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EMPIRICAL MEASURES AND QUANTUM MECHANICS:
APPLICATION TO THE MEAN-FIELD LIMIT

FRANCOIS GOLSE AND THIERRY PAUL

ABSTRACT. In this paper, we define a quantum analogue of the notion of
empirical measure in the classical mechanics of N-particle systems. We es-
tablish an equation governing the evolution of our quantum analogue of the
N-particle empirical measure, and we prove that this equation contains the
Hartree equation as a special case. Our main application of this new object
to the mean-field limit of the N-particle Schrédinger equation is an O(1/v/N)
convergence rate in some appropriate dual Sobolev norm for the Wigner trans-
form of the single-particle marginal of the N-particle density operator, uniform
in h € (0,1] (where h is the Planck constant) provided that V and (-A)3+4/2y
have integrable Fourier transforms.

1. INTRODUCTION AND MAIN RESULT

1.1. The Mean-Field Limit for the Dynamics of N Identical Particles.
In classical mechanics, the dynamics of N identical, interacting point particles is
governed by Newton’s second law of motion written for each particle. One obtains
in this way a system of 6/N coupled ordinary differential equations, set on a 6/N-
dimensional phase space. For large values of N, solving such a differential system
becomes impracticable. One way of reducing the complexity of this problem is
to solve the Liouville equation for the phase space number density of the “typical
particle”, replacing the force exerted on that particle by the “self-consistent” force,
also called the “mean-field force”, computed in terms of the solution of the Liouville
equation itself. The mean-field equation so obtained is the Vlasov equation (see
equation(8) below). When the force field derives from a C1! potential, the validity
of this approximation has been proved in [33, 10, 12]. The case of the Coulomb
(electric), or of the Newton (gravitational) potential remains open at the time of
this writing, in spite of significant progress on this program: see [23, 24| for singu-
larities weaker than the Coulomb or Newton 1/r singularity at the origin, or [28, 27]
for the Coulomb potential with a vanishing regularization as the particle number
N tends to infinity. All these results are based on a remarkable property, stated
as Proposition 1.2 below, of the phase-space empirical measure of the N-particle
system governed by a system if coupled ordinary differential equations. See also [31]
for another approach, which avoids using the nice properties of this empirical mea-
sure, and applies to more general dynamics (involving jump or diffusion processes
for instance).
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In quantum mechanics, the analogous mean-field approximation goes back to the
work of Hartree [22]. Rigorous derivations of the time-dependent Hartree equation
from the quantum N-body problem have been obtained in the case of bounded
potentials by Hepp [25] (using coherent states), then by Spohn [37] (for pure states,
using the BBGKY hierarchy) — see also [3] for a discussion of the case of mixed
states following Spohn’s very concise argument. The case of singular potentials,
including the Coulomb potential, is treated in [13] (see also [4]) in terms of the
BBGKY hierarchy, in [35, 26] by a simpler argument in the case of pure states, and
in [36, 11, 7] with second quantization techniques. All these results assume that
the value of the Planck constant is kept fixed while N tends to infinity. This is also
true in the special case of the Fermi-Dirac statistics which involves a mean-field
scaling of the interaction leading, after some appropriate rescaling of time, to an
effective Planck constant b ~ N™1/3: see [32, 5].

On the other hand, the system of Newton’s equations governs the asymptotic
behavior of the quantum N-body problem for all N kept fixed as h tends to zero.
Equivalently, the asymptotic behavior of solutions of the Heisenberg equation in the
classical limit is described by the Liouville equation. Since the Heisenberg equation
governs the evolution of time-dependent density operators on some Hilbert space,
while the Liouville equation describes the dynamics of a probability density in
phase space, the classical limit can be formulated in terms of the Wigner function,
associated to any quantum observable as recalled in Appendix B. There is a huge
literature on this subject; see for instance [29] for a proof of the weak convergence of
the Wigner function of a solution of the Heisenberg equation to a positive measure,
solution of the Liouville equation, in the limit as A — 0. This result holds true
for all C™! potentials and a very general class of initial data (without any explicit
dependence in h). Likewise, the Vlasov equation governs the asymptotic behavior
of solutions of the Hartree equation (equation (1) below) for a very large class
of potentials including the Coulomb case: see again [29] for a result formulated in
terms of weak convergence of Wigner functions. For regular potentials, more precise
information on the convergence of Wigner functions can be found in [1, 2, 6].

In other words, the mean-field limit has been established rigorously both for
each fixed A > 0 and for the vanishing A limit of the quantum N-particle dynam-
ics independently. This suggests the problem of obtaining a uniform in A € (0,1]
convergence rate estimate for the mean-field limit of the quantum N-particle dy-
namics. A positive answer to this question, valid without restriction on the initial
data, would justify in particular using the Vlasov instead of the Hartree equation
for large systems of heavy particles.

The first results in this direction are [34] (where the mean-field limit is estab-
lished term by term in the semiclassical expansion) and [21] for WKB states along
distinguished limits of the form N — +oo with A = A(N) — 0. See also [14] for
results in the case of very special interactions, not defined in terms of a potential.

If both the interaction potential and the initial data are analytic, the BBGKY
approach leads to a uniform in f € (0,1] convergence rate estimate for the mean-
field limit, of optimal order O(1/N): see [20]. This O(1/N) bound, obtained at the
cost of stringent, physically unsatisfying regularity assumptions, is similar to the
nonuniform in A convergence rate obtained in [11] — except the latter result holds
for singular potentials including the Coulomb case.
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A new approach to the uniformity problem has been proposed in [16, 18]; it
is based on a quantum analogue of the quadratic Monge-Kantorovich-Wasserstein
distance, similar to the one used in [12]. This method provides an estimate of the
convergence rate in the mean-field limit that is uniform as A — 0. This method can
be combined with the usual BBGKY strategy, following carefully the dependence
of the error estimate in terms of &, to produce a uniform in # € (0,1] convergence
rate of order O((Inln N)~'/?) for initial data of semiclassical type: see [20].

