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WAVE PACKETS AND
THE QUADRATIC MONGE-KANTOROVICH DISTANCE
IN QUANTUM MECHANICS

FRANCOIS GOLSE AND THIERRY PAUL

ABSTRACT. In this paper, we extend the upper and lower bounds for the
“pseudo-distance” on quantum densities analogous to the quadratic Monge-
Kantorovich(-Vasershtein) distance introduced in [F. Golse, C. Mouhot, T.
Paul, Commun. Math. Phys. 343 (2016) 165-205] to positive quantizations
defined in terms of the family of phase space translates of a density operator,
not necessarily of rank 1 as in the case of the T6plitz quantization. As a corol-
lary, we prove that the uniform as A — 0 convergence rate for the mean-field
limit of the N-particle Heisenberg equation holds for a much wider class of
initial data than in [F. Golse, C. Mouhot, T. Paul, loc. cit.]. We also discuss
the relevance of the pseudo-distance compared to the Schatten norms for the
purpose of metrizing the set of quantum density operators in the semiclassical
regime.
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Let § := L%(R%); a density operator on § is a bounded operator R on £ such

that

R=R">0 and trace(R)=1.

We denote by D($)) the set of density operators on $, and set

D?(§) = {ReD(H) s.t. trace(RY?|z?RY?) + trace(R?(-A,)RY?) < o0}

For all ¢,p e R? and A > 0, and for all 1 € §, we set

Typto(x) = ¥(z - @)e ™92 - and  Syip(x) = N p(a/VN).
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2 F. GOLSE AND T. PAUL

One has obviously

. ’ /
Togrq prp = e ! pdr a2 TopTay  and Sxx = S\Sx

for all ¢,¢’,p,p’ e R and A\, \' >0, and
T;,p =T = T;;; and Sy =51 = Sy,
so that T, , and Sy are unitary operators on ).
We set
Ry =Ty o SARSYT, s for each Re D($),q,pe R, A>0.

The family R;‘,p is, for each A > 0, a resolution of the identity, i.e.

1
1 - f R dgdp-=1g,
(1) (27\)d Jrixra TP 9P =19
the integral on the left hand side being understood in the weak sense, i.e., for each
#,v € 9, the function (q,p) = (@| Ry p|1) belongs to L' (R x R%) and

1
2 Y2 / R |)dgdp = ,
( ) (27T)\)d Rded(¢| ’%PWJ) qgdap (¢|7/}>
Indeed! let r(z,2") be the integral kernel of R. The integral kernel of the left hand
side of (1) is
1

-d/2,.z=q z'-q\ ip(z-z')/A
(27r/\)d.[Rded/\ rCA A e dadp

“o(@=al) [ AR dg
=§(x - 2') trace(R) = §(z - 2") .

The following definition generalizes the standard Toplitz quantization.

Definition 1.1. Let R e D($)). For each positive Borel measure i on RxR? and
each A >0, we denote by Opi[u] the (possibly unbounded) nonnegative self-adjoint
operator on L*(R%) given by
1
Opllu] = ——— f R}, pu(dpdq).
Px [M] (27T)\)d RIXRA q,p/j/( p q)

(Denoting by Vg c §) the closed linear subspace of functions ¢ = ¢(z) such that
(p,q) — (¢|R;‘1p|¢) belongs to L' (R x R%, 11), the formula above defines Op&[p] as
a bounded linear operator from Vg to its topological dual Vy,.)

Notice that Op[u] can be expressed as a sum of standard “rank one” Téplitz
operators by using the spectral decomposition of the Hilbert-Schmidt operator R

Example. Let a € H'(R?) satisfy
2 _ 2 2
[Py =1, [ PPy <oo.

Then, the orthogonal projection on Ca belongs to D?($).

1Although we have given an explicit proof of (1), one could also use the following argument.
Since the family of Weyl operators equyp with 6 € ST and (q,p) € T*R?, defines an irreducible
representation of the Weyl-Heisenberg group, (2) can be recovered from the so-called orthogonality
relations of square integrable group representations (see [7], Theorem 3.1) applied to each term of
the spectral decomposition of the Hilbert-Schmidt operator Sy RS} .
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Henceforth we set
(3) lg,p, N a) =Ty pSha,  pgeRY, A>0,

and use Dirac’s notation involving bras and kets (see chapter I1.B in [4]).
For instance, one can choose a to be a Gaussian:

(4) a() =7 eI,
in which case |p, ¢, h,a) (where h is the Planck constant) designates the Schrodinger
coherent state ([15], Problem 3 in §23 of [9]).

Next we recall the notion of Wigner transform at scale A of a Hilbert-Schmidt
operator K on L?(R?), with integral kernel k € L2(R¢ x R%) (see formula (51) in
[10]):

(5) Wi [K](2,€) = (27) " Fyoe (k(z + %)\y,:c - %)\y)) )
(The notation F,_.¢ designates the partial Fourier transform defined by the formula
Froc((@y) = [ o(ey)e™¥dy  for all ¢ S(R? xR,
and extended by duality to S’(R? x R%).)
The Wigner transform satisfies the following elementary properties.

Proposition 1.2. For all Hilbert-Schmidt operators K, L on L*(R®) and all A >0,

(6) WALK™] = Wi[K],
and
(7) trace(K*L) = (2w\)? . WALK(z, )WA[L](x,€) dz dE .

For each p,q € R%, one has
(8) WA[Tq,p/AKT;,p/)\](xvg):W)\[K](:C_Qag_p)a fOT a.e. SC,é'ERd.

For each Borel probability measure n on R4 x R, one has

©) WALOPR[(270) )] = p+ WAL R],
cmd2

race A)1/2 A\1/2)2
(10) WALR]« WAL RT" (g.p) = U )(275;5(1% 17D 50

Proof. If k = k(X,Y) is the integral kernel of K, the integral kernel of K* is k(Y, X),
and this implies (6). Likewise, the integral kernel of T, ,/\ K Ty o is

k(z - g,y - q)e" I,
and this implies formula (8). Formula (9) follows from formula (8) and Fubini’s the-
orem. To prove (7), denote by k and [ the integral kernels of K and L respectively,
write

trace(K*L) = [ = k(Y. X)UY,X)dX dY

:)\dfRd(fde(x—%Ay,x+%)\y)l(x—%)\ya$+%)‘y)dy) dz,

2For each complex-valued function f defined a.e. on R", we denote f*(z) := f(-z).
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and apply Plancherel’s theorem to the inner integral on the right hand side. Finally,
formula (10) follows from the identities (7) and (8). O

Along with the generalization of the standard T6plitz quantization given in Def-
inition 1.1, we define a notion of generalized Husimi transform. We refer to [10]
for the theory of the usual Husimi transform, namely in the case where R = |a)(al,
with a chosen to be the Gaussian state (4).

