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LINEAR BOLTZMANN EQUATION
AND FRACTIONAL DIFFUSION

CLAUDE BARDOS, FRANCOIS GOLSE, AND IVAN MOYANO

ABSTRACT. Consider the linear Boltzmann equation of radiative transfer in a
half-space, with constant scattering coefficient o. Assume that, on the bound-
ary of the half-space, the radiation intensity satisfies the Lambert (i.e. diffuse)
reflection law with albedo coefficient a. Moreover, assume that there is a tem-
perature gradient on the boundary of the half-space, which radiates energy
in the half-space according to the Stefan-Boltzmann law. In the asymptotic
regime where 0 — 400 and 1 —a ~ C/o, we prove that the radiation pressure
exerted on the boundary of the half-space is governed by a fractional diffusion
equation. This result provides an example of fractional diffusion asymptotic
limit of a kinetic model which is based on the harmonic extension definition of
V/—=A. This fractional diffusion limit therefore differs from most of other such
limits for kinetic models reported in the literature, which are based on specific
properties of the equilibrium distributions (“heavy tails”) or of the scattering
coefficient as in [U. Frisch-H. Frisch: Mon. Not. R. Astr. Not. 181 (1977),
273-280].

1. INTRODUCTION

The diffusion approximation for the linear Boltzmann equation has been known
for a long time and in very different contexts, such as nuclear engineering (see
chapter IX in [23]), or radiative transfer (see chapter I11.2 in [21]). There are sev-
eral proofs of the validity of the diffusion approximation, involving rather different
mathematical methods: stochastic processes [15, 20, 5], Hilbert expansion [17, 7],
or chapter XXI, §5 in [10], moment method [2, 3] ...

However, there are several situations where the same type of scaling limits of the
linear Boltzmann equation lead to fractional (or more generally nonlocal) diffusion
equation. A first class of linear Boltzmann equations leading to a fractional diffusion
equation includes situations where the scattering rate is not uniformly large over
the whole energy range of the particle system considered. See [12] for an example
in radiative transfer.

A second class of linear Boltzmann equations leading to a fractional diffusion
equation includes the case of collision integrals whose equilibrium solutions have
infinite second order moments: see for instance [4, 18, 19, 1].

In the present work, we give an example of a completely different type of asymp-
totic limit of a linear Boltzmann equation leading to a fractional diffusion equation.

Before describing more precisely the physical problem considered in the present
paper, we recall the following well-known fact from classical analysis, which the
reader might find convenient to keep in mind.
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Key words and phrases. Linear Boltzmann equation, Radiative transfer equation, Diffusion
approximation, Fractional diffusion.
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1.1. Fractional Diffusion and Harmonic Extensions. Let' f € L?(T), with
1<p<oo,andlet 0 <y < 2. Then

(—20)"2f(x) = =0, F(2,0),

where F' = F(z,y) € Cy([0,00); LP(T?)) is the unique solution to the boundary
value problem

— A F(x,y) — 7203/2y2_2/V8§F($, y) =0, (z,y) € T x (0, +00),
F(z,0) = f(2), wETd,
where
¢y =2770(=v/2)|/T(7/2)

(See for instance [16], Theorem 1.1 (j) for the analogous result, assuming that the
function f satisfies f € LP(RY) instead of LP(T%).))

1.2. The Model. We seek to describe radiative transfer in a homogeneous medium
filling the half-space

{z:=(2,y) : y>0 andzecR}.

We assume that true absorption and emission are negligible effects in this medium.
We assume that the only process of physical importance in the medium is scattering
(of Thomson type), which means that the elementary scattering process at the level
of particles is independent of, and does not modify the frequency of photons. The
scattering coefficient o > 0 and scattering transition probability (also called “phase
function” in §3 of [8]) p = p(w,w’) are assumed to be independent of the position
variable z.

Under these assumptions, the radiative intensity (integrated in the frequency
variable) at the position z and in the direction w, henceforth denoted f = f(z,w),
satisfies the radiative transfer equation (see chapter I in [8]):

(1) w'vzf(zaw)za/ p(w,w')(f(z,w’)—f(z,w))dw, y>0a |w|:1'
SQ

On the plane of equation y = 0 (the boundary of the half-space), we assume that
the radiation field obeys the Lambert reflection law, with albedo « (see formula (81)
in §47 on p. 146 in [8]). On the other hand, we assume that the temperature at the
point z of the plane of equation y = 0 is T'(z), so that the surface emits a radiative
intensity acT'(x)* in all directions at the point , according to the Stefan-Boltzmann
law. The constant a is

- 8ok}
15¢2h3 7

where kp is the Boltzmann constant, c¢ is the speed of light in the vacuum, and A
is the reduced Planck constant.

In other words, the radiative intensity f satisfies the boundary condition

(2) f(z,0,w) = aT(x)* + a f(2,0,0")(wy,)” dw’, wy > 0.
™ Js2

!We denote by T¢ the d-dimensional torus T = R%/Z¢9.
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1.3. Scaling and Other Assumptions. We are concerned with the following
limit of the radiative transfer equation (1) with the boundary condition (2):

(a) o > 1 (high scattering regime);

(b) 0 <1 —a <1 (high albedo surface).

We shall adopt the following mathematical setting. For any integer d > 1, set
Z := T x (0, +0o0); points in Z are denoted by z = (z,y) with z € T¢ and y > 0.
Accordingly, unit tangent vectors to Z are denoted by? w = (Wa, wy) € S?, with
w; € R? and w,, € R. One has

/2 1
wdw = cosf(sinf)4"1dh = =|S9 1 = |BY|.
Sd Y 0 d

We shall henceforth use the following notation:

— 1 d
)= g L dw)da, s eCis?),
and

<< L= Bdl/w dw, b€ C(8Y).

We assume that condition (b) is realized by taking the albedo coefficient « of

0Z of the form
KO

1+ ko

o=

where k > 0 is a constant, and we set
S(x) := (1 + ko)aT(z)*.