The main results of the present article are Theorem 1.1, and Theorem 3.5 to-
gether with Definition 2.2. Theorem 1.1 establishes the quantum mean-field limit
with rate of convergence of order ﬁ, uniformly in A € (0,1] and for all initial

factorized data. By “all”’, we mean that any dependence in the Planck constant is
allowed. In particular, no semiclassical scaling of the initial data is required. The
proof of Theorem 1.1 requires defining a notion of empirical “measure” in quan-
tum mechanics. The precise definition of this new (to the best of our knowledge)
mathematical object can be found in Definition 2.2 of Section 3, and the equation
governing its dynamics is derived in Theorem 3.5.

Before stating this convergence rate estimate, we need to introduce some notation
used systematically in the present paper.

Denote by § = L?>(R?) (the single-particle Hilbert space) and, for each N > 1,
let Hy = H®N ~ L2((RH)N). Henceforth, £($) (resp. £1(£)) designates the space
of bounded (resp. trace-class) operators on ). For each permutation o € Gy (the
group of permutations of {1,..., N}), let U, be the unitary operator on $ defined
by the formula

(UJ\I/N)(xh e ,Z'N) = \I/N(ig—l(l), N 7LCg—l(N)) .
We denote by Ls($Hn) (resp. L1($Hx)) the set of bounded (resp. trace-class)
operators Fiy on $)y satisfying the condition
U,FnU] = Fn, forallc e Sy.
We denote by D($)) the set of density operators on $, i.e. operators R satisfying
R=R*">0, traceg (R) = 1.

Likewise, we denote by Ds($n) the set of symmetric N-particle densities on $y,
i.e. 'Ds(fJN) = D(fJN) n Eg(f)N)

Let Ry € Dy(Hn); set ry =rn(21,..., TN Y1,---,YN) to be the integral kernel

of Ry. The first marginal of the quantum density Ry is the element Ry.; of D(£))
whose integral kernel is

Tn:l(m;y) = ﬁRd)N—l TN:1($3227~ ey RN Y, 22, .,ZN)dZQ N dZN .

For each integer n > 0, we denote by Cf'(R? x R?) the set of functions f of class
C™ on R?xR% such that 9 f is continuous and bounded on R% xR for all o € N¢
with |o| < m. This is a Banach space for the norm

171

Finally, let || [}, o, be the norm of the topological dual of Cj'(R% x R?). In other
words, for each continuous linear functional L on CJ'(R? x R%), one has

IL[17 00 = sup{[(L, £} + [ flln,e0 <1}

nyo0 = MAX [0 f || oo (RaxRA) -
|o<n
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Theorem 1.1. Assume that V € Co(R?) is an even, real-valued function whose
Fourier transform V satisfies

Vs iy [ IV(OIL+ €)™ g < oo.

Let R™ € D(9), and let t = R(t) be the solution to the Cauchy problem for the
Hartree equation

(1) ihOy R(t) = [-3h°A+ V), R(t)],  R(0) =R™
with mean-field potential
(2) Vagy (@)1= [ V(@ =2)r(t22)dz,

where r =r(t,x,y) is the integral kernel of R(t).

For each N > 2, let t » Fn(t) be the solution to the Cauchy problem for the
Heisenberg-von Neumann equation
(3) ihoFy(t) = [, Fn (D], Fn(0) = Fy'

with initial data Fi' = (R™)®N | where the N-body quantum Hamiltonian is

N
1
(4) Sy =y —ShPA,, + v S V(w-my).
j=1 1<j<k<N

Then, for all h e (0,1], all N >1 and all t >0, the Wigner transforms at scale h
of Fn:1(t) and R(t) satisfy the bound

() IWALENA()] = WhRW 5.0 <

where T = | V2V |1 while vq and Cq = Cq[V] are positive constants which depend
only on the space dimension d, and on d and V respectively.

! exp (Cdte(dJrs)FtV (1+h2ﬁ)) ’

The definition and the elementary properties of the Wigner transform are recalled
in the Appendix. We recall that, in the classical limit, i.e. for A - 0, quantum
densities propagated by the Heisenberg-von Neumann equations will typically fail to
converge to any limiting density operator. However, up to extracting subsequences
hyp — 0, the corresponding sequence of Wigner transforms will have limit points
in S'(R? x RY), and the classical limit of quantum mechanics can be described
in terms of the evolution of these limit points. See [29] for a presentation of this
description of the classical limit (especially Theorems III.1 and IV.1 in [29]).

The O(1/V/N) estimate in this result is on a par with the convergence rate
obtained in [36] — except (5) is uniform in A € (0, 1], unlike the bound in [36]. On
the other hand, one should keep in mind that the regularity assumptions on the
potential are more stringent in Theorem 1.1 than in [36], which can handle singular
potentials, including the Coulomb case.

Notice also the double exponential growth in time of the bound in Theorem 1.1,
to be compared either with the simple exponential growth in the nonuniform in A
convergence rate in [36], or in the uniform as A — 0 estimate in [16].

A last difference between the convergence rate obtained in [36, 11] and the bound
in Theorem 1.1 lies in the metric used to measure the difference between the Hartree
solution and the first marginal of the N-body density operator: the estimate in
[36, 11] is expressed in terms of the trace norm, whereas (5) is formulated in terms
of Wigner transforms, whose difference is measured in some dual Sobolev norm.
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In the classical limit, quantum particles are expected to be perfectly localized on
phase-space curves, and Schatten norms (including the trace norm) are ill-suited to
capturing this asymptotic behavior — see section 5 of [19] for a detailed discussion
of this point.