Definition 1.3. Let R € D($)), and let K be a Hilbert-Schmidt operator on L*(R?).
Its generalized Husimi transform is

WE[K] = Wy[K]«Wy[R]".

In the case where a is the Gaussian profile (4), an elementary computation shows
that

Walla)(a] (. €) = (xx) e (DR,
so that the definition of W[ K] given above with R = |a)(a| coincides with formula
(52) in [10].
The following properties of this generalized Husimi transform are very similar to
those already known in the Gaussian case (see [10]).

Proposition 1.4. Let K be a Hilbert-Schmidt operator on L*(R%). Then, for all
A>0

(11) K=K*>0 = W&K]>0o0nR*xR?.

In particular, for each Borel probability measure n on R x R, one has

(12)

trace(|(RM) "2 Ty-q p-p (BY)*?)

WATORX [N ull(ap) = |, @) p(dp'dq').
Proof. By (6), (7) and (8), one has
~ race(R) K
IR = [, WA Ry 1 (o) drdg = T )

Next, one has
trace(R, ,K) = trace((R, ) * K (R, ,)'?) 2 0,
Indeed K = K* >0 and
Ry, =Ty pnSARST, iy = (Ry )" 20, since R=R*>0.

This observation proves the inequality (11) and generalizes formula (42) in [10].
The identity (12) follows from Definition 1.3 with formulas (9) and (10), after
observing that

trace(R/\R;‘,q,yp,p,) :trace(RATq_q,,(p_p,)/ARATq*_q,7(p_p,)//\)
:traCG(Tqu///\R}\Tq,q/’(p,p/)/)\R)\T;,p/)\)
= trace(qupr/AR)‘T;,yp,/ATq’p/)\R’\T;p/A) = trace(R;"pR;‘,’p,)

for all p,p’,q,q" € R%. O
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2. MONGE-KANTOROVICH DISTANCE AND POSITIVE QUANTIZATION:
AN UPPER BOUND

We recall the following notion of “pseudo-distance”3 between density operators
on $ = L>(RY) introduced in Definition 2.2 of [6].

For K, K' € D($), a coupling of K, K" is an element @ € D($® §) such that, for
all bounded operators A, A’ on $

tracesen (Q(A®I+1® A”)) = traces (K A) + traces (K'A") .

(See Definition 2.1 in [6].) The set of couplings of K, K’ is denoted C(K,K').
Obviously K ® K’ e C(K,K'), so that C(K,K') + @.
For each pair K, K' € D($) and each \ > 0, set

MKy\(K,K'):= inf t 120y (22", Vi, Var )QY2) € [0, +00],
AE K= nfracenen(QU2C (. )Q'12) €[0,+00]

where
d
Or(0! V0. = Y (g = a)? = N0, ~ 01y )?)
j=1
This definition is formally analogous to the definition of the Monge-Kantorovich,
or Vasershtein distance of exponent 2 (see Theorem 7.3 in chapter 7 of [17]). In the

language of optimal transportation, the differential operator C'y above is analogous
to the notion of cost function (see chapter 1 in [17]).

We begin with an elementary observation, which is the analogue of Proposition
2.1 in [17].

Lemma 2.1. For each pair K, K' € D*(£)) and each A > 0, there exists Q € C(K, K')
such that

MK\ (K, K')? = traceges (Q2Ch (2,2, Va, Vo )QY?) .
Proof. Let Q,, € C(K, K') be a minimizing sequence, i.e.

traceges (QY2Ch (2,2, Va, Vo )QL?) - MK, (K, K')?
as n — oo. Since @, € C(K,K"), one has

traceses (QY2(H ® Iy + 15 ® H)QY?) = traceq (HK) + traceg (HK') < oo
for all n > 1, where
H:=|z* - A,.
(That traces (H K) + traces (HK') < oo follows from the fact that K, K’ € D?($).)
By Proposition 7 in [8], there exists Q € £1($ ® $) such that
tracepen (|Qn — Q) >0 asn — oo,

for some subsequence of @),,. Without loss of generality, we shall henceforth assume
that the limit above holds for the whole sequence @,,.
Since Q,, € C(K,K'), one has Q,, =Q; >0, so that Q@ =Q* >0, and

traceses (Qn(A® 1y + 1y ® B)) = traces (K A) + traces (K'B) .
3There exists a well-defined notion of pseudometric space. We do not claim that the functional

M K}, defined below is a pseudometric; we nevertheless call M K} a pseudo-distance for want of a
better terminology.
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Passing to the limit in the left hand side of the equality above as n — oo, one finds
that
traceqen (Q(A® Iy + 15 ® B)) = traces (K A) + tracegs (K'B)

for all bounded operators A, B € £($)), so that Q € C(K,K').
Notice that the operator lgggq + €Cy(x, 2, V,, Var) is unbounded self-adjoint,
nonnegative and invertible on $ ® § for all € > 0. Set

C5(2,2', Vs, Var) = (Iges + €Ox (2,2, Vo, Var)) 7 OA (2,2, Vi, Vir) -
Obviously
0<C5 (2,2, Ve, Var) = C5 (2,2, Vi, Viar ) < %I_ﬁ@ﬁ ,
so that
traceses (Q/*C5 (2,2, Va, Vo) Q)/?) = tracenes (QnCi (4,2, V., Var))
~ tracenes (QCS (7,2, Va, Var)) = tracesen (QV2C5 (2,27, Va, Vo) Q'V7)
as n — +oo. On the other hand
Cs(z,2', V4, Ve ) <Cx(z,2', Vg, Var)
so that, for each € >0 and each n > 1, one has
tracese (Q*C5 (2,2, Va, Var) Q,/) < traceses (Q)/*Cx (2,27, Va, Va) Q1)
- MK,\(K,K')?
as n — +oo. Hence
traceses (QV2C5 (2, 4", Ve, Vo )QY?) < MK, (K, K')?
for each € > 0. In the limit as ¢ —» 0, one has
traceges (Q/2C5 (2,2, Va, V) Q'?)  traceses (QV?Ca(,2, Vo, Vo )Q'?)
by monotone convergence, so that
traceses (Q/2C)\ (2, 2", Ve, Vo )QY?) < MKy (K, K')?.
Since @ € C(K, K'), the inequality above is an equality, and @ is a minimizer. [J
Our first main result is the following theorem, which compares the pseudo-

distance MK for pairs of generalized Toplitz operators with the quadratic Monge-
Kantorovich-Vasershtein distance between their symbols.

Theorem 2.2. Let R, R' € D*($).
(i) For all X >0, one has

MK, (R, (R)*)? = A\MK, (R, R')?.
(ii) For all q,q',p,p’ € R and each X\ >0, one has
MK (Rg a0 (R g pryn) =la = '+ Ip = 9] + AMKi (R, R')?
+ 2\/XtraceL2(Rd,dz)((R -Rz)-(g-4q)
+ 2\/XTTL2(R'i,dz)((R - R)(-iAV.))-(p-p').