Since f2 = m, the boundary condition (2) is recast as

(3) F(2,0,0) = 1‘5;(”20_ - fm(f(x,o,.))_, wy >0,

Observing that the right hand side of (3) is independent of w, this boundary con-
dition implies that f(x,0,w) is independent of w for w, > 0, so that

f(z,0,w) Ko
0 = 0.-
Flo,0,0) = D22 BT (r00,)
Substituting this expression on the left hand side of (3), we arrive at the following

equivalent formulation of the boundary condition (3):
(4) f(z,0,w) = S(x) — Bd|/ f(@,0,0)w, dw’,  wy, >0.

We further assume that p = p(w,w’) is a measurable function defined a.e. on
S? x S? satisfying the following condition:
()

p(w,w') = p(w',w) >0 ae. on 8¢ x 8¢, / p(w,w)dw’ =1 for ae. we S,
Sd

We shall denote by £ the bounded linear operator defined on L>(S¢) by the formula
£0(w) = || plen)(0() = () e’ = ) = [ pler)ole)

2We denote by S the unit sphere in R4+, and by B¢ the unit ball in R%. We also denote by
|S?| the d-dimensional area of S, and by |B?| the d-dimensional Lebesgue measure of B%. We
recall that d|B9| = [S?~1| for all d > 1.
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With these elements of notation, the boundary value problem for the radiative
transfer equation (1) with boundary condition (2) takes the form

w-V,folzyw)+o(Lfs)(z,-) =0, (z,w)erSd,

(6)
S(x) Ko

1+ ko 1+/~@0<<

fo-(.’L',O,W): fU(:L'aOa')>>7a .’I]er, wy>03

where

(Lfo)(z,w) = (Lfo(2,-)) (W) -

The purpose of the present work is to study the boundary value problem (6) in
the asymptotic regime o — +oc.

2. MAIN RESULT

2.1. Heuristic approach. In order to gain some intuition on this problem, we
apply the Hilbert expansion method. This method is named after Hilbert on the
basis of [14], where it has been used for the first time on the Boltzmann equation in
the context of the kinetic theory of gases. Its application to the linear Boltzmann
equation is discussed in detail in [17, 7].

Thus, we seek f, as the formal power series

(1) folzyw) = Z oI fi(z,w), VTf; € C(Z xS% for all integers j,m > 0.
j=0

Substituting this ansatz in the radiative transfer equation leads to the sequence of
integral equations:

Order O(o):
Lfo(z,w) =0,
Order O(1):
Lfi(z,w) =—w-V:fo,

Order O(c™7):
Efj+1(z,w) = —Ww:- szj .

Lemma 2.1. Under assumption (5), the linear operator L is bounded on L?(S%; C?)
and satisfies

I£l <2, and KerL ={ constants } =C.

Proof. Because of the last equality in (5), one has R C Ker L.
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For each ¢ € L?(S%), one has

8
[ oen@ o= [[ o)) - vw) dods
= [ 6 ple ) 0) — b))
SdxSd
=[] Bes)(9(w) = SN (W) — b)) derds

The second equality above follows from the symmetry of p in (5), while the third
equality is obtained by adding the right hand sides of the first and the second
equalities.

If ¢ € Ker L, then

//sfzxsd p(w,w)(p(w) — p(w))* dwdw' =0

because of (8) with ¢ = . Since p > 0 a.e. on 8% x S%,
p(w) — (W) =0 for ae. (w,w’) € 8% x <.
Averaging both sides of this equality in w’ implies that
P(w) = (¢p) for a.e. w e S?.

Thus ¢ is a.e. a constant, and this proves that Ker £ = { constants }.

Finally
Lteaerar= [ 1] pe.w)ow) - ow))

< [ ([ peeras) ([ posiow) - oPa) ao

= [ pilofe) = P dwes =2 | Gi(Lo)e)d.

where the inequality follows from the Cauchy-Schwarz inequality applied to the
inner integral, and the last equality from (8) with ¢ = . Applying the Cauchy-
Schwarz inequality to the last right hand side, one obtains

| N€o@P dw < 2z ol s

which implies that ||£| < 2. O

2
dw

We conclude from this lemma the solution to the equation at order O(o):
Order O(o):
fo(z,w) = po(z), forae. (z,w)€ Z x S%.

Next we study the equation at order O(1) for f;. We shall need the following
additional assumption on p:

(9) pe L84 x 89y,

Denoting by K the linear operator defined by

(10) (o)w) = [ plow)ol)ds’,  wes’,
Sd
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one has

L=1-K.
Lemma 2.2. The operator L is bounded and of Fredholm type on L*(S%;C?), and
satisfies

L=L", ImL=Ct= {w e L*(8% ¢ s.t. Y(w)dw = o} :
Sd

Proof. The operator K is a self-adjoint Hilbert-Schmidt operator on L2(S?; C%)
since its integral kernel p is a symmetric real-valued square-integrable function by
(5)-(9). In particular K is a compact operator on L?(S%; C?) (see section 6.4.2 and
Theorem 6.12 in [6]). This implies that £ is a self-adjoint, bounded operator on
L?(S%; C%) of Fredholm type (see section 6.4.1 in [6]).
Fredholm’s alternative (Theorem 6.6 in [6]) states that
Im £ = (Ker £)*

and we conclude the proof with the characterization of Ker £ in Lemma 2.1. O

Since (w) = 0, Fredholm’s alternative implies that there exists a unique function
Q = Q(w) € L3(S9) such that

(11) Q=0 and (£LQ)(w)=w, forae weS?.
Combining Lemmas 2.1 and 2.2 leads to the following result for the solution of

the equation at order O(1):
Order O(1):

fi(z,w) = p1(2) — Qw) - Vpo(z), for ae. (z,w) € Z x S<.

Higher order terms in the expansion are found in the same way, by solving
successively for f;i1 the integral equations

EfjJrl = —W:- sz;
for j > 1. We shall not pursue this line of investigation, since only fo and f; will
be used in the present section.