1.2. Empirical Measure of N-Particle Systems in Classical Mechanics. As
mentioned above, an important ingredient in the rigorous derivation of the Vlasov
equation from the N-particle system of Newton’s equations in classical mechanics
(see [10, 12]) is the following remarkable property of the empirical measure, which
is briefly recalled below for the reader’s convenience.

Consider the system of Newton’s equations of motion for a system of N iden-
tical point particles of mass 1, with pairwise interaction given by a (real-valued)
potential V/N assumed to be even and smooth (at least C2) on R?, and such that
V, VvV and V2V are bounded on R%:

ix =&k, 2,(0) = i
(6) 1 X /
gk:—NzVV(xk—xl)7 §x(0) =&;"
=1

(The term corresponding to [ = k in the sum is equal to 0 since V is even). We
denote by T} the flow defined by the differential system (6).

Set 21, = (z,&) and Zy = (21,...,2x). To each N-tuple Zy € (R?x R%)V,
one associates the empirical measure

1N
(7) 4N T N Z::
One defines in this way a map
(RYxRHN 5 Zx = iy, € P(R? x RY)

(where P(X) designates the set of Borel probability measures on X). The system
(6) takes the form

=&, k= —fRded VV(zr-y)pzy(dydn),  1<k<N,
and this implies the following remarkable result.

Proposition 1.2. For each N > 1, the map t = ppn 7, is continuous on R with

values in 'P(Rd X Rd) equipped with the weak topology, and is a weak solution (in
the sense of distributions) of the Vlasov equation

(8) Ohf+& Vaf —dive (f(VaV *2e f)) = 0.

With Proposition 1.2, the derivation of the Vlasov equation (8) from Newton’s
equations (6) for N-particle systems is equivalent to the continuous dependence of
weak solutions of (8) on the initial data for the weak topology of Borel probability
measures on the single particle phase-space.

In view of the conceptual simplicity of the approach of the mean-field limit in
classical mechanics based on the empirical measure (see [33, 10, 12]), it seems that
a similar structure on the quantum N-body problem would be extremely helpful
for the purpose of deriving the mean-field limit with a uniform convergence rate in
the Planck constant A.
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A notion of empirical measure in quantum mechanics will be introduced in Def-
inition 2.2 below. The equation governing its evolution — equation (32) — will be
derived in Theorem 3.5. The Hartree equation can be viewed as a “special case”
of equation (32). More precisely, Theorem 3.7 states that solutions to the Hartree
equation can be identified with a special class of solutions to equation (32).

There is an obvious difficulty with the problem addressed in Theorems 3.5 and
3.7: indeed, the proof of Proposition 1.2 is based on the method of characteristics
for solving transport equations such as (8). But there is no obvious analogue of
particle trajectories or of the method of charactristics in quantum mechanics. This
explains why the proofs of Theorems 3.5 and 3.7 require a quite involved algebraic
setting. (See Appendix A for additional insight on this algebraic structure).

1.3. Outline of the paper. Sections 2 and 3 are focussed on the problem of defin-
ing a notion of quantum empirical measure and deriving the equation governing its
evolution. The analogue of the empirical measure in quantum mechanics proposed
here is My (t) introduced in Definition 2.2 (in section 2). The equation governing
the evolution of My (¢) is (32), established in Theorem 3.5 (in section 3).

Of critical importance in (32) is the contribution of the interaction term involv-
ing the potential V. This interaction term can be viewed as a twisted variant of
the commutator [Vg(), R(t)] that appears on the right hand side of (1), and is
defined in formula (25) and in Proposition 3.2. In fact, equation (32) itself is a
noncommutative variant of the time-dependent Hartree equation (1) (in terms of
density operators).

More precisely, there exists a special class (defined in (34)) of solutions to the
equation (32) satisfied by our quantum analogue of the empirical measure, for which
this equation is exactly equivalent to the time-dependent Hartree equation (1): see
Theorem 3.7.

The main application of this new notion of quantum empirical “measure” is
Theorem 1.1, whose proof occupies section 4. One important ingredient in this
proof is a series of auxiliary semiclassical estimates, summarized in Lemma 5.1,
whose proof is deferred to the last section 5. Various fundamental notions and
results on Weyl’s quantization are recalled in Appendix B.

2. A QUANTUM ANALOGUE OF THE NOTION OF EMPIRICAL MEASURE

2.1. Marginals of N-particle densities. First we recall the notion of k-particle
marginal of a symmetric probability density fx on the N-particle (classical) phase-
space (R? x RN,

For each p € [1,+00], we designate by LZ((R? x RY)™) the set of functions
¢=d(x1,€1,...,xN,EN) such that ¢ € LP((RY x RY)N) and

Qﬁ(l‘d(l)afa(l)y' . '7a:U(N)7§O'(N)) = ¢(Z‘1,£17 cee 7xNa£N) a.c. on (Rd X Rd)N

for all o € Sy.
For each N > 1, let fy = fn(21,&1,...,2n,En) be a symmetric probability
density on the N-particle phase-space (R? x R)™. In other words,

fye LA ((RTxRHNY, fv20 ae on (R*xRHY,

and
f(Rded)N In(z1, 6, o, v)derdéy .. deydéy = 1.
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The k-particle marginal of fy is the symmetric probability density on the k-
particle phase-space (R? x R%)* defined by the formula

fNik(xhgla s 7$k,§k)
= ﬁRded)N—k (1, &, 2N, EN) doger dpe - doy déy
The analogous notion for symmetric, quantum N-particle density operators is
defined as follows.

Definition 2.1. Let N > 1 and Fy € Ds(n). For eachk=1,...,N, the k-particle
marginal of Fiy is the unique Fy. € Ds(9H%) such that

traces, (AxFia) = traceg , ((Ax ® TPV Fy) for all A € L($H) .
(In particular Fn.ny = Fn.)