(iii) Let p,p' be Borel probability measures on R% x R satisfying the condition

2 2 2 2\ 7
fRded(lpl +1dl )u(dpdq)+fRded(|p| +lg?)i (dpdyq) < oo.
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Then
OpR[(2mA)? 1] and Op [(270)%/] € D*(L*(RY)),

and
MK (OpR[(272) 1], Op} [(270) 1'])? < distuaxc 2 (1 1) + AMK 1 (R, R')?

! 3 /
+2V/A e tracesz(ra .y (R - R)(=iAV.)) - p(u - ') (dgdp)

+2v/\ ( ) tracep>(r,qz) (R~ R)z) - q(p - p')(dgdp).

RIxRA4)
Proof. For each A >0 and each Q € C(R, R), one has
tracengs (SAQSN (A ®1)) =tracengs (QSX(A®1)S))
=tracesesn (Q((SYAS)) ®1))
=traceg (RS ASy) = traces (R A)
for each bounded operator on $), and, by the same token
tracesgs (SxQS5(I® A)) = Trg ((R')*A).

Hence Q* = $,@QS5 runs through C(R*, (R')?)) as Q runs through C(R, R').
Besides, straightforward computations show that

S;C)\(zazlv Vi, vz’)S/\ = /\Cl(z,z", Vi, vz’)

so that
traceges ((Q)/2Cr (2,2, Va, Var ) (QM)?)

= Mracenes (SxQY2C) (2,2, Ve, Var )QY2SY)
= Mracegen(Q'*Ci (2,2, Vs, Var) Q')
since S} = S;l on H®HNH. Thus

MKA(RY, (R)M)? = inf  tracenes((QY)Ca(2,2, Vo, Var ) (QM)'?)
QeC(R,R)

=\ inf t 1/20 ! T x! 1/2
QECI(I}?,,R’) raceges (Q 1(2,2", V4, Ve )Q7)

= A\MK; (R, R')?.

This proves statement (i).
For each ¢,¢',p,p’ € R? and each Q € C(R, R’), set

Qaawiwix = Taa) oSN (o i)

Obviously, for each bounded operator A on $), one has
tracenes (Qg,q',p/A,p'/A (Ael))
= traceymy)(QS;T(*q7q,),(p//\7p,/>\)(A @ DTq.q),(p/rp'/3)5N)
= tracesesn (Q((SXT, p ATy paS2) ®1))
= traces (R(SXTy ;3 ATy p/aSr))

= traceyj(R;p/AA) ,
and by the same token

trace5®,~j(Q;\,q,m/km,//\(l ®A)) = traceg((R')2,7p,//\A) )
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Hence ?27Q'7P/A7P'/)\ € C(R(?,p/A) (R’)(}\\,ﬁp,/)\). hi\[oreover, the argument above shows
that Qp , ,/y /x Tuns through C(Ry . (R')y /\) as @ runs through C(R, R').

By a straightforward computation,

Tl o ON@ 2V, Va) Ty oiaryy =l = 0P+ lp =1
+2(¢-¢') - (z-2")
+2(p-p') - (iAVy —iAV,)
+ C)\(:C,:C/, vz; vz’) .

Hence
tra,Cey)®j')((Ql?,q/,p/)\,p//)\)l/QCA(:C, :C/, v:nv VI')(Q27q/,p/)\,pl/)\)l/2)
=lg=g'[* +[p -]’ + tracegen (@) /*Cr(z,2", Vo, Var ) (@M)?)
+2(p _p/) : tracef)@ﬁ(_iA(vm - vz’)Q)
+2(q - ¢) - traceses ((z - 2)Q).
Observe that
traceges ((z — 2')Q™) = traceg (zR*) - traceg (z'(R')?)
= \/XtraceLz(Rd,dZ)(z(R -R"),
while
traceges (—iAN(Va — iV )Q™) = traceg (iAV, R”) — traces (—iAV. (R)™)
= \/XtraceLZ(Rd,dZ)(—i)\Vz(R -R")),
since S\xS3 =V Az and Sx(~i\V,)S; = A™/2(=iAV,). Therefore
traceym@ﬁ((Q;\’q,’p/)\ﬁp,/)\)l/QC,\ (.’L', .T,, Vz, Vzl)(Q27qr7p/A7pr/)\)l/2)
=lg =" +[p =]’ + traceqen (@) /*Cr(z,2", Vo, Var ) (@M)Y?)

(13)
+2VA(p-p') -tracerz(rd,gz)(~iAV.(R - R'))
+2VNg-¢')- tracer2(rd,q.)(2(R- R')).
We have seen that Q;‘yq,yp/kp,//\ runs through C(R(?,p/A’ (R’)g,ﬁp,/)\) while Q* runs

through C(R*, (R')*) as Q runs through C(R, R'); thus
MKA(R;})/Av (R,)g’,p’/k)Q

- A 1/2 / A 1/2
_Qecl(Ig,Rf)traceﬁ@ﬁ((Qq7q’7p//\7p’//\) C/\(x’x’v“vfb')(Qq,q’,p/k,p’/k) )

o= Pl P nf | racenes((@Y)P05(r., V2 T) (@))

+2V\(p - p') - trace 2 (ra gz (<iAVL (R~ R'))

£2VX(g - ) -traceps s ey (+(R - )

=la =g +[p - P + MKA(RY, (R')*)?

+2\/X(p -p')- tracerz(ra,gz) (—iAVL (R - R"))
+2V\(q - ¢) - tracep2(ra,az) (2(R - R'))

With the formula in statement (i), this implies statement (ii).
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Let Q € C(R,R"), and let p be an optimal coupling of p and p/, i.e. p is a Borel

probability measure on (R? x R%)? satisfying

f(Rded)2 (f(a;p) +9(d",p"))p(dpdqdp’dq’) = fRded f

(¢, p)p(dpdq)

! / ! ! /
+fRdedg(q,p)u(dp dg")

for all f,g e Cp(R? x RY), and

distaric 2 (11, p1')? = f (lg=q' +Xp-p'*)p(dpdgdp’ dg').

(RIxRI)2
Set
A A ’ ’
Q"= [ oy Chaspnp(dadd dpd).
Then, for each bounded operator A on $), one has

traceqes (QN(A®T))
A / /
B .[Rded)z trace;)@;)(Q%q,,p/)\’p,/)\(A ®1))p(dgdq dpdp’)

s 96 (s Ao dpap)
:Adedtracey’(R;vP/AA)“(dqdp)

= traces, (A deRd R27p/A/’[’( dg dp))
= traces (Opa[(270) ] A) .
By the same token
tracesesn (QN(I® A)) = traces (OpX[(27A)¢ ' ]A),

so that
Q* e C(Opy[(2mA) ], OpX[(27A) ') .

Integrating both sides of formula (13) with respect to the measure p, one finds by

(13) that
(14)

traceses ((Q)/2Cx(2,2', Va, Var ) (Q1)1?)