At this point, we introduce a last assumption on the scattering transition prob-
ability p, specifically, we require that p is rotationally invariant: for each @ in the
orthogonal group O411(R),

(12) p(Qw,Qu') = p(w,w’), forae. (w,w') €S x8,
Under this assumption, it has been proved in [7] that the diffusion matrix>
. (w-Q)
Q f the f Q) = I.
(w® Q) is of the form (w ® Q) Tl

Besides
(w-Q) = (£Q)-Q) = %//SdXSdp(w,wIHQ(w) — Q)P dwdw’ > 0.

Notice that this inequality is strict: otherwise, one would have
p(w,w)(Qw) — QW) =0 for ae. (w,w')e 8% x8?.

3See formulas (40)-(44) on p. 624 in [7]. Actually, one can deduce from equation (42) in [7]
that Q is of the form Q(w) = Aw: see Lemma 3 in [11], or Lemma 8 in Appendix 1 of [13]. With

Q of this form, one immediately concludes that (w ® Q) = %_HI.
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This would imply that
0= / plw, w)(Qw) — Q') dw’ = (LQ)(w) = w
Sd

which is obviously a contradiction.
From the equation at order O(0), i.e.

Lfs=—-w-V,f1,
we conclude that
div.(wf1) =0.

Otherwise, one would have w - V. f1 ¢ Im L according to Lemma 2.2. With the
expression for f; obtained above, this equality takes the form

. w )
div, ( <d+1>Vzpo> =0,

or equivalently
(13) —Apo(z) =0, z€eZ.

Moreover, if the Hilbert expansion (7) holds at the boundary, then we deduce
from the equivalent formulation (4) of the boundary condition in (6) that

po(x,0) =S(z) — % g (p1 (2,0) — %Q(w’) -Vpo(x, 0)) w), dw’
gd
(14) =5() + Toorl (4,2 Voo(a 0
K|S {w

o d
=S EIS "2 5 ,0), e Te.

(‘T) |Bd|(d+1) ypo(x ) T

Returning to the original variables, and to the case of physical interest where
d = 2, we recall that the radiation pressure P(z) at the point  of 7 is defined by
the identity

%/Szw@)wf(x,(),w)dwzp(x)l.

(See for instance formula (1.19) in [21]). Therefore, to leading order in 1/0, one
has

P(z) ~ S—Zpo(:c,()) )

Since é—g po is an harmonic extension of P, applying the formula for the fractional
diffusion operator recalled in section 1.1 leads to the following equation for the
radiation pressure field on the boundary:

1 T(z)*
15) 21— a)P(e) + alw- Q)2 (A 2P@) = TL@T o2,
o

c

Assumption (12) is verified by most of the scattering transition probabilities p
used in practice, such as
1 . . .

plw,w’) = 7 (isotropic scattering)

|’
pw,w) = (14 (w-w')?), (Rayleigh phase function for d = 2)
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(see formulas (30)-(31)-(33) in §3 or formula (192) in §16 of [8]). More generally,
all scattering transition probabilities of the form

(16) p(w,w) = P((w-w')?),
under the normalizing condition
1
1
P(u2)(1 — 12 qu _
| P =t = e
satisfy (12). In that case

[ Pl @ =0

(since the integral the right hand side of this last equality must be invariant under
the substitution w’ — —w’), so that

Lw=w, and therefore Qw)=w.

In that case

<w ' Q> = 1 )
and the diffusion coefficient in the usual diffusion approximation of the linear Boltz-
mann equation is

(w- Q) 1

(d+ 1o (d+ 1o’
In particular, the equation (15) satisfied by the radiation pressure field on the

boundary 07 is, in this case,
T 4
31— a)P(x) + %(fAI)l/QP(z) = w . zeT?.

2.2. The Limit Theorem. The analysis based on Hilbert’s expansion presented
in the previous section is only formal. A rigorous analysis of the problem based on
the moment method for kinetic models leads to the following result.

Theorem 2.3. Assume that p = p(w,w’) is a measurable function defined a.e. on
S9 x 8%, satisfying (5)-(9)-(12). Denote by Q the unique element of L?(S?) defined
by (11). Let S € Whoo(T9).
(a) For each o > 0, the boundary value problem (6) has a unique solution

fo € L®(T? x (0,4+00) x S%);
this solution satisfies

| foll oo (T x (0,400 xs54) < [[SllLoo(Tay 5
and
Hazjfa|‘L°°(Td><(0,+oo)><Sd) < Ha%SHL“(Td)

forallj=1,...,d.

(b) In the limit as 0 — +00, one has

fo = p=p(2) in L(T? x (0, +00) x 8%) weak — *
and
o(fo — (fo)) = —2-Vp in L*(T¢ x (0, 400) x S%) weak,
where p = p(z) satisfies the properties
p € L>®(T x (0, 4+00)), Vp € L*(T? x (0, +0)),
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and is the weak solution of the boundary value problem

—Asp(z) =0, 2= (z,y) € T? x (0, +00),
(17) Ba+1
(p— K{w - Q>%8yp) ’y:O =S, reT.