2.2. A quantum notion of empirical measure. Let fi&' be a symmetric prob-
ability density on (R% x R4)Y and set

fN(t’m17§17"'7$N7€N) = fin(T—]\t[(xhgl?"'7:EN7§N))7

where T/ is the flow defined by the differential system (6).
Specializing formula (32) in [17] to m = 1 leads to the identity

(9) fN:l(tvxag)dxdgz (RIxRA)N /“LTtNZN(dxdg)fJZ\?(ZN)dZNa

which holds for each symmetric probability density fi* on (R? x R4)N. Equiva-
lently, equation (9) can be recast as

,LdXRd O(x, &) fra(t,z, &) dedg
= ‘/(Rded)N (-/I;«dXRd (b(x,g)MTthN(dmdg)) (ZN)dZy

for each test function ¢ € L= (R? x R?).
In other words, for each t € R, the time-dependent, measure-valued function

(10)

(11) my (t; Zn, dzd€) = pry 7, (dz dg)

is the integral kernel of the (unique) linear map

(12) My(t): L® (R x R?) > LT (R x R)Y)
such that

13 [, MOZ0AZN) = [ 6@ fvalt, ¢ drdg

for each symmetric probability density on (R? x R4)". That (13) holds for each
symmetric probability density fi on (R4 x R?)Y implies indeed that

d

My(t)p =Py o TN,
where

N
O (Zy) = % D01 6) = [ g O Oz (drdE).
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In quantum mechanics, the analogue of the differential system (6) is the N-body
Schrédinger equation

(14) thOy W N = ANV N

where Uy = Un(t,21,...,2x5) € C is the N-body wave function, and where S#y is
the quantum N-body Hamiltonian defined in (4), which is recast as

N

1
(15) My =Y AN, = Y Vi
k=1 ngk<l§N

For each k,l = 1,..., N, the notation Vj; in (15) designates the (multiplication)
operator defined by
(Vkl\IlN)(xly e ,xN) = V(xk - J}l)\I’N($1, . ,a:N) .

Since V € L= (R?), the operator Vj; is bounded on $y for all k,/=1,..., N, and
Hy defines a self-adjoint operator on )y with domain H2((R?)"). The quantum
analogue of the flow T}V is the unitary group Un(t) = e*”~/? and, since the
function V is even, one easily checks that

(16) Fi' e Dy(Hn) = Fn(t) = Un(t) FRUN(t) e D(Hy) for all te R.
Formula (13) suggests that the quantum analogue of the empirical measure

KNz (dzdf)

used in classical mechanics is the time-dependent linear map defined below.
For each k=1,...,N and each A € L($), we denote by Jj the linear map from
L(H) to L(Hn) defined by the formula
JA=1I®.. 9 I0A®I®...01.
k-1 terms N-k terms

Definition 2.2. For each N >1, set

M = - 5 e £(2(9). £.(08)).
k=1

For all t e R, we define My(t) € LIL($),Ls(HN)) by the formula
My () A= U () (ME AU (1)

With this definition, one easily arrives at the quantum analogue of (10).

Lemma 2.3. For each FieDs(Hn) and all t € R, set Fy(t) = Uy (t)* FRUn(t).
Then one has

traceq (AFN.1 (1)) = traceg , (My(H)A)FR")  for all Ae L($).

Proof. Since the density operator F}\}‘ is symmetric, applying (16) implies that
Fy(t) € Ds(Hn) for all t € R. Therefore

(17) traceg (AFN:1(t)) = traceg , ((J1A)Fn(t)) = traceg , ((JxA)Fn (1))

for all k=1,...,N. Averaging both sides of (17) in k, we find that

traces (AF .1 (t))=traces , (M A)Fx (1)) =traceg , (M A)Un (1)* FNUn (1))
=traceg , (Un (t) (MR A)Un (1)* Fat) =traces y (M (t)A)Fa)

which is the desired identity. [
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3. AN EvOLUTION EQUATION FOR My (1)

In the present section, we seek to establish a quantum analogue of Proposition
1.2 for the time dependent linear map ¢t —» My (t). At variance with the proof
of Proposition 1.2, which is based on the method of characteristics for the trans-
port equation, and of which there is no quantum analogue as mentioned above,
our approach to this problem is based solely on the first equation in the BBGKY
hierarchy.

3.1. The first BBGKY equation. The time dependent density ¢ = Fi(¢) given
in terms of the initial quantum density F* by the formula

Fy(t) =Un()"F§'Un(),

is the solution of the Cauchy problem for the Heisenberg equation (3).

The BBGKY hierarchy is the sequence of differential equations for the marginals
Fyu (for k=1,...,N) deduced from (3). Because of the pairwise particle interac-
tion, the equation for F. always involves Fy.x+1 and is never in closed form for
1<k<N-1.

Nevertheless, only the first equation in the BBGKY hierarchy is needed in the
sequel. It is obtained as follows: let A € £L($) satisfy [A, A] € £($). Multiplying
both sides of (3) by J1A and taking the trace shows that

ihOy traceq (AF N1 (t)) =ihd; traceg , ((J1A)Fn (t))
(18) =traceg  ((J1A)[ AN, Fn(1)])
=- traceyjN ([f%ﬂ]\[, JlA]FN(t)) 5

where the first equality above follows from the first identity in (17). Next one has

[, 1 A] Z [-i1n°A,,, 1 A] + Vi, J1A]

- ([-4hA.a)) +

Using the first identity in (17) with [ h2A A] in the place of A shows that

traceg ([, J1A]Fn(t)) =traceg ([ ih A,A]FNzl(t))

(19) +%ZtracegN([Wl,JlA]FN(t))-
i=2

If o is the transposition exchanging 2 and [ =3,..., N, then
Us Vi1, JTAJU; = [Vi2, J1A],
and since Fi(t) is symmetric, for each [ = 3,..., N, one has
traceg  ([Vir, J1A)Fn () =traceg  (Us[ Vi, JTAJUZ Fn (1))
=traceg  ([Viz, J1A]Fn (1))