_ A 14 A ! !
—fRMtraceg@g( Qq,q’,p/k,p’/kc”\(x’x Va, Var) \% Qq,q’,p/%p’/k)p( dgdpdq’ dp’)

= fRM (la=d'P +Ip-p'*)p(dgdpdq’ dp)

2V [ (04 tracesa g (2(R - R)p(dgdpdg’ dp')
+2V/A fnw (p-p') - tracerz(ra gz (~iAV.(R - R'))p(dgdpdq’ dp’)
+ fRM traceses ((QN) 2O (x, 2, Va, Vo ) (QMY?) p(dgdpdq’ dp')
= distak 2 (1, 1) + tracengs (@) /2Ca (7,27, Va, Vo) (Q)?)
+2V/A fnw (p-p')-tracer2(ra g (—iAV: (R - R'))p(dgdpdq’ dp’)

2V [ (a=') - tracers o g (2(R - B))p(dgdpdy dp).
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Minimizing both sides of this equality as @ runs through C(R, R"), we see that
MK ((OpR[(27A) 1], OpR[(27A) 14']))? < distui 2 (12, 1)+ MEA (R, (R')?)?

+2V/A fRM (p-p) - tracer2(ra .y (—iAV- (R - R'))p(dgdpdq’ dp")

2V [ (a4 tracesaqoan) (2(R - B))p(dgdpdg dp').
Finally, we use statement (i) to express the last term on the right hand side as
MK, (R, (R)M)? = A\MK, (R, R')?,
and this concludes the proof. (I
Several remarks are in order after Theorem 2.2. First we recall formula (14)
from [6]: for each R, R’ € D*(L*(R?)), one has
(15) MK (R,R)?*>2d for all R,R ¢ D*(L*(R%)).

Corollary 2.3. Let a be the Gaussian state (4). The corresponding density operator
la)(al =10,0,1,a)(0,0,1,a| minimizes the MK; (pseudo-)distance to itself, i.e.

MK, (Ja)(al, a){a])? = 2d.
An optimal coupling of |a)(a| with itself is
la)(a| ® |a){a].
More generally, for all q,q',p,p’ € R® and X\ >0, one has
MK (lg.p: A a)(a.p, Aval, la'p' X a)d',p' X a)® = la =[P +[p = +2dA.
Proof. Applying Theorem 2.3 (1) in [6] with € =1 and p1 = pa = 0(9,0y shows that
MK; (|a){al, [a)(al)* < 2d.

The reverse inequality follows from (15).
The optimality of the coupling

la){a| @ |a){a].
of |a){a| with itself follows from formula (30) in [6] with 1 = J(0,0) ® d(0,0)-
The second equality in the corollary follows from the first, together with the
identity in Theorem 2.2 (ii). O

The first equality in Corollary 2.3 shows that the transport from the Gaussian
density |a){a| to itself minimizes the pseudo-distance MK;. In fact, there is a much
wider class of densities enjoying the same property.

Corollary 2.4. Let R e D*(L?(R?)) satisfy the minimality condition
MK;(R,R)?=2d.

Then, for all each Borel probability measure pn on R% x R with finite second order
moment, i.e. satisfying

S (e (g dp) < oo,

MK (Opy[(27A) ], OpN[(270) " pu])? = 2d ),

one has
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Proof. That
M (Opf(270) 4], O [ (2mA)u])? > 2dA
follows from formula (14) in [6], or from formula (15) and Theorem 2.2 (i). On the
other hand, by Theorem 2.2 (iii)
MK (Op[(270) ], OpN[(27A) *pu])? < dlistaric, 2 (2, 1) + AMK 1 (R, R)? = 2d.
(]

Corollary 2.3 shows that any classical T6plitz operator Opg[(27‘r)dﬂ], where p is
a Borel probability measure on R%xR? with finite second order moment, minimizes
the pseudo-distance MKy, to itself i.e. MK;(Opj, [(27)%u], Ops [(27)%u])? = 2dh.

In fact, one can easily characterize the density operators minimizing the MK;
(pseudo-)distance to themselves: they must be the marginals of any fundamen-
tal state of the operator C(z,z’, V4, Va4 ). More precisely, one has the following
characterization.

Proposition 2.5. Let Re D*(L?(R%)). Then
MK (R, R) = 2d

if and only if there exist p = p(z,2') € L*(R®? x RY) such that the operator with
integral kernel p is self-adjoint nonnegative and trace-class on L?>(R?), and the
integral kernel r(x,x’) of R is given by the expression

/ +z 2 +2z
16 " = f ~(a=2? o’ =2 /2 [T H 2 dz.
(16) r(a,a)= | e P\ ) d

An obvious consequence of the proposition is the following “separation” property.

Corollary 2.6. In particular, for each R, R’ ¢ D*(L*(R%)), one has
R+ R — MK (R, R') > 2d.

Notice however that the converse of the implication in Corollary 2.6 is not true,
as can be seen from Proposition 2.5.

Proof of Proposition 2.5. Let us assume that MK;(R,R) = 2d. By Lemma 2.1,
there exists Q € C(R, R) such that

(17) tracerz(rayer2(re) (Q2C1 (2, Y, Va, V) QY?) = 2d.
Observing that
(2 = 43)" = 0y = 0y;)* =2 = (25— y5) = (Bu; = 0y,)) (2 —y3) + (8, = Dy,)) 4
we conclude that
A= ((.’I]] _y]) + (az] —ayj))Ql/Q = 0,
since (17) can be put in the form
traceLz(Rd)(@Lz(Rd)(A*A) =0.
Hence, the integral kernel u = u(z,y, z’,3’) of Q'/? is of the form

T+
sy af) = P (S0 ).
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with s € L2((R%)?). Since Q is self-adjoint, so is Q'/2. Therefore the integral kernel
of () is of the form

! /
(18) Aoyt = Py (%y %) ,

with
I = " " I 12 " d Ild //.
p(z,2) ffRdedS(z,x y)s(2 2" y") da" dy

By construction, p is the integral kernel of a nonnegative, self-adjoint, trace-class
operator on L%(R%). (That the operator with integral kernel p is trace-class on
L*(R?) follows form the fact that s € L2((R%)%)). Since R is the first (or the
second) marginal of @), its integral kernel must be given by the formula

r(z,z'):fqu(z,z,z',z)dz.

With the expression (18) for ¢, this is equivalent to the formula (16) for r in the
statement of the proposition.