(¢) In the limit as o — +00, one has

fg‘yzo — R in L*(T% x 8% |w,| dz dw) weak,

and
J<wyfg>|y:0 - - <2)_ﬁ> 8yp|y:O m H71/2(Td) weak,
where R = R(x) is the solution to the fractional diffusion equation
(18) R(z) + rlw- QB AN2R(2) = S(z),  xeT¢
[B9] z - ’ ‘

3. PROOF OF THEOREM 2.3
3.1. Step 1. Consider the boundary value problem
M+w-V,h+oh=0Q(z,w),
{h(x,(),w) =H(z), wy>0,

where Q € L>°(Z x S?) and H € L>(T4).
Its unique solution is given by the method of characteristics

h(z,w) :H(x — wiywz)ei(A+g)y/wy

y/wy
+ / aef(AJ”’)tQ(z — tw,w) dt, wy >0,
0
h(z,w) :/ oe”MINQ(z — tw,w) dt, wy < 0.
0

Setting
0 := e~ AFIv/wy

we find that, for a.e. (z,w) € Z x S,
h(z,w)] < max(0]| H| L~ + 755 (1 = 0)[|Qll L=, 755 1Rl =)
= max( 2511 H| = + 755 (1 = 0)|Ql e + 0l H | =), 555 Qll =)
< max( 25 [ Hl|z + ;55 max(|Q e, | H| =), 775 1Qllz=) -
This inequality implies, on the one hand, that, for each H € L>°(T?), the map
Q — Kh

is a contraction in L>°(Z x S?) with Lipschitz constant < 375 Indeed, denoting
by h1 and hg corresponding to @)1 and )2 respectively, one has

[(h1 = h2)(z,w)| < 755 [1Q1 — Q2= ,

as a consequence of the previous inequality. Indeed, by linearity hi — hs is a solution
of the boundary value problem above with source term Q1 — Q)2 and boundary data
H=0.

Using assumption (5), we see that the operator K defined in (10) is a bounded
operator on L>(S9), satisfying

1K £(Loe sy < 1.
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Hence
[KKh1 — KhallLe < [[h1 — ha|lpe < 555 1Q1 — Q2= .

Therefore, the map @ + KCh has a unique fixed point in L*°(Z x S%).

In other words, there exists a unique solution g € L>(Z x S%) to the boundary
value problem
(19) AM+w-Vyg+0Lg=0, (z,w) € Z x 8¢,

glw,0,w) = H(x), wy >0,
and this solution satisfies the bound

lgllzoe < max(G25 [ Hl e + ;%5 max(|KgllL, | Hllz~), 755]1Kgll ) -

It is obviously impossible that

1Kgllze > | H][Lo~ .
Indeed, since

IKgllz~ < llgllze=,
the inequality above would imply that

IKglle= < ZxlHl= + 755 11Kgl L=,

which would imply in turn

IKgllLe < | H][L~,
in contradiction with our assumption. Hence

1Kglloe < [[H| Lo,
and therefore

lgllze < max( 5[ Hllze + 555 max([|Kgl Lo, | H| =), 775 1Kl =)
= max(35 | Hll o= + ;551 H |, 755 1Kgll =) = [|H| £ -
3.2. Step 2. With step 1, for each A > 0 and ¢ > 0, we have constructed a linear
map
Tao @ L2(T) — L°(Z x S%)
defined by the formula
7-)\,0'H =g,

where ¢ is the solution to the boundary value problem (19). We have also proved
that

[TxoHllzoe < [[H| 1~ .

Now we seek to solve the boundary value problem

M 4w -V.f+0Llf=0, (z,w) € Z x 8¢,
20) 1
( f(z,0,w) = 1+ﬁS(x)+ lfﬂ<<f(x,0,-)>>_’ wy >0,

Consider the map

Axop: L°(TY) — L°(T?)
defined by the formula

AxopF(x) := o'<< /0°° o~ (ot <7}70 <% + fﬁ-—Fﬁ>) (x — tw,w)dt>>_ .
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In terms of the operator K defined in (10), one has obviously

(Ao sFi—AxosFo)(z) = po <</Ooe<“0>t/cmg(F1FQ))(xm,w)dt>> ,
0 _

1+p

so that, for a.e. x € T¢,

g o _ "
[(AxosF1 — AxopF2)(2)] < ﬁj”ﬂ,a(ﬂ - Fz)HLoe/ et gy
0

Bo /OO —(x
< F — By~ e~ (M)t gt
_1+5H 1— L ;
15} o
- Fy — By .
1+5A+a”1 2l

In other words, Ay, g is a contraction in the Banach space L>(T¢) with Lipschitz

B
constant < mﬁ% < 1.

By the fixed point theorem, there exists a unique F' € L>(T%) such that
Ay opl =F.

The solution to the boundary value problem (20) is given by the formula

S BF
=To |l —+—"—"=] .
f=" (1 81+ 6)
The fixed point F' satisfies in particular the bound
153 o
F— Ay g 50| < —— F|| e
1P = Ay Ol < T T 1P
Since
|Ax,0,50(2)| = a<< /OO e~ Aot (7’,\ U—S ) (x — tw,w) dt>>
Ik 0 ’ 1+ﬂ ) 7’
one has
o > 1 o
Ay 0.80]| e < S oo/ R CRAL: [ — Sllpes s
[ A0l < 775 lS I [ e Enebwa Ll
so that
1 o B o
F oo < - - S oo R F oo .
1Pl < g ISllim + g yos Pl
Therefore
o
Fllpe € —2——[IS|l 1 ,
17 < 575 191
which implies in turn
S BF
oo = T o P + P
1= = |7 (755 + 155) |

1 B o
= (Hﬂ * 1+m(1+ﬂ)+g) 1] Lo < |1S]| oo -
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3.3. Step 3. Call f) the unique solution of the boundary value problem (20) ob-
tained in step 2, for which we have obtained the bound
(21) [fxllee < ISl[L~,  A>0,

which is uniform in A > 0.
Now we consider the boundary value problem

w-V.f+oLlf=0, (z,w) € Z x 8¢,

22
(22) f(z,0,w) = 1iﬂS(x)+ 1fﬂ<<f(x,0,-)>>7, wy >0,

of which we seek a solution by passing to the limit in fy as A\ — 0.
On account of the uniform bound (21), the Banach-Alaoglu theorem implies the
existence of a sequence A\, — 0 such that

fr. = f in L°(Z x S%) weak — .