=traceg 5 (([Vlz,A ® I] ® I®(N_2)) FN(t))
=traceg, ([Vi2, A® [[Fn2(t)).
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Hence

(20) %%traceﬁN([Vu,JlA]FN(t)) = traceg, ([Vi2, A® I Fn2(t)).
=2

Substituting the second term in the right hand side of (19) with the right hand
side of (20) shows that (18) can be put in the form

ihOy tracegq (AFN:1 (1)) + traceg ([—%hQA, A] Fna(t))

21 _
( ) =—NN 1 tracem([Vlg,A®I]FN;2(t)),

for all A e £($) such that [A, A] € £($), which is the first BBGKY equation’.
Using Lemma 2.3, we easily express the left-hand side of (21) in terms of My (¢):
1hOy traceg (AFN.1(t)) + traceg ([—%th, A] Fna(t))
= ihdj traces , (M () A)Fi) + traces , (M (1) [-1h2A, A]) FYY).

For each A € L(L($),Ls(Hn)) and each (possibly unbounded) operator D on £,
we henceforth denote? by ad*(D)A the linear map defined by

(22) (ad*(D)A)A :=-A[D, A]
for all A e £($) such that [D, A] € £($). With this notation, (21) becomes

traces , (((1hOMny(t) —ad*(-3R*A)My (1)) A) FJ')

(23) = —N]\_f 1 traceg, ([Vi2, A® IFn2(t)).

3.2. The interaction term. The present section is focussed on the problem of
expressing the right hand side of (23) in terms of My (¢), which is the most critical
part of our analysis. Since the right hand side of (23) involves Fiy.2 and cannot be
expressed exclusively in terms of Fly.1, it is not a priori obvious that there is an
equation in closed form governing the evolution of My (¢).

First, we introduce some additional notation. For each w € R%, we denote by
E, € L($) the multiplication operator defined by the formula

Euy(x) = ().
The family of operators E,, obviously satisfies
E'=FE_,=FE},

For each £ € L(L(H),Ls(Hn)) and each B € L($), denote by A(eB) and A(Be)
the elements of £ € L(L($), Ls(Hn)) defined by

A(sB): A~ A(AB) and A(Bs): A~ A(BA)

Definition 3.1. For each integer N > 2, set

En = {(A1,A2) € L(L(H),L(HN))? s.t. for all F e L'(Hn) the map

24
(24) w > traceg (A E)) (A2 EL ) F)is continuous on R} .

IMore precisely, it is the weak formulation of the first BBGKY equation.
2By analogy with the notation for the co-adjoint representation of a Lie algebra.
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For each S € S'(R) whose Fourier transform S is a bounded measure on R, and
for each Ay, Ao € LIL(H), L(HN)) such that
(A1,A2(0A)) and (Ao(Ae), A1) e&EN  forall Ae L(H),
let C[S, A1, N3] be the element of L(L($H),L(Hn)) defined by the formula

(25)  C[S,A1,A2]A:= [R (ME2)(A2(EuA)) - (A2(AEL)) (M ES)) S(dw)
for all Ae L($). The linear map C[S, A1, A2] satisfies
(26) ICLS, Ar, Aol < 20 Ax[[[ Az S]zv -

The integral defining C[S, A1, A2]A on the right hand side of (25) is to be un-
derstood in the ultraweak sense®. Indeed, for each A € £($)), the function

RY3w o (MEL)(A2(BuA)) — (A2(AEL)) (M ES) € L(H)
is ultraweakly continuous since (A1, Ao(eA)) and (Az(Ae), A1) € Ex. Moreover
I(AMES) (A2 (EwA)) = (A2(AEL)) (M ED)| < 2[Av [ Az]|A] -

Hence the integral on the right hand side of (25) is well defined in the ultraweak
sense, and satisfies

ICLS, Avs A2 JA| < 2 Ay [ Aol Al fRd [S1(dw) = 2] A [ A2 ]| A5 v

for all A € £($), which implies (26).
The main result in this section is the following proposition.

Proposition 3.2. Let V' be an even, real-valued element of S'(R?) whose Fourier
transform V is a bounded measure. Let Fxn be the solution of the Cauchy problem
for the Heisenberg equation (3) with initial condition F}\P Then, for each t € R,
each integer N > 1 and each A€ L($)), one has

traceg, ([Viz, A® I]Fn:a(t)) = traceg, ((C[V, Mn(t), My (t)]A)F)
where C[V, My (t), M (t)]A is the element of Ls(Hn) defined in (25).

3Let § be a separable Hilbert space. The ultraweak topology is the topology defined on £($))
by the family of seminorms A — |traces(AF)| as F runs through £($). Let m be a bounded,
complex-valued Borel measure on R, and let f: R? — £($) be ultraweakly continuous and such
that

sup || f(w)] <oo.
weRd

Then the linear functional
LYH) > F o (Lp o, F) = fRd traceg (f(z)F)m(dw) € C

is continuous with norm
ILgmll < sup. [f @) Im] v .

weR!
Hence there exists a unique ®, € L($) such that (L ,,, F') = traces (®m F'). The operator @y, is
the ultraweak integral of fm, denoted

fRd flw)ym(dw) := &, .
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Proof. The proof of this proposition is based on a rather involved computation and
will be decomposed in several steps.

Step 1. The next two lemmas are elementary, but of crucial importance in the
sequel.

Lemma 3.3. For each integer N >1 and each A, B € L($), one has
[JxA, J,B] = 011 Jk[A, B], k,il=1,...,N,
and
. . 1.
Proof of Lemma 3.3. The first formula being obvious, one has

MR A, /W"B] Z [JxA, J.B

k,l=1

1
N2

N N
lz SuJi[A, B] Z me[A B].

O
Lemma 3.4. For each N > 1, each A, B € L($)) and each Fy € E; (9n), one has

, , N -
traceg , (M A)(MyB)Fy) =

1 1
tracef)z ((A®B)FN:2) + N traceg (ABFNzl) .