Conversely, let R € D*(L?(R?)) be defined in terms of an integral kernel r of
the form as in the proposition. Defining ¢ by formula (18) in terms of the function
p provided by the proposition, we see that the operator Q with integral kernel ¢
is self-adjoint and nonnegative on L%((R%)?), because the operator with integral
kernel p is self-adjoint nonnegative on L2(R%). That Q € C(R, R) follows from the
symmetry of the kernel p and formula (16). With @ defined in this way, one has

MKl(R) R)2 < tra'ceLz(Rd)®L2(Rd)(Q1/2cl($a Y, Va, V’y)Ql/2) =2d.
With the reverse inequality (15), we conclude that if r is given by formula (16),
then MK, (R, R)? = 2d. O
Proof of Corollary 2.6. If MK, (R, R") = 2d, there exists a coupling Q € C(R,R")
such that
traceLz(Rd)®L2(R4)(Q1/201(-Taya Va, Vy)Q'?) = 2d
by Lemma 2.1. Arguing as in the proof of Proposition 2.5, we conclude that ¢ must
be of the form (18). This implies that
q(z,y,2"y") = q(y,z,y' ') for ae. a,y,a,y e R

Hence the integral kernels r and r’ of R and R’ respectively satisfy
A / _ / 0 /
T(SC,SC ) - fqu(x,z,x ,Z)dZ— '/I;dQ(Zazazaz )dZ =r (ZL',ZL' )

for a.e. z,2’ e R%, so that R = R'. O

Theorem 2.2 provides a control of MK (K, K)? in the case where K and K’ are
generalized Toplitz operators, in terms of the symbols of these operators.

However, Theorem 2.2 does not apply to general density operators. The following
observation provides an alternative control of MK (K, K’) in terms of the Wigner
functions of K and K’ respectively, and therefore does apply to a larger class of
density operators.
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Proposition 2.7. Consider two families of density matrices py, p € D*(L*(R?))
(not necessarily generalized Toplitz operators) indexed by A > 0. Then, for all A >0,
one has

MK (pa, P4)? < fRM(Iq —¢'P+lp - p'P)Waloal(a, p)WalpA)(d',p") dgdpdq’ dp’,

where Wx[pa] and Wx[ph] are the Wigner functions of px and p) respectively, as
defined in (5)

Proof. Since px ® py is a coupling of py and p), one has
MK (pa, p4)? < tracer2rayor2(ra) (2 ® pA)Ca(2,2", Ve, Var) (o2 ® p3)?) .
Next, one has
Wilpx ® pi] = Walpa] ® Walp)].

Denoting by rx = rA(X,Y) and r} = r{(X',Y”) the integral kernels of p) and p)
respectively, one has

fde Wilpal(a, ) Wilp'1(d",p") dpdp” = ra(g,0)ra(d".0") ,

and

1 (p o\, (PP
W Wilo'W(d' .p")Ydadg' = ———— (__)’ LA
‘/1:{2(1 )\[pA](Qap) )\[p](Qap) qaq (27T)\)2dTA )\5)\ LB\ )\7 A )

where 7 and 7 are the twisted Fourier transforms of \ and ) respectively, i.e.

iem= [, me @ drdy,
#(&m) 1=/](j dri\(x,y)efi(g'x’"'y) dxdy.
RIxR

Hence
tracer2(rd)gr2(R4) ((P/\ ® P’A)l/2|~’0 AR P’A)w)

= fRM la = ' PWaloal(a.p)WalpA1(d'p") dgdpdg’ dp'
while

traceLz(Rd)@,Lz(Rd) ((p,\ ® pf\)l/2(vx - Vz,) . (Vm - vz/)(p)\ ® pi\)l/Q)

= —% fRM lp = ' PWilpal(g,p)WalpA1(d',p") dgdpdg’ dp'.
Hence
traces2(raygz2(re) (P2 ® p3)2Cr(@,2”, Vo, Var) (2 © p) /)
= Juuala =T+ = 'YWalo2](a, D) WalpA)(d'p') dg dpdq’dp’,
and this concludes the proof. (I

Thus, if the families of density operators py and p) satisfy
Wi [P)\] - 5q07p0 and Wy [plk] - 51]07}00

in the sense of distributions as A - 0%, together with appropriate tightness condi-
tions, then

fRM(Iq ~¢'P+Ip-P'P)Walpal(@. D) WalpA)(¢',p') dgdpdg’ dp’ - 0
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as A — 0 with some convergence rate, and the inequality in the proposition above
implies that

MKx(px,p3) >0 as A—0,

with the same convergence rate.

3. A LowER BOUND FOR MK},

The next theorem generalizes statement (2) in Theorem 2.3 of [6] to the positive
quantization in Definition 1.1.

Theorem 3.1. Let R, R', K, K' e D*($)). For each A >0, one has
MK\ (K, K')? > distui o (WE[ K], Wi [K'])? - AMK, (R, R')?
+ 2\/XtraceL2(Rd1dz)((R - R')z) - tracep2(ra ay) (y(K - K'))
— 2032 trace 2 (ga g2y (R - R')V.) - tracez(ra ay) (Vy (K - K')).
We begin with two elementary computations. The first lemma below is the
analogue of formula (48) in [6].

Lemma 3.2. Let R, R € D2($)), and let Q € C(R,R'). For each A >0

1 12 2 A , ,
(2mX)2 f(Rded)z(Iq—q "+ 1P =0)Qg ¢ pyrprr AP dadp’ dg

= |x - $,|2 - )\2|VI — Vz’|2 + )\trace@gﬁ(Q1/201Q1/2)15®5
:t2\/XtraC€L2(Rd1dz)((R -RN2) - (z-2")
:t2\/Xtra.CeL2(Rd7dZ)((R - R (=iV.)) (=iN(Vz = V).

Proof of Lemma 3.2. Denote by a = a(X, X’,Y,Y") € C the integral kernel of the
operator Q. For each A >0 and each ¢,¢’,p,p’ € R?, the the integral kernel of the
operator Q*

0,4 ,p/ AP’ [\ is
A ( €L q’ x’ — q, y- q, y' - Q) o (z=y)+p"(2'=y")) /X
VAT VATV VA
Thus the integral kernel of the operator

1 A
(27r)\)2d f(Rded)z la - q’|2Qq,q’7p//\7p’//\ dpdg dp' dq'

is

’ ’ ’ ’ - / ’ ’ d d d ’d !
_om2y-d, (z=g 2'-d y-q y'-d'\ i(p-(a—y)+p"(z'~y"))/x GPAgdp dg
/(Rded)Jq A “(ﬁ’ N RV Y )e (27N)2d

— _ N2\ -d z—q Z’—q’ z—q mI_qr , B '
_(f(Rded)2|q qTA a(\/X’ NS \/X)dqdq)6(x y)o(z' -y")

= (,/I;dXRd |(:C_ZE’)_\/X(X_X,)|20,(X, X’7X7X’) dx dX/) 5(:E—y)5(x'—y’)

= (|x —-z'? - 2\/XtraceLz(Rd1dz)((R -RN2)-(z-2")

712 / / , , ,
[, X - X Pa(X XX X dXdX )5(;0_1,)5(:0 .
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To obtain the second term in the last right hand side, we have used the identity
fRded(X ~X")a(X, X', X, X")dX dX' = traceses (X - X)Q)
= traceq (X R) — traceq (X'R") = trace 2(ra g.) (R - R')z).
In other words