One has obviously
Anfan +w-Vafy, +0Lfx, = w- -V f+0oLf
in D'(T? x (0,+00) x S%), so that
w-V.f+0Lf=0 dans D'(T? x (0, +o00) x S%).
For each ¢ € WH1(T9), one has

a’y (wy/-rd fAn(ZC,y,LU)Qﬁ(.’L')dZE) :_)\n/rd fAn(ac,y,w)dx
wy - Vo(x z,y,w)dx
+ [ e Vola) o 00)
70’/ EfAn(ZL',y7CU)¢(SC)dZ'
Td

Therefore

[rd o (zy,w)p(@)de et 9, (wy [rd I, (@, y,w)0(x) dx)

are bounded in L>((0,4+00) x S%). By Ascoli-Arzela’s theorem,
Wy fa, (2,0,w) = wy f(2,0,w)  in L(S%W=1°(T?)) weak — *,

and
<<fAn>>7(~,0) — <<f>>7(~,0) dans Wﬁl’oo(Td) weak — * .
By passing to the limit in the boundary condition

1 B
fAn(SC,O,W):ms(l'>+m<<fAn(x70,~)>>_7 wy>0, ZL'E':[‘CI7
we conclude that

w;f‘y:() = 1 +ﬁ 1 +ﬁ<<f>>7’y:() in LOO(Sd;W*LOO(Td)) .

In particular

S
£0.0) = Ty + T ) (0) i wtee(T)
for a.e. w € S? such that wy > 0.
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The uniform bound (21) obviously implies that the solution to the boundary
value problem (22) satisfies the bound

[fllzee < 1[SNze -

3.4. Step 4. In this step, we check that, for each S € L>°(T?), there exists at most
one weak solution f of the boundary value problem

w-V,f+cLlf=0, (z,w) € Z x 8¢,

f(:z:,O,w):mS(m)—i—%(ﬂx,O,-))_, wy >0,

in the space L>°(T% x (0, +00) x S9).
By linearity, it is enough to show that, if g € L>(T% x (0, +00) x 89) is a solution
to the boundary value problem

w-V,g+0cLg=0, (z,w) € Z x 8¢,

o,0.0) = 1o (a0.9) . w, >0,

then ¢ =0, a.e..
Denote the sequence of Fourier coefficients of g in the y variable by

ik, o) = / g0y w)de, ke Z°.
Td

Then, for each k € Z¢, on a
wyOyg(k,y,w) + 2k - weg(k,y,w) + 0Lg(k,y,w) =0, ¥y >0, |w[=1,

g(k,o,w:%(g%(/{,m, wy > 0.

For each k and for a.e. w € S%, the function y — g(k,y,w) belongs therefore to
W120(0, +00).

Multiplying both sides of the differential equation above by §(k,y,w) leads to
the identity

(gwy0y3) (K, y,w) + 127k - we|g(k, y, w)|* + 0g(k, y,w)La(k, y,w) = 0.

Taking the real part of the right hand side of the equality above, we arrive at the
identty

Wyay|g(ka va)|2 + 2J|g(ka va) - <g>(k7 y)|2
Now we average both sides of this equality in w: for each k € Z¢,

At this point, we recall the following property of L.

Lemma 3.1. Under assumptions (5)-(9) on the function p, the operator L satisfies
the following properties. For each ¢ € L*(S%;C), one has

@) = gt ([ plowlofw) - o) duods’.
SdxSd
Moreover, there exists > 0 such that

(@LS) = plld — (D)1 2(sa) -
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The proof of this lemma is deferred until the end of the present step.
Thus, for each k € Z%, the function

y = (wylgl*) (k, y)
is bounded and nonincreasing on (0, 4+00), and applying Lemma 3.1 shows that
> ~ A\ (2 . 12 y=0
s [ (19 @F Yba)dy < i [ laP) (T3 < +oc.
Next observe that
(28) (@l (k. ) = (] = @)k ) + 2R (3 — (9)) (ks ) @R, ) ) -

In view of the previous estimate, the first term on the right hand side of this
equality belongs to L'(0, +00) since |w,| < 1, while the second term is bounded by
the Cauchy-Schwarz inequality:

2R ({wy (9 = (@) (6, ) @R, 9)) < Nl (w2 (lg = () ) )2

Hence the second term on the right hand side of (23) belongs to L?(0,+00), and
since the first term is also bounded in L™ (0, +00) because g is assumed to belong
to L>=(Z x S%), we conclude that

y > {wy|g|?)(k,y) belongs to L*(0, +00)
for each k € Z<. Since this function is moreover nonincreasing, we conclude that

0= lim (wylg|® (k,Y) < (wylg*)(k,y)  for all y > 0 and all k € Z¢.
— 00
Thus, for each Y > 0, one has
Y
gy + 200 [ (1007 Yoy < (13 0.0).
0

(wylgl*) (k,Y) > 0.
Moreover, the right hand side of this inequality satisfies

(wlg1) (k, 0) = bt (C1912), (k,0) = {191%) _(k,0))

— 5t ((s5) b0 00PC), — (1) _(10))
— B ()" Kad_ 00 = ) (1.0)

< ()" 1) dad_o)

by the Cauchy-Schwarz inequality.
Summarizing, we have proved that, for all k € Z% and all Y > 0

Y
0= (i) ev) = [ (19 - @) Yoy = (1) (10).
In particular, since £1 = 0, one has

Lg=L(G—(9)=0,




LINEAR BOLTZMANN FRACTIONAL DIFFUSION 15

so that
wyOyg(k,y,w) + 127k - weg(k,y, w) = g(k,y,w) — () (k,y) =0 ,

g(k,0,w) = %(g)_(l{,()) =0, wy>0.

The second equality above implies that, for a.e. (k,y) € Z¢ x (0, +o0), the
function w + §(k,y,w) is a.e. constant on S?. Hence
wyOyg(k,y) + 27k - weg(k,y) =0, for allw € S?, and a.e. (k,y) € Z x (0,400).
Setting w, = k/|k| and wy = 0 shows that

k#0= g(k,y) =0 for a.e. y >0.
On the other hand
9y9(0,y) =0
by choosing w, = 0 and w, = 1, so that
3(0,) = §(0,0).
Finally, the boundary condition implies that
9(0,y) = 9(0,0) =0,  y>0.