Proof of Lemma 3.4. Since Fy € L1($x), one has
traceg , ((JxA)(J;B)Fn) = traceg , ((J1A)(J2B)Fn) = traceg, ((A® B)Fn:2)
for all A, B e £($), if 1<k#1<N, while
traceg , ((JpA)(JxB)Fn) = traceg  (Jy(AB)Fy) = traceg, (ABFn.1)
forall k=1,...,N. Hence
traceﬁN((MmA)(Mi"B)FN)

1 1
=7 Z traceg , ((JyA)(J|B)FN) + — Nz Z traceg , ((JxA)(JpB)Fn)
1<k4I<N

N(N -1
= %tracem((/l ® B)Fn:2) + Ntracem(ABFN:l) ,

Step 2. For each ¢1,do, 11,19 € H, one has
traces, ((F. ® E5)[¢1® 62) (Y1 ® )| = G161 (-w)9262(w)

so that, by density in £($)2) of the linear span of rank-one projections of the form
|1 ® P2){1)1 ® 12| and dominated convergence, the function

Riswe EX®E, € L($2)
is ultraweakly continuous. Besides, by definition of Vo,

(Vizd1 ® ¢2)(z,y) = V(z - y)d1(z)d2(y),
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so that
(1 ® Ya|Vi2|d1 ® o) = f/};ded V(z - y)1(z)dr(x)2(y)d2(y) dzdy
(27) - [ 560 (e [, Pon(we = (dw) dy

- by [, 101(-)ba0a @)V (dw).
Since |E} ® E,| <1, we conclude from (27) that
Viz = gphya fRdEw ® EXV(dw)
in the ultraweak sense. In other words

traceg, (V12G) = ﬁ fRd traces, (E, ® EXG)V (dw)

for all G € £1($2). Setting successively G = (A®I)Fy.2(t) and G = Fy:2(t) (A1)
in this identity, we conclude that

traceg, ([Viz, A® I1Fn2(t))

(28) - ﬁ —/l:ld V(w) traceﬁz(([Ew7 A] ® E:J)FNQ(t)) dw.

Step 3. At this point, we use Lemma 3.4 and obtain the identity
% traceg, (([Fw, A] ® EX)Fna(1))
— traces (M3 B, A])(MEEL) (1)) - & traces ([Eu, AT, Fyva (1))

for each w € R and each t € R.
Next observe that

(29)

[E.,AlE], = E,LAE; - A=[E, A E]],
since E}, = E'. Hence, using the second identity in Lemma 3.3 shows that
+ traceg ([Ew, A]E} Fna(t)) = + traces ([Eu A, Ej]Faa(t))
= traces y (MY [EuA, ES]) Py (1))
= traces, (MR (B A), MY ES1FN (1)

Substituting the expression for % traceg ([E.,, A]ESFn:1(t)) so obtained in the
right hand side of (29), we see that

% traceg, (([Fw, A] ® EX)Fna(t))
(30) = traces (MR [Ew, AD(MRFES) — [MR (B,A), MG EL]) Fn(t))
~ tracesy, (MG EL)ME(BaA) - M3 (AE) (MZEL)) Fu (1))
Step 4. Since Fy(t) = Un(t)*Fi'Un(t), one has
traces, (MY ELM (EuA) - MY (AE,) (M EL)) Fx(t))
~ traces, (U (8) (MR EL) M (Bud) - M (AE) (MTEL)) Un (1) FiY)
~ traces,, (M ()ES) M (1) (EuA) - My (1) (AEL) (M (1) ES)) Fi2)
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by definition of My (t) (see Definition 2.2). Hence we deduce from (30) that

traceg, (([Ew, A] ® ES)Fn:2(t))
- traces,, (M (8)EL) My (1) (B A) - My (1) (AB) (M (1) E5)) i)

(31)

Arguing as in Step 2, observe that formula (31) implies that, for each A € £L($)),
one has both

(M (t), M (t)(eA)) and (My (t)(Ae), My (1)) € En
for all ¢t € R. Then, (28) and (31) imply that

traceg, ([Viz2, A ® IFn:2(t))
— e [ traces (M (0 ) (M (D) (Eu ) FR) V(dw)
— gy [, tracen (M (D(AB)) (M (DE)FR) V(dw)
= traceg  ((C[V, M (t), My (8)]A)FR'),
which is precisely the desired expression of the interaction term. (I

3.3. Writing an equation for My (¢). With (23) and Proposition 3.2, we see
that My (t) satisfies

traces, (((1h0 My (t) —ad* (-1h*A)My(t)) A) FJ')
= traces, ((C[V, My (1), Mn(t)]A) F)
for all A e L£($) such that [A, A] € £($), and all Fi € L;(Hn).

Our first main result in this paper is the following theorem.

Theorem 3.5. Let V ¢ Cy(R?) be an even, real-valued function whose Fourier
transform V' is a bounded measure. Let

N
Un (1) :eiwf”/h, with Ay = Z—%hQAM +i Z V(zg —x),
k=1 N 1gidien
and let My (t) be the element of L(L(H),Ls(HN)) in Definition 2.2. Then
(32) ihé)t/\/lN(t) = ad*(—%h2A)MN(t) — C[V,MN(t), MN(t)] .

Remark. Unfortunately the terms
ad* (-3 A)Mp(t) and  C[V,Mp(t), My ()]

on the right hand side of (32) seem to be of a very different nature. This is in
sharp contrast with the Hartree equation, where the kinetic energy —%th and
the interaction potential energy Vz(;) defined in (2) appear together on an equal
footing in right hand side of (1). However, both terms appearing on the right hand
side of (32) can be formally assembled in a single expression which is reminiscent
of the commutator appearing on the right hand side of (1). See Appendix A for a
complete discussion of this point.
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Proof. Setting
S = ihoy (M ()A) - (ad” (- 3h*A) My (1)) A+ C[V, M (1), M (1) 14,
one has
Sy eL,(Hn) and traces, (SyFa') =0
for all Fi* € Ds(Hn).