1 A
G757 ooy 17 0P @t s pdad'
= |z - 2')? + Mraceges (|X - X' 2Q)Ises
—2\/Xtra.C6L2(Rd1dz)((R - R')z) . (ac _ x') )
Next, the integral kernel of the operator

1

112 A / /
N /(Rded)Q P =PI Qg ¢ pyapr/x dpdgdp’ dg

is

1

, dpdgdp’ d¢’
_ _ o2 -d, (z=q ='-¢' y-—q y'-q'\ i(p(z-y)+p’-(z'-y"))/x CP AT AP dg
f(Rded)J” PIEA “(ﬁ’ AN \/X) (270)2

S (o (2 2 ) 480 (0, -9.0)-(9, -9, )6 -)6 )

A A A

in the sense of (tempered) distributions on (R x R?)2. The integral on the right
hand side can be put in the form

’

' dpdgdp’d
-4 y-q y'- i(p-(z-y)+p’-(a' y))//\w
fR4d|P PN a(\/X’\/X’\/X’\/X) (2mA)2d

:AQ(VI—VIr)~(Vy—Vyr)(([RdXRda(X,X’,X,X’) dXdX’)é(:c—y)é(z’—y’))
_(/I;Zd )\Q(VI Var) (Vy—Vy )a( ,1\/}1 7%7%) d(f\gq )5(x—y)5(z'—y’)
(S ¥ T2 (2 2 ) L) (9,900t )
(s 22T () ) (990 )

= XN (Ve = Var) - (Vy = V)8 (2 =)o (2" ~ ")
+2\/XtraceLz(Rdﬁdz)((R—R')Vz)~(VZ—VCE) (z—-y)d(2"~y")

—“Mracegen ((Vx - Vx)Q(Vx - Vx))d(z—y)d(z" —y').

The expression of the second term on the last right hand side comes from the

identity
N [ (VamVar)a (25, S5, 250, ) 2480 ) (7,29, )(a-y)d(a" )
reat "V TOA TAT N T ) TA v Yy
=02 S (o Tuda (G ) ) (7)o n)a(a ).

which holds since

z-q z'-¢' y-q y'-¢ /
fwa(ﬁ’ A ) dgdg
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depends on x -y and z’ — 3’ only, and from the formula
_v.N)a(ze ¥-d =z-g 2'-q¢") dgdd
fRded(vI Va )a(\/X’ XV VA ) Ad
=AY tracegen (VO I-10 V)Q)
= A tracey V(R-R').

The expression of the third term on the last right hand side comes from the identity

- ) v Vg l22e #-d y-g y'-q
(Va=Var) - (Vy=Vy )a(\/X’ VRV ARV )|myzy
=X (Vx-Vx) - (Vx-Vx)a(X, X' X, X"

Finally, the conclusion follows from observing that
(Vo = Var) - (Vy = Vy)d(2 - y)d (2" - y")
is the integral kernel (in the sense of distributions) of the unbounded operator
~|Ve =V,
while

traceges (| X - X'IPQ) - traceqes ((Vx — Vx/ )Q(Vx — Vx/))
= traceses (Q'/2C1QY?).

The next lemma is the analogue of formula (54) in [6].

Lemma 3.3. For each trace-class operator K on L*(R?) and each bounded con-
tinuous function f on R?,

wace(Op{ (/1K) = [ T@p)WH{K](a.p) dpdg.

Proof of Lemma 8.3. By formula (7), one finds that
trace(Op{ (/1K) = (2N [ WALOBRLf11(w. )WAK] (. €) dwds
o T ARG W R) (2,6) dard
v F@P) (WAL« WAL RT") (4,p) dpdg

B deRd WW;\%[K](Q’P) dpdqg

by definition of the generalized Husimi transform (see Definition 1.3). O

Proof of Theorem 3.1. By the positivity of the quantization Opi2 , assuming that f
and g are real-valued, continuous bounded functions on R?% x R? satisfying

(19) fla,p)+9(d . p) <lg-dP+lp-p'P
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for all p,p’,q,q' € R%, one has
Opy[f]®1s +15 ® Opy[g]
1

_ /o A / /
CSNE f(Rded)z(f(p, 7))+ 9. d))Qy ¢ pyrpxdadq’ dpdp

<C(m, 2", Vi, Var) + )\tracey)@y)(Q1/201Q1/2)Iy)®y)
+2)\3/2 traceL2(Rd7dZ)(R - R,)Vz) . (Vz - me))
—QﬁtraceLz(Rdydz)((R -RN2) - (z-2")

for each Q € C(R, R).
For each L € C(K,K"), one has

trac%@g(Ll/QC’)\(x, ' Va, sz)Ll/Z) + AMraceges (Q1/201 Ql/Q)
~2V/\tracerz(ga g2y (R - R')2) - trace 2 (maay (y (K - K))
+2X3/2 tracer2(ra,4x) ((R = R')V. - trace 2 (ra, gy (Vy (K - K'))
> traces, (OpX [ f]K) + trace(Opx [g]K”)
= fmed (@)W K](g,p) dpdg + fRded 9(d' s P IYWRK' (¢, p") dp' dg'

Minimizing the left-hand side of this inequality as L and @ run through C(K, K')
and C(R, R") respectively, one finds that

MK (K,K")? + \MK; (R, R)
~2v/\tracers(ga gzy (R - R')2) - trace 2 (maay (y (K - K))
+2X3/2 tracer2(ra,ax) ((R = R)V. - tracer2(rd,gy) (Vy (K - K'))

2 -/l;ded f(q,p)W)\R[K](q,p) dpdgs + fRded g(q’7p’)W§3[K’](q/7p') dp’ dg’

for all real-valued, bounded continuous functions f,g on R% x R? satisfying (19).
Maximizing the right-hand side of this inequality in f, g and applying Kantorovich
duality (see Theorem 1.3 in chapter 1 of [17]) implies the announced lower bound.
O
4. APPLICATION TO THE MEAN-FIELD LiMIT
Let V = V(2) be a real-valued function defined on R? and satisfying
(20) VeCh (RY), vV eL®R?Y), V(y)=V(-y)forallyeR?.

Let pr.n = prn(t) € D(L*((RY)N)) be the solution of the Cauchy problem for the
N-body Heisenberg equation

N
. 1
ihdipnn = D [=5h°Augspnn]+ = 2 [Vikspnon],
(21) j=1 1<j<k<N
PhoN,_g = PR

where piy € D2(L*((RY)YN)) is a given density operator. We have denoted Vjy,
the operator on L2((R%)") defined by the formula

(ijwN)(acl, . ,.Z‘N) = V(.T] —xk)z/JN(acl, . 7.Z‘N).
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On the other hand, let py = pn(t) € D(L*(R?)) be the solution of the Hartree
equation

(22) {ihatph = [_%hQAxaph] + [Von,onl,

mn
ph|t=0 = ph )

where pi" € D(L*(R)) is a given density operator. The notation V,, designates
the time-dependent, mean-field potential defined by pn (), i.e.

