are based on elementary
symmetry arguments — most notably the fact that A(Rw) = RA(w)RT for each
R € O3(R). Complete proofs of these formulas can be found in Lemma 4.3 of [19].
Hence
(A(w)w - Vaig) = v(Vou + (Vou)T — 2(divg u)l).

Since the velocity field u is divergence-free by Proposition 6, this concludes the
proof. O
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4.2.6. Step 6: Convection term.

Proposition 8. Under the assumptions of Theorem 4.1,
(A(w)Q(g)) = Au)

where A is defined in (27), while Q is defined in (53).

Proof. By Proposition 3, g(t,z,-) € Ker L for a.e. (t,z) € R% x R3. According to
formula (60) in [3], one has

Qg(t,z,-)) = 2L(g(t,z,")?), forae. (t,z) e R} xR>.
Since L is self-adjoint on L?(M dw) by Theorem 2.1 and ¢g? € Dom L, one has
(A(w)Q(9)) = (A(w)3L(g%) = 5((LA)g%) = 3(Ag®).
Eliminating the odd component of g? since w +— A(w) is even, one finds that
(4g%) = (A ww): (we )+ {4+ 03(lof -~ 3)” ).
First
<A (p+ 01 (jw]* — 3))° > = %<trace(A) (p+ 01 (lw]* = 3))° >1 =0

because A(Rw) = RA(w)AT and trace(A) = 0 — see Lemma 4.2 in [19] for a
detailed proof.
Then
(A®w @ w)iji = (Aij Ar) = 6inj1 + 6ubjk — 36ij0k1 ,
Lemma 4.2 in [19], so that
(Apwew): (ueu) =2u®u— Zul’l.
This concludes the proof. O

4.2.7. Step 7: Asymptotic friction fluz.

Proposition 9. Under the assumptions of Theorem 4.1,
/A(w)R(fn, F)(w)dw — 0 in D'(R} x RY).
Proof. First, we deduce from (H1) that

/R ) A(w)R(M, F,)(w) dw

= /// F. (V)M (W) (A(w) — AW (w, dVAW) dw .
R3xR3xR3
Then

\/R (AR(Mv )= / /RR F(V)M(W)(A(w) = A(W)IT (w, dVdW)) dw

A —A € _ T19:0Y (40 w
: //AszsxR3F"(V)M(W)(A(w) AW))(I1g ™ — 1199 (w, dVAW) d

B A(w) — A o (w wl .
+‘///Rzm3mg(F"(V) F(V)M(W)(A(w) = AW)DIG (w,dVdW) d



VLASOV-NAVIER-STOKES MODEL FOR AEROSOL FLOWS 29

The first term on the right hand side vanishes in the sense of distributions on
R’ x R? because of the second part of assumption (H4) and the fact that the
radial function « in (28) belongs to L>°(R.). The second term on the right hand
side also vanishes in the sense of distributions on R* x R3 because of the last part
of assumption (H4).

According to the first part of assumption (H4),

/ / / F(V)M(W)(A(w) — AW (w, dVAW) dw
R3xR3xR3
= / / / F(V)M(W)(A(w) — AW))Tr#119 (w, dVdAW) dw
R3xR3xR3

B /// F(V)M(W)(A(Rw) — ARW))Ig) (w, dVAW) dw

for each R € O3(R.), where Ty is defined in (41). Because of (28),
A(Rw) = RA(w)RT,  for each R € O3(R).
Thus, for each R € O3(R)),

= A(Rw) — A 0,0 () w T
A= ///Rsszng F(V)M(W)(A(Rw) — A(RW)ILg) (w,dVdW) dw = RAR

a.e. on R x R3. At this point, we use the following classical lemma.

Lemma 4.2. Let M = M € M;(R) satisfy

RM = MR for each R € O3(R).
Then M is of the form

M=, with)\:%trace/\/l.

(The proof of this lemma is an easy exercise in linear algebra; alternately, it is
a special case of Lemma 4.1 in [19] for m = 2 and in the case of a constant tensor
field, i.e. T(¢) =T(0).)
As a consequence,
A(t,z) = § trace(A(t,z))I =0,

race = race T w) — ~ 0,0 w o
trace A ///R3><R3><R3 F(V)M (W) trace(A(w) — A(W))II02 (dwdV dW) = 0
Hence

(59) /R3 A(w)R(M, F)(w)dw =0 in D(Rjr % R3),

Next, we deduce from (H1) that
(60)

‘ R(Mgy,, Fn)A(w) dw’
R3

= GRG0 = A (9 (V) V)

<o [ P WMVl )]+ [VI) 7Ty 0, aVAW) o

< CCk 9l L2 dw)
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for all (t,z) € [0, K] x [-K, K]3, by (H5) and assumptions (c) in Theorem 4.1.