Lemma 3.6. Any Gy € L1(Hx) can be decomposed as
4

(33) Gn =Y MG, with GY eDy(Hn) and A\ € C.
k=1

Therefore
traceg, (SyGn) =0 forall Gy e LE(Hn).
Pick G of the form
Gn = Sy[UN TN,
where
Uy ey, suchthat [Tyllgy=1, andU,Uy=Uy foralloceSy.
Thus
0 = traceg y (SNG ) = (U N|SNSN[TN) =[Sy TIN5,
i.e.
SyUn =0 forall Uy efy such that U,V =Ty for all o€ Sy .

For each ®x € $H, one has

~ = 1
SJ}@N:S}%V(I)N, with ‘I)N:f' Z UT(I)N.

*17eG N

By construction, U,dn = Dy for all o € Gn, so that Sy ®n =0 for all n € Hy.
Hence S3% =0, or equivalently Sy = 0. Since this holds for all A € £($)) such that
[A, A] € $, we conclude that (32) holds. O

Proof of the lemma. Indeed, write
R(GN) =2(GNy +Gr),
Gy =R(Gy) +i3(Gx), with (Gr) 2‘1( v JZ)
I(GN) =5;(Gn -Gy).

One has
R(Gn) =R(Gy)*and I(Gy) =3(Gn)* € LLUHN),
so that :8(Gx) and J(Gy) have spectral decompositions of the form

R(Gn) = Z anPn, JI(GN)= Z BnQn s

n>0 n>0
where
traces v (PnPm) =0,

pi =Pn = p;; = Uoan; »
traceg y (4nQm) =0,

) ) ! andm#nz{
d, =4qn =4q, = UsqnU;,
for all m,n >0 and o € Sy, and

3 || traces , (Pr) <00, Y. |Bn|traces (q,) < oo

n=0 n>0
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The decomposition (33) is obtained with
MGy =Y afpn, AGR == anpn,

n>0 n>0
)‘3G?\/ = Z Zﬁzqna )‘4G}1V == Z Zﬂ;qn y
n>0 n>0

setting
A = traces y (\eGE), k=1,...,4.
O
3.4. Hartree’s equation is a special case of equation (32). In order to com-
plete the analogy between Proposition 1.2 and Theorem 3.5, we now explain the
connection between Hartree’s equation (the quantum analogue of Vlasov’s equation
(8)) and the evolution equation (32) satisfied by t » My (¢).

In the classical case, t = prw~ 7, (dzd§) :=m(t, dzdg; Zn) is a measured-valued
function of ¢, parametrized by Zy. This measured-valued function of time m is a
solution of the Vlasov equation (8) for all Zx € (R?x R%)™: the partial derivatives
in (8) act on the variables ¢,2,£ in m, and not on Zy. Any classical solution
f=f({t,z,&) of the Vlasov equation can be viewed as special case of m of the form
m(t, ded&; Zn) = f(t,x,€) de d€; most importantly, such an m is constant in Zy.

The quantum analogue of such an m is a time-dependent element ¢ — Z(t) of
L(L(H),Ls(H)) of the form

(34) H(t): A traces (R(t)A)Iq, ,
assuming that R(t) e D($) for all t € R.

Theorem 3.7. The time-dependent element t — Z(t) of L(L($),Ls(Hn)) defined
by (84) is a solution to the evolution equation (32) if and only if t — R(t) is a
solution of the Hartree equation

(35) ihO R(t) = [-2h° A+ V), R(1)].
Here V() € L($)) designates the operator defined by

(Vawo)(@) = 6(a) [ Vie=2)r(tz2)dz,
denoting by r(t,x,y) the integral kernel of the trace-class operator R(t).

The key observation in the proof of Theorem 3.7 is summarized in the next
lemma.

Lemma 3.8. Let R e D($) and define Z € LIL(H),Ls(HN)) by the formula
HA :=tracen(RA)Ig, , for all Ae L(H).
Then, for each A€ L(LY(Hn), L1 (H)) and each A e L($), one has
(%, A" (sA)) and (A*(As), %) € Ex
(where A* € L(L(H),L(HN)) is the adjoint of A), and
C[V,Z,A"] =-ad" (VR)A*

for all even, real-valued V € Cy(R?) whose Fourier transform V is a bounded mea-
sure.
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Proof of the lemma. For all G € LY($y), one has
traceg , ((ZE))(A*(E,A))G) =tracen (RE.) traceg ,, (A" (ELA))G)
=tracen (RE])) tracegs (E,A(AG))
and likewise
traceg y (A" (AEL))(ZE])G) = traceq (RE]) traceg (E,(AG)A) .
Hence both functions
w > traceg , ((ZE))(A*(E,A))G) and w ~ traceg , (A" (AE,))(ZE])G)
are continuous on R, so that
(Z,M*(eA)) and (A" (Ae), Z) ey .

Since V is even, the bounded measure V is invariant under the transformation
w — —w, and therefore

C|V,%Z,\" 1A
= ﬁ fRd (trace(RE!)A*(E,A) — A*(AE,,) trace(RE")) V( dw)

- ﬁfRdV(w)trace(RE:)A*([Ew,A])dw

=A* [ﬁ fRd V(w) trace(RE!)E,, dw, A] .
Since
trace(RE])) = p(w), where p(z) :=r(z,z)
(where r = r(z,y) is the integral kernel of the trace-class operator R), one has
ﬁ [Rd V(w) trace(RE!)E,, dw = ﬁ fRd V(w)p(w)Eydw=V xp=Vg.

Therefore
CIV,Z,AN"]A=A"[Vg,A] =—(ad" (Vg)A")A.