Vph(t)(x) :=trace((7.V)pn(t))  where (7, V)¥(y) ==V (y—z)v(y).

If rp(t,z,y) is the integral kernel of the density operator px(t), the operator V,, «)
is the (time-dependent) multiplication operator on L?(R?) by the function

T fRd V(z-2)rp(t,z,2)dz.

Denote by Ds(L2((R%)™)) the set of symmetric density operators on LZ((R%)™),
i.e. the density operators whose integral kernel r = r(x1,...,2N,¥y1,...,yn) satisfy
the condition

(23) T('rla"'v'vayla"'vyN) :T(:Co'(l)v"'azU(N)ayU(l)v"'ayU(N))

for all 0 € G (the symmetric group on {1,...,N}). In quantum mechanics, the
density operator for a set of N indistinguishable particles satisfies (23).

Theorem 2.4 in [6] states that, foralln =1,..., N and all p}"y € D (L2((RHN)),
one has

At At

1 n n 3 et -1 € in in
— MK (pn(1)® aph,N(t))2 < = VV | e ——— + — MKx((p}, )®Na/)h,1v)2
n N A N

for all ¢ > 0, where A := 3 +4Lip(VV)2. We have denoted by Ph n(t) the n-body
marginal density associated to pp, n(t), i.e. the density operator with integral kernel

n
rh,N(tv'rlv"'aznayla"'vyn)
::f Tth(t,ZCl,...,,CCn,Zn+1,...,ZN,yl,...,yn,zn+1,...,ZN)dZn+1...dZN
(Rd)N*TL
forn=1,...,N -1, where 7 n is the integral kernel of p}'{fN. We also set

P (t) = prn(t).

For A > 0 fixed, the mean-field limit, i.e. the approximation of p,llyN(t) by pn(t)
in the large N limit, has been studied by several authors (see for instance [16, 2, 1,
5, 14, 11], and the bibliography in [6] for a more complete list of references).

The question of obtaining a uniform as A — 0 rate of convergence for the mean-
field limit reduces therefore to obtaining an upper bound for

1 in in
N MKh((ph )®Na ph,N)2 ’

and a lower bound for
1 n n
5 MKh(Ph(t)® 7ph,N(t))2 )

in terms of quantities better understood, and in particular involving a true distance.
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Theorem 3.1 above (a generalization of Theorem 2.3 (2) in [6]) provides a family
of such lower bounds. Specializing it to R = R’ (the extension to the general case
is trivial) one obtains that, for any R’ e D?(L*(RY)),

~dista 2 (W [on (0" LW (R v (1) ])?
8 eAt_l eAt ) ) A
< SNV e ——— + = MER (o)™ pyn)? + — M (R, R'®").
N A N n

An upper bound for the second term on the right hand side of the inequality
above is obtained by Theorem 3.1 above (generalization of Theorem 2.3 (1) in [6]):
one can take initial data which are generalized Toplitz operators

. . . QN .
(24) ph' = OPR [ (2mh) " ] and py'y = Opy [(2mh) ™ pijy ]
in the sense of Definition 1.1, for any R € D?(L?(R%)) and pi", ,uih’?N Borel probabil-
ity measures on R? X_Rd, (RExRA)N respectively, assuming that [y is symmetric
— in other words, pj"y is invariant under all transformations of the form
(pla <y PNy q15 - an) e (pa'(l)a <oy Po(N) do(1)s - - - aqa'(N))
for all permutation o € Sy. Then one finds that

R’@n

1 . ~ ®n n ~ n
5dlStMK,2(er2 [on ()" 1L.WRE [oh N (1) ])?
At _ At

1 e . . N i 2
oy st ()N i)

1 At
+h (— MK (R'®", R'®")2 + % MK, (R®Y, R®N)2) .
n

8
< —|VV|L=
<Vl

The last term on the right hand side of this inequality is mastered by the following
observation.

Lemma 4.1. Let Ry, Ry € D%($)). For each integer n > 1, one has
MK; (R?™, R$™)? < n MK, (R1, R)?.
Proof. Let Q € C(Ry, Rz); then Q®" € C(R?",R$"™). Denoting Xy = (21,...,2p)
and Yy, := (y1,...,Yn), one has
Cl(Xn7 an vXn 9 vYn) = Z Cl (:Ck; Yk, vmkv Vyk) .
k=1

Hence, for all @ € C(R1, R2), one has
MK (RE"™, RS™)? < trace(ggm)en ((Q™) /2 C1(Xn, Ya, Vx,., Vv, )(Q®)?)
= > trace(sggyen ((Q%™) > Cr(wh, Yk, Vay, Vi ) (QZ™)?)
k=1

= ntraCeﬁ®ﬁ(Q1/2cl(za Y, va Vy)QI/Q)

and the announced inequality follows from minimizing the right hand side as @
runs through C(Ry, Rs). O

With this observation, one arrives at the following convergence rate estimate.



20 F. GOLSE AND T. PAUL

Theorem 4.2. Let R, R’ € D*(L*(R%)), and let V ¢ CHY(R?) be an even, real-
valued potential. Let u%" and ,LL;.Z}N be Borel probability measures on R*xR? and on
(RIXRNN respectively, such that ,u%’?N 18 symmetric in its N phase space variables.

For pi* = Opr[(2rh)?ui?] € D*(L2(R?)), denote by pn = pn(t)D(L*(RY)) the
solution of the Cauchy problem (22) for the Hartree equation.

Let N > 1, and for each p}f}N = Opgéw [(27rh)dNu§{7’N] e D, (L2((RHY)), denote
by pr.n = prn(t) € Ds(L2((RY)N)) the solution of the Cauchy problem (21) for
the N -particle Heisenberg equation. Then, for each n=1,...,N, one has

n

1 . ~ ’® n ~ @n n
~distuic2(Wa' [ ()" 1WA LR v (D)])?

8 eAt -1 eAt ) ) ) 9
< N IVV L= N distmk,2 ((NZH)QW,M;:?N)

+h (MK1 (R, R')? + e* MK, (R, R)?).

(25)

This result calls for some remarks on the choice of the density operators R and
R’, and on the initial data for (22) and (21).

In order to improve the convergence rate estimate in Theorem 4.2, one must
choose the density operators R’ so as to minimize the third term on the right hand
side of (25).

For instance, assume that R’ satisfies the condition

MK, (R',R")? =2d = i MK 2,
(R, R) pepal il MK (P, )

This would be the case with R’ =|a)(al, where a is the Gaussian density (4).