The conclusion follows from (59)-(60), from assumption (c) in Theorem 4.1 show-
ing the last right hand side of (60) is bounded in L7 (R% x R?), and from the
identity

/ AW)R(f, ) (w) dow = / A(w)R(M, Fy)(w) dw
RS

RS
+en / : A(w)R(M gy, Fy,)(w) dw .
. O
4.2.8. Step 8: End of the proof of Theorem 4.1. First, we recall that L is self-adjoint
in L?(M dw) according to Theorem 2.1. Hence
(Al = (e ) = (Aw) ).

Following the same procedure as in [3], we use the Boltzmann equation for g, in
the form (55) to express the term }nﬁgn:
1 - -

1) o (Aw)gn) =(A(w)Qgn)) — (AW)(ends +w - Ve )gn)

+ (A(w)M T R(fn, F)).-
We first pass to the limit in the term (A(w)(e,d; + w - V,)gn) in the sense of
distributions on R% x R®. Since the function a € (28) is bounded, one has

/ (1 + |w)?}A(w)*M (w) dw < co.
R3

By assumption (c¢) in Theorem 4.1 and the Cauchy-Schwarz inequality,
(Agn) — (Ag) and (wAg,) — (wAg) in L} (R x R?) weak.
Hence
(A(W)(€n0s +w - Vi) gn) = €,01({Agy) + div, (wAg,) — div, (wAg)
in D'(R% x R?®). By Proposition 7,
(62) (A(w)(en0s +w - V) gn) = v(Veu+ (Vou)T) in D'(RE x RY).
Next we use the identity

(A0 = [ Pl )b w)gn (1) 0 (w)g ),

where
P(w,w,) = /S2 (A(w") — A(w))e(w — w,,w) dw .
Obviously
(A0 = [ ult.z.w)M (w)g, (w)d
with
ho (t, 2, w) = /RS P(w, w, )M (ws)gn (t, z, wy) dw, .
One has

|P(w,w)| < A+ [wl® + |w.]?)
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because of the growth assumption (22) on the collision kernel, and the assumption
that the function « in (28) is bounded on R%. Assumption (c) in Theorem 4.1
implies that

sup /// M (w,)gn(t, 2, w,)? dw.dzdt < oo
n>1.JJJ[0,R) x[~ R, R]* xR?

so that, by the Cauchy-Schwarz inequality,

/ (P (w, w,)|gn (1, 2, )| M (w,) dw, — 0 in L2, (R%. x R® x R)
|ws|>R

uniformly in n > 1 as R — oo. Therefore, we deduce from assumption (d) in
Theorem 4.1 that

ho (t, x,w) — P(w, w,)M (wy)g(t, z,w,) dw, =: h(t, z,w)
RS
in L? (R4+ x R3 x R3). In particular, by weak-strong continuity of the pointwise
product, one has

/ ity 2, w) M (w) g (£, 7, w)dw — h(t, 2, w) M (w)g(t, 7, w)duw
|w| <K [w|<K

in D'(R4 x R3) for all K > 0. On the other hand
M(w)hn (t,2,0)* < O+ ol PM(w) [ Mgt 0. du
R3
so that, by the Cauchy-Schwarz inequality,

/ i (t, 1, w0) M (w) g (£, 7, w)
|Jw|>K

1/2
<VC < / (1+ |w|3>2M<w)dw> M(&)gn(t,x,£)*dE — 0
lw|>K

R3
in L7 (R x R®) as K — 400 uniformly in n > 1, according to assumption (c) in
Theorem 4.1. Hence
(63)

(AQ(gn))(t, z) :/ ho(t, 2, w) M (w)gy, (t, 2, w)dw
R3
= [ btz w)M (w)g(t, 2, w)dw = (AQ(g))(t, x) = A(u)(t, z)
R3
in D'(R4 x R3), where the last equality follows from Proposition 8.
Since the last term on the right hand side of (61) vanishes by Proposition 9, we
conclude that
1
— (A(w)gn) = A(u) — v ((Veu) + (Vou)')  in D'(Ry x RY).

€n
In particular,

1
divy —(A(w)gn) = dive(u®@ u) — $Va|ul* = vAu — vV, divy u

n

= divy(u ® u) — vAzu — Vg |ul?



32 E. BERNARD, L. DESVILLETTES, F. GOLSE, AND V. RICCI

in D'(R% x R?), by the divergence-free condition in Proposition 6. Hence, for each
divergence-free, compactly supported, smooth vector field £ = £(r) € R3,

[, twewg)ta): Ve = [ (Al t.0): V(o do

3 €n
— (u@u—vVzu)(t,z) : VE(z)de
R3
in D'(RY).
We recall that the momentum balance law for the Boltzmann equation for gas
molecules is

(64) O (wgn) + édivz<w®29n> = i(wM_lR(fn, F,)).
By Proposition 3,
(wgn) = (wg) =u  in L*(R% x R?) weak,
while
i(74}]\4_1R(fn,Fn)) — H/(U —u)Fdv in D'(R% x R%).