Therefore, we have proved that §(k,y,w) = 0 for a.e. (y,w) € (0, +00) x S%, for
all k € Z%. Since the Fourier transform is one-to-one, this implies that g = 0 in
L>®(Z x 89).

The discussion above shows the existence and uniqueness of the solution f, €
L>=(Z x S%) to the boundary value problem (6) in the case where 3 = ko; besides
we have seen at the end of Step 3 that

(24) [folle < 1] Lo -
If moreover S € W1>°(T%), we may apply the results of Steps 1-4 to 0,5 this

shows that

fo € L=((0,4+00) x SLWL°(T9)),
and satisfies the bound
(25) [Vafollpee <[IVaS|lLe, — o>0.

Notice that this bound is uniform in ¢ > 0. In other words, statement (a) in
Theorem 2.3 is implied by steps 1-4 with § = ko.

Proof of Lemma 3.1. The formula for (¢L¢) is (8) where ¢ is replaced with ¢ and
1) with ¢.

On the other hand, we already know from Lemma 2.2 that £ is self-adjoint
and of Fredholm type on L?(S% C?). The Fredholm alternative implies that the
continuous, one-to-one linear map

£|(Ker£)L : (Ker £)* — (Ker £)*

is onto. By Banach’s open mapping theorem (see Theorem 2.6 and Corollary 2.7 in
[6]), this map is bicontinuous, which implies the existence of the positive constant
L. [l
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3.5. Step 5. Set

S(x) Ko
1 +ov 14 ko
arguing as at the end of step 2, we find that

Fy(x):

<<f0>>,(1'a0);

[Sllz= | Ko

Follpe < li AxonoFs o0
gl — 14+ ko 1+ ko Ag& I 20 e
and then
KO
HA)\,G,K,G'FO'”L‘X’ S HA)\,a,na'Fa - A/\,U,KUOHL“’ + ||A/\,O',KUOHL°° S 1 HFG”L‘X’ )
+ Ko
while
15| Lo
A 0/{00 o < .
[ A0,k 0[ L S
Therefore
S| Lo KO KO S| Lo
Fllp~ < E e + ———
H HL — 14+ ko + 1+ ko 1+m7|| HL + 1+ ko
and hence
2
KO KO S| oo
1- 1Follzw < (14 52 ) 18l
1+ ko l+ko/) 14+ ko
Since

2
1 KO _ (14 KO 1_ KO (14 KO 1
1+ ko 1+ ko 1+ ko l1+ko/) 1+ko

the inequality above implies that
[Follzoe < [[S]lz
By the same token
||81jFG'HL°°§HanS”L°°a jil,,d
Let x(y) := (1 —y)2, so that x € C*([0,00)) has its support equal to [0, 1], and
set
9o (7, y) = Fo()x(y);

define further the function

ha(xa y,LU) = fa(xa Y, W) - gU(‘T’ y) .
It is easily seen that h, is a solution to the boundary value problem
{w -Vihe +0Lhy = —w-Vgs(z2),

26
(26) ho(z,0,w) =0, w,>0.

Notice that h, € L*°((0,400) x S%; W1 (T?)).

Because of the regularity of h, in x, we deduce from the equation that the
function z ~ h,(z,w) belongs to W>(T9 x (0,+00)). Thus, we can multiply
both sides of the first equation in (26) by 20h, and integrate in w, to obtain

o div, (wh?) 4 20%(hy Lhy) = —20{whe) - Ve (2) = —20(w(hy — (ho))) - Vo (2).
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After integrating in 2 € T both sides of this equality, we see that

50, [ (@h2)(w0)do 20 [ (holho)oy) ds
= —QU[I‘d(w(hg —(he))) - Vgo(z,y)dz.

By construction
folz,y,w) = hy(x,y,w) whenever y > 1,
so that
(wyh2) (2, y) = (wy f2)(z,y) and g, (z,y) =0, forally >1.
On the other hand, Parseval’s theorem implies that

[ iear={o, [ o= 3 wlibE).

keZzd

Proceeding as in step 4 and applying Lemma 3.1, we see that

— (/o)

6y<wy|fg|2><ky>+2au< >< D<0. y>1.keze.

For all k € Z¢, the function

y = (wylfol*) (k,9)

is bounded and Lipschitz continuous on (0,+400), and nonincreasing on (1, +00).

Hence
At

With the decomposition

il )b, 9) = ol fo = () PY () + 2R (o = o)) o))

we conclude that

=1

2 ><k,y> ay < 5 [l P)k)] <o

fa - <fa>

y = (wy|fo)?) (k, ) belongs to L*(0, +00)

for all k € Z4. (Notice that we do not seek a uniform in o estimate in L? for
fo — (f») at this stage in the argument, although this is our ultimate goal.) Since
this function is nonincreasing on (1, +o0) for all k € Z%, we find that

0= YliIJrrl (wWylfo| D (R, Y) < (wy|fs|?)(k,y)  forally >1and all k € Z2.
—+00

Thus, for each Y > 1, one has

o [ Y)dz+2ou/ [ (= ) Yy oy

:720/ /T (b — (ho))) - Vo 2, y)dxdera/ (w,h2)(x, 0 dz |

Td
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so that

(27) » “/ /T< (ho = (ho))* ><w y) da dy
20/ /Td w(he = (o)) - Voo (x,y) dzdy.

Indeed

(wyh2)(z,0) = ~B(h2)_(x,0) <0,
since hy(z,0,w) = 0 for w, > 0 by construction, and on the other hand, as explained
above,

/ (Wy f(z,Y)dz >0 forallY >1.
Td

Notice that the first integral on the right hand side of (27) involves only y € [0, 1]
since g(x,y) = 0 for all y > 1 by construction.
By the Cauchy-Schwarz inequality, for all Y > 1, one has

Ju/ /Td<h )>(wy)dzdy
<(* [ [ 1othe = P <xydwdy)l/2(// |Vgawyl2dwdy) :
( //T< )>(zydzdy> (// |Vggzy|dscdy) -

so that
//< >>(my>dwdy<// Vg0 (2, y)[? de dy.
Td Td

Observe that
he — <h<7> = fo - <fo>

since g, = f, — ho is independent of w by construction. Hence

Uu/ /T<h - >><:cy>d:cdy<// Vg0 (2,9) dz dy,

and since this inequality holds for all Y > 0, we conclude that

Uu/ /T<h - )><wy>dwdy<// Vg0 (@, )2 dedy.