Next, if u;ZfN = (ui™)®N | the second term on the right hand side of (25) vanishes
and, with R and R’ chosen as above, one finds that

1 . ~ n n ~ IQn n
EdlstMK,z(Wé2 [on ()" LW [ v (1) 1)

(26) 8 eM -1
< IVV e ——+h(2d+ M MK, (R, R)?).
Another possible choice is
R=R'=la){al
and
(27) pi' = p, g A a)(p,g, M al  and pi'y = |p,q, A, a)(p.q, A a|®V

for all a € H*(R?) satisfying

2 _ 2 2
[Py =1, [ lyPla()f dy < o,

with |p,q, A, a) defined as in (3).
In general
MK; (|a){al |a){a])* > 2dh

so that the third term on the right hand side of (25) is not minimal with this choice
of density operators R and R’. Yet this class of examples is important, since the
N-body density operator above is of the form

P%’?N = |lIﬂhnN>< ;LnN|
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where
, N
mn (@, en) = [T, g)(ar) -
k=1

In particular, this class of initial data is defined in terms of a symmetric NV-particle
wave-function, i.e.

\I/;;?N(xo(l)a e To(N)) = \P}',L?N(xl, .,xy) forallceGy.
The corresponding density matrix satisfies the symmetry relation
(28) T%?N(xo'(l)a < Lo (NY> Yr(1)r - - ayT(N)) = T;L?N(xla <IN YLy ayN)

for all (possibly different) o,7 € &y, where r}'ﬁN is the integral kernel of R};?N.
This symmetry condition is of course more stringent than (23), and expresses the
fact that the N particles under consideration are bosons. Note that any factorized
bosonic state is the tensor power of a one particle pure state.

In other words, combining Theorem 2.4 in [6] with Theorems 2.2 and 3.1 above
allows us to consider a larger class of initial data for which a uniform as A — 0
convergence rate of the form (26) holds true. In particular, one can choose in this
way many different initial conditions satisfying the Bose symmetry condition (28),
which states as in (24) may fail to satisfy, unless ™ = 4, ,. We refer to chapter IX
in [9] for a more detailed discussion of Bose statistics.

5. How TO METRIZE THE SET OF QUANTUM DENSITIES?

We shall conclude this paper with a few remarks on the problem of metrizing
the set of quantum densities. For sake of simplicity we will state the result in
the standard Gaussian T6plitz quantization, but the same arguments are valid for
general density matrices as defined in this article.

For Ry, Ry € D(L?*(R?)), it is customary in quantum mechanics to measure the
distance between R; and R in terms of the trace-norm (see for instance [16, 14]) —
sometimes also in terms of the Hilbert-Schmidt norm [14] or of the operator norm
[11].

More generally, one can think of measuring the distance between R; and Ry in
terms of the Schatten norms

‘|R1_R2H£p(Rd), for 1<p<oo.

In this section, we denote by £($)) the algebra of bounded operators on the (sepa-
rable) Hilbert space 9, and by |T| the operator norm of T € L($)). For p € [1,00),
the Schatten class £P($) is the two-sided ideal of £($)) whose elements are the
operators T € £($)) such that (T*T)P/? is trace-class, and we denote the Schatten
norm on L7 () by
[T oy = trace((T*T)"/2) 7.
In particular, £'($)) is the set of trace-class operators on §) and |T'[ z1(g) the trace-
norm of T € £L*($), while £2($)) is the set of Hilbert-Schmidt operators on $ and
|T| 1(%) the Hilbert-Schmidt norm of T € £3($). (For more details on Schatten
classes with exponent p € (1,00) \ {2}, see Example 2 in the Appendix to IX.4 on
p. 41 in [13]; the more classical cases p = 1 and p = 2 are discussed in section VI.6
of [12].)
Consider the special case

Ry = |p1, a1 ){p1, a1, Ry = |p2, q2){p2, g2/,
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assuming that (p1,q1) # (p2,q2). Here |p,q) are the coherent states as defined in
(3) with A = h and a is the standard Gaussian a as defined in (4). In that case,
R; — R5 is a self-adjoint operator satisfying

trace(R; — R2) =0 and rank(R; - Rs) =2.
Hence
| Ry = Rl 2o (2 (ray) = 27| By = Rall £(z2(ray) » 1<p<oo.
In particular
IRy = Rall zr(r2(ray) = 27 2 [ Ra = Ra| z2(r2(me)) 5

and the Hilbert-Schmidt norm [ Ry - Ra| z2(12(r4)) can be computed explicitly as

follows: ) ) )
HRI - R2 Hﬁp(Lg(Rd)) = trace(Rl + R2 - R1R2 - RQRl)

= trace(R1 + Ry — 2R1R2)
=2(1 - trace(R1R2))

= 2(1 - |(p1,Q1|p27QQ>|2) ,
so that

IRy = Ral 2o (r2(reyy = 2"/ 1= [(p1, a1 [p2, a2)I? -
In the case where a is the Gaussian (4), one can compute explicitly

_ _ 2 _ 2
(p1, qulp2, g2)? = e~ Prp2l+lai=azl)/2h

(by using Theorem VI1.23 in [12]) and hence

)

HRI - Ry Hﬁp(L‘Z(Rd)) = 21/;0\/1 — e~(Ip1-p2P+la1-q2/*) /2R
In the semiclassical limit, i.e. for A — 0, one has

IRy = Ra zocr2(may) = 2770 (p1.00) (po.02)

where ¢ is the Kronecker symbol (ie. 6y, =0 if ¢ # y and 6,5 = 1). In other
words, in the semiclassical limit, all the metrics between orthogonal projections on
coherent states defined in terms of Schatten norms converge (up to some unessen-
tial normalizing factor) to the discrete metric, defining the (uninteresting) trivial
topology on the phase space.

Put in other words, one should think of the quantum densities R; and Ry as
being the quantum analogues of the Dirac probability measures d,, 4,) and 6(;, 4.)
respectively, defined on the phase space R? x R?, and

1_
| Ry = Rell eo(rzrayy = 277 0o 1) = O(paaay ITv a5 B =0,

where |m|rv denotes the total variation of the signed measure m.

In the semiclassical limit, quantum particles become perfectly localized on trajec-
tories in phase space. The elementary computation above shows that the Schatten
norms cannot detect distances between phase space points of order larger than
O(h'?), and are therefore unfit for measuring distances between points on trajec-
tories in phase space.

At variance with the Schatten norms, the pseudo-distance MK behaves like the
FEuclidean distance in phase space in the semiclassical limit, i.e. for A — 0. In the
special case considered above, one has indeed, by Corollary 2.3

(29) MK (R1, R2)? = |p1 - p2f” + |a1 — @2 + A MKy (|a)(al, |a)(a]) .
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Although MK}, is not a distance* on D(L?(R?)), we believe that the few remarks
ove are the best justification for using MKj as a means of metrizing D(L?(R?))
the context of the semiclassical limit of quantum mechanics.
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“Indeed, MK (R, R)? > 2dh for all R ¢ D2(L%(R%)), according to formula (14) in [6]. Also,

we

do not know whether MK}, satisfies the triangle inequality.