€n
Thus, for each divergence-free, compactly supported, smooth vector field £ =
&(x) € R?, passing to the limit in the weak formulation (in #) of the momentum
balance law (64), i.e.

o / £@) - (wgn) () da—— [ (A(w)gn)(t,z) : V() da
R3

€n JR3

~ L @) MRS, Bt 2) da,

€n JR3

results in the equality
8,5/ u(t,z) - &(x)de :/ (u®@u—vVgyu)(t,z): V&(x)de
R3 R3
(v — F dvdz .
o [ 6@ @ u(t)P(tao) duda

By de Rham’s characterization of currents homologous to 0 (see Thm. 17’ in [13]),
there exists p € D'(R% x R?) such that

w4+ divy(u @ u — vVu) — H/ (v—u)Fdv=—V,p.
R3

Finally, we recall the equation for the distribution function of the dispersed
phase:

O Fy +v-VF, = ULD(FH’ fn)-
The assumptions on the convergence of F), innTheorem 4.1 imply that
O F, +v-V,F, = F+v-V,F inDR} xR®xR?).
Applying Proposition 4 shows that
OF +v -V, F =rdivy((v —u)F).

and this concludes the proof of Theorem 4.1.
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5. CONCLUSIONS AND PERSPECTIVES

We conclude this paper with a few remarks on the method presented here, and
on the assumptions used in Theorem 4.1.

Let us first discuss the class of collision interactions considered in this work.

We have assumed that intermolecular collisions correspond to cut-off hard po-
tentials, which is natural. However, our assumption that the radial function « in
(28) is bounded could be a significant restriction to the class of intermolecular po-
tentials considered. At present, this assumption is known to be satisfied only in
the case of cut-off Maxwell molecules, when « is a constant. It would be natural
to expect that the growth of a at infinity is such that

a(wl) ~ (Ex M@w)™"  as ] = o,

however, we are not aware of any result of this type in the existing literature, and
we have not been able to prove it, even in the simplest case of hard sphere collisions.
Perhaps the assumption that « is bounded can be relaxed at the expense of more
technical proofs.

Likewise, we have considered in this paper only the case of a monatomic propel-
lant; however, this assumption could certainly be relaxed and more realistic models
of propellant could be handled with the same methods.

Concerning collisions between gas molecules and dust particles/droplets, the
hard spheres model for the collision cross-section may be the best choice when the
detail of the interaction is not known, because the dust particles/droplets, though
tiny, are macroscopic objects if compared to gas molecules. Hard spheres clearly
belong to the class of cross-sections included in the assumptions of our theorem.

Otherwise, it would be more realistic to include polydispersion in our model of
aerosol/spray — i.e. to assume that the dust particles/droplets are distributed in
size, and to include aggregation and fragmentation effects in the equation for the
distribution function of the dispersed phase. Such a generalization of the model
considered in this work would be extremely natural, although significantly more
technical, and we have avoided these effects in the present paper for the sake of
simplicity.

Finally, a few remarks on the class of solutions considered in this work are in
order.

We have not tried to optimize the assumptions bearing on the solutions to the
coupled Boltzmann system. Assuming a uniform control g2M is fairly natural,
since quantity appears naturally in the entropy estimate. See section 3 in [4], and
Proposition 2.3 in [21] for a detailed discussion of this point.

As for F,, we have chosen a L setting since, in the limit, F' will satisfy a
Vlasov equation which propagates L™ estimates over finite time intervals. Finally,
only the averages with respect to w of g, are required to converge strongly in L%OC
and a.e., as in [3]. No such assumption is required on the averages of F), since no
quadratic term in F' appears in the limit.

Finally, the mathematical value of a formal limit theorem such as Theorem 4.1
can be questioned. However, it can be argued that the moment approach in the
formal limit theorem [3] is the basis of the rigorous proofs of the hydrodynamic limit
of the Boltzmann equation leading to the incompressible Navier-Stokes equation in
[20, 21]. Perhaps the hydrodynamic limit for the propellant is the most difficult part
in Theorem 4.1, and a rigorous derivation of the formal limit discussed here can be
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obtained along the lines of [20, 21]. That the discussion specific to the interaction of
the propellant with the dispersed phase, i.e. steps 2,3 and 7 in the proof of Theorem

4.1,

can be isolated from the Navier-Stokes limit for the propellant suggests that

this derivation could be made rigorous in the not too distant future.
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