3.6. Step 6. Summarizing, for each S € W1>°(T%), the boundary value problem
(6) has a unique (by Step 4) solution f, € L>°(Z x 89), and this solution satisfies

[folle < IS]lze-,
according to Step 3, and

lo(fo = (foD)ll12(zxsa) < %|Sd| (HVSH%OO(T”Z) + %”SHQL‘X’(TUZ)) ;
by Step 5.
Therefore, there exists a sequence o,, — 400 such that

fon = [ In L™(Z x S8%) weak — x,
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and
Jn = 0n(fo, = (fs,)) = J in L*(Z x S%) weak.
In particular, the fact that J,, is bounded in L?(Z x S?) implies that

(28) f(z,w) = p(z) for a.e. (z,w) € Z x 8.
In order to compute J, observe that, since L1 = 0,
L), =0,Lfs, =—w- -V fs .
Since the linear operator £ is continuous on L?(S%), one has
LJ, — LJ in L*(Z x S%) weak,
and since
w-V.fs, »w-Vp inD(Zx8%),
we conclude that
LJ(z,w) =w-Vp(z) for ae. (z,w) € Z x S%.
Beside, since J,,(2,-) € (Ker £)* for all n and a.e. z € Z, one has also
J(z,-) € (Ker £)*, for a.e. z€ Z.
Applying the Fredholm alternative to £, we conclude that
(29) J(z,w) = —Qw) - Vp(z), for a.e. (z,w) € Z x 8%,
Notice that the formula above for J and the L? bound on .J,, imply that
VpeL*(Z).

Let now ¢ € C°(T? x (0, 400)). Multiplying both sides of the equation for f,
n (6) by
ond(z) + Qw) - Vo(2)

and integrating both sides in (z,w), we obtain

/ /T (002 diva (o (], ) + VO(2) - (e V. fo, ) drdy

//a¢ (LFs.) d:cdy+/ /wa AonQL Sy Vdzdy = 0.

Since L is self-adjoint on L?(S?) (see Lemma 2.2), one has

<‘Cfan> = <f0'n£*1> =
and
(on QUL fo,) = (onfo, LQ) = (onw s, ) .

Hence the third term on the left hand side of (30) is 0, while the first and last terms
on the left hand side of (30) combine to give

/Ooo [rd (div,(on{wfs,)0(2)) + Vo(2) - (Qw - V.f,,))) dedy =0.

The first integral on the left hand side is simplified by using Green’s formula:

/O°° /Td divz(on{wfo,)¢(2) dzdy = — / nlwfo )bl 0) dz .

Td
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Next we use the boundary condition verified by f,, , i.e.

S(x) Ko
1+l€0‘ +1+,€0-n<<f0n>>7($)7 wy>0,

fo (x,0,w) =
or equivalently
d
fou (2,0,0) = S(x) = konlpa (W fo, )(@,0), wy >0.
Since the right hand side of this identity is independent of w, one has also

(31) <<fgn>>+(x,0) = S(z) — man%(wfgn>(x,0), reT?
Thus

/0 h /T diva(on{wfy, )6(2)) drdy = - / oolofo Vol 0) o

Td

_ s /Td(S(:E)f<<fgn>>+(z,0))¢(:c,0)dx.

In other words

B [ (560 = (), (2. 0)00,0) o

/ /Td Volz (w-V:fs,))dzdy

for all ¢ € C°(T x (0, +00))
As n — oo, the integral on the right hand side satisfies

oo

/ T Vo) (Vg )y = - [ [ vot)-@er)dsay

0 T

- — / - Vo(z) - (QLT)dxdy = — /000 - Vo(z) - ((L7Q)J) da dy

:_/O wa() (wJ)dxdy—/ /wa@m) Vo(z) ® V.p(z)) dz dy

 {w- ) [
=01 /0 " Vo(z) - V.p(z))drdy.

On the other hand, arguing as in Step 3 shows that
d
Belo, [ fn)eni@)de =0, [ () fr )@ )(e) da

— [ Qoponfo )0 @) b = [ (Lo 20L ) y)0() da
T T
=0O(1) in L* + L>(0, +00) .
By Ascoli-Arzela theorem, we conclude that
[ 40 @000, 0)dz = [ pla,0)6(2,0)d
Td Td
Summarizing, we have proved that

e L>(Z), VpelL*Z)

B2 [ (5t) = pla0ote, V() - Vop(e)) e dy

Td
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for all ¢ € C°(T? x (0,4+0c)). One easily checks that this is the variational
formulation of the boundary value problem (17).

This proves statement (b) of Theorem 2.3.
3.7. Step 7. Set Y = T x (0,1). The results obtained in Step 6 imply that
fgn‘YXsd —p and w-V.fs,

weakly in L2(Y x 89).
By applying Cessenat’s trace theorem (Theorem 1 in [9]), we find that

(32) fo, (2,0,w) = R(z) weakly in L*(T? x Sd;wy;|r dwdx),

yxsd =W Vap

where
R= p|y:0 .
This last point requires additional explanations. At this point, we use Cessenat’s

notation in [9]. Observe that, for all x € T¢, the exit time from Y, starting from y
in the direction w, is

T(2,0),w = 1/lwy| > 1, since |w|=1.
Choosing the arbitrary parameter K = 1 in the definition of the measure d¢ on p.
832 in [9], viz.
dg‘TdX{O}XSd = |wy| min(1, T(z,O),w) drdw,
has its restriction to T x {0} given by
A€ gt oy g = |yl dadw.
This observation justifies that the convergence holds as stated in (32).
Since

p € L=(0,+o0; L*(T%)) and Vp € L*(Z),

one has in particular p|,, € H'(Y), so that
R=p|,_,€H'*TY.
Since
Vp € L*(Z) and div(Vp) =0,

we deduce from the trace theorem of J.-L. Lions for the space H(Y,div) of vector
fields in L2(Y; R4t with divergence in L?(Y) (see Lemma 20.2 in [22]) that

Ayp|,_y € H=Y%(T?).
On the other hand

on(Wfa,)|y = olwln)|, is bounded in L>(0,1; L*(TY) c LA(Y),

and
div,(op(wfs,)) =0.
Applying again the Lions trace theorem in H(Y,div), we conclude that
y=0 " <¢(; +§i>
Since Vp € L?(Z), we find that
By € LA(T" x (0,50)).

on{wy fo,) ayp’yzo in H=1/2(T%) weak.
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so that

Y2 2
/ p(z,y2) — pla, 1) da = / < Oyp(z, 2) dz) dz
T Td

Y1
Y2
<l =nl [ [ 10002 dzde < o~ il Vol
T Y1

Hence

p € Cy(0,400; L*(T?)).
Since p is a harmonic extension of R = p’y:O’ we deduce from Kwasnicki’s Theorem
1.1 (j) that

ayp’yzo = _(_Az)1/2R-

This concludes the proof of statement (c) of Theorem 2.3.

4. OPEN PROBLEMS

The result obtained in the present paper suggests various questions, still open
at the time of this writing.

(a) Can one extend Theorem 2.3 to other kinetic models — for instance, to the
linearized Boltzmann equation, or even to the linearized BGK model? For instance,
one could consider the Boltzmann equation for a vapor in a half-space over its liquid,
condensed phase, with a linear combination of diffuse reflection and condensation
or evaporation at the boundary, assuming that the Knudsen number in the vapor is
small, and that the accomodation coefficient is close to one. At present, the proof of
Theorem 2.3 is based on the maximum principle, which the linearized Boltzmann
equation does not satisfy. Before treating the case of the linearized Boltzmann
equation, it would be necessary to have a proof of Theorem 2.3 based on an L?
energy estimate.

(b) Can one obtain in this way powers of the Laplacian other than (—A)/2? The
harmonic extension result recalled in section 1.1 suggests that one should seek a
linearized Boltzmann equation leading to the diffusion operator

Y7 A, + 1261202
The scattering operator of such a linearized Boltzmann equation must be strongly
anisotropic; besides, the scattering coefficient should vanish either as y — 400 or
as y — 0 depending on whether v € (0,1) or v € (1,2).
(c) Can one extend the result in Theorem 2.3 to other domains than half-spaces?

Assuming that one can derive from the linearized Boltzmann equation in a bounded
(spatial) domain  with smooth boundary the diffusion problem

Ap(x) =0, e,

Idp

the trace p|,, must satisty the equation

=9,
o0

p‘aQ + “Ap‘ag =5,

where A is the Dirichlet-to-Neumann operator, defined as follows.
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For v € HY?(99), we set
o

Au = —
Y on

o0
where U € H'(Q) is the unique solution of

“AU=0inQ, Ul|,,=u.

We recall that the linear map u + U is continuous from H'/2(9Q) to H'(R2). By
Green’s formula

ou
so that, for all ¢ € H(Q)

oU
<%,¢>‘ <|IVU|L2@IVAll L2 @) < Cllull gir200) Vol L2 -

This defines OU/dn|,, as an clement of H~/2(99), and shows that the lincar map
A is continuous from H'/2(9Q) to H~1/2(0Q). Observe that A is self-adjoint since

(Lu, d) = /Q Vu(z) - Vo(z)de = (Lo, u) .

Besides, A > 0 and Ker £ = R = { constants }, since
(Lu,u) = [|Vul|Z2(0 -

Call A% the Laplace-Beltrami operator? for the restriction of the Euclidean
metric to 9. Both A and (—A%?)1/2 are unbounded self-adjoint operators on
L?(09), mapping H/?(09) to H~1/2(0Q).

However, A and (—A%?)1/2 are different in general, as shown by the following
example.

Example. Let Q be the open unit ball of R¥!, so that 9Q = 8¢ is the d-
dimensional unit sphere. Using spherical coordinates, i.e. setting r = |z| and
w:= z/|z| for z # 0, one has

ALf(z) = 17 10,(r"0, f(rw)) + 172 A f(rw) .
Denote by 0 = Ag < A1 < As... the sequence of eigenvalues of AS? counted with
multiplicities, and let (e,),>0 be a orthonormal and complete system in L2(99),

with —AS’e,, = A\,en. For each f = f(r,w) € L2(99), set
Tn(r) == (enl f(r,-)) 2209 5 neN, r>0.
Then A, f =0 on  if and only if
2780, (r40n fu (1)) = A fu(r) =0, neN, r>0,
or equivalently
P2+ drfl(r) = Afa(r) =0, neEN, r>0.

This differential equation has a two-dimensional space of solutions over the half-line
(0, +00), viz.
{Cyror ™ 4 C_p-(M) Oy € R}

4At variance with the definition commonly used in geometry, we normalize this operator so
that A% < 0.
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where

ay(n) ::—%i\/%—i—)\n, n>0.

Observe that «— < 1—d for all n € N, since A\, > 0. Hence 2(a— —1)+d < —d < 1,
so that

1
/ lr=~12rd dr = +o0.
0

Hence all harmonic functions in H(2) in the unit ball  are of the form

and

flrw) = Z [ N ()

neN

an(rw)‘Tzl = Z cna—(n)ep(w) while  f(w) = Z cnen(w) .

neN neN

The formula for a(n) indicates that, in this case

R e

In particular

[1]
2]

3]

(10]

(11]

(12]
(13]
[14]
(15]

[16]

A # (fASd)l/2 , unlessd=1.
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