Proof of the theorem. First observe that Z(t) is the adjoint of linear map
LY(Hn) 3 G (traceg , (G))R(t) € L1($),
which is obviously continuous, since
|(traces  (G))R(t) | 229y < Gl [R(E)] 225y = |G ler -
By Lemma 3.8
CLV,2(t), #(1)] = —ad” (Vr()) % (1)
so that, for each A € £L($))
CIV.Z(t), %(t)]A = (-ad” (Vi) ) Z(t)) A = Z(t)[VR(r), A]
= —traces (R(t)[Vr(r), A]) sy = traces ([Vr), R(t)]A) 5,
On the other hand, for each A € £($) such that [A, A] € £($)), one has
(ad* (-3h*A)Z(t))A = - Z(t)[-1h°A, A]
= — traceg (R(t)[-2h°A, A]) I,
:traceﬁ([—%hQA,R(t)]A)IﬁN .
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In other words
(iho, % (t) - ad* (-3h*A)Z(t) + C[V, Z(t), %Z(t)]) A
= traces, ((ih9, R(t) - [-3h°A + Vi, R()]A) I,

for each A € L($) such that [A, A] € L(9).
Thus, Z(t) is a solution to the evolution equation (32) if and only if R(t) is a
solution to the Hartree equation (35). O

4. UNIFORMITY IN h OF THE MEAN-FIELD LIMIT:
PrROOF OF THEOREM 1.1

The proof of Theorem 1.1 is quite involved, and will be split in several steps.

Step 1. Set Z(t)A := tracegs (R(t)A)ls, for all A e £($). By Theorems 3.5 and
3.7, one has

ihdy (M (t) - Z(1)) =ad” (-5h*A) (Mn () - (1))
+CIV,2(t), Z(t)] - C[V, M (1), Mn (1)].

Formula (25) shows that (A1,A2) — C[V,A1,Az] is C-bilinear on its domain of
definition. More precisely, let Ay, Ao, A7, AL € L(L($), L(H) satisly

(A1, A2(04)), (A1, A5(eA4)), (A2(Ae), A1) and (Aj(Ae), A7) €€y
for all A e £($). Then, for all A1, A2, \], A\j € C, one has
((AA1+N[AT), (A2Az + A5A5) (0 A)) and ((A2A2 +A5A5)(Ae), (A1A1 +AJAY)) € En
and
C[V, MiAy + ATAT, Moo + A5AL] =M A2C[V, Aq, Ao] + A1 AC[V, A, Ag]
+ MACIV Ay, AT+ X ASCIV, AL A
Hence
CIV,Z(t), %(t)] - CLV, M (1), M (t)] = C[V, 2(t), Z(t) = Mn (t)]
-CV,Mn(t) - Z(t), Mn(1)].
On the other hand, Lemma 2.3 shows that My (t) is the adjoint of the continuous
linear map
LL(HN) >G> G eLM(H),
where G.; is the unique element of £!($) such that
traces (GA) = traceq , (G(J1A4)), for all Ae L($).
Therefore, one has
CIV.Z(t), Z(t) - M (t)] = ad™ (V) ) (M () - Z(t))
by Lemma 3.8, and hence
gy M) - R(0) =ad” (312 Vi) (M (5 - #(0)
-CIV,Mn(t) - Z(t), Mn(1)].
Step 2. Let A™ ¢ L($), and let t = A(t) be the solution to the Cauchy problem
{ih&tA(t) = [-3h2A + Vg, A(t)],

A(0) = A™,
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Thus
ih0y ((un () = Z(1))(A(1))) = (M (t) - Z(1)) (ih0 A(t))
+(ad” (-3h*A + Vi) M (t) - Z(t))) A(t)
—C[V,Mn(t) - 2Z(t), Mn(t)]A(t)
= (Mnp(t) - Z(t))(ihoA(t) - [—%th + Vi@, A(t)])
—C[V,Mn (1) - 2(t), Mn (t)]A(t)
=-C[V,Mn(t) - Z(t), Mn(t)]A() .
Hence
(Mn () = 2(t))(A(t)) = (Mn(0) - 2(0))(A(0))

% OtC[V,MN(s) -%#(s), Mn(s)]A(s)ds.

Step 3. Let W(t) be a unitary operator on £y such that
[(Mn (1) = 2(6) (AMD)FN | £1(55)
= traceg (M (£) - 2(1)) (A(£) FN'W (1)) ;
then

[(Ma ()2 AD)F 2o)
- traces,, (M (0)-2(0)) (A0) FYW (1))

G n [ e, (CLV My () - (), Mu ()] AG) EF W (1) ds
<M (0) - FO)AO)FF L)
e [ races €IV M (5) = (), Moy () JAG) EE W (1) ds.

Returning to the formula (25), we see that
(38) ‘
| traces x ((C[V, M () - Z(s), M (s)]A(s)) Fy'W (1))

[R'i traceg , ((C[Ew, Mn(s) = Z(s), MN(S)]A(S))F]\?W(t))V( dw)

- _1
- (2m)d
< @t fR |traces, y ((C[Ew, My (s) = Z(s), My (s)]A()) FRW (1)) [|[V]( dw) .
Since
ClEw, Mn(5)=2(5), M (5)]A(s) = (Mn(8)=2(5)) EL) (Mn(5)(EuA(s)))
~(MnN($)(A(8)Eu)) (M (5)-Z(s))E)
=(Mn(8)[Ew, A(s))((Mn(s) - Z(s))E)
+[Mn () ES My () (EuA(s))]
=(Mn(8)[Ew, A())(Mn (s) - Z(s)) E)
F M ()L BAG)],
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(where the last equality follows from Lemma 3.3), one has
[traces ((CLEL, Muy(5) (), My () AG)) FRIV (1))
Go) < IWOMN B AODIM(s) - #()EDF Lo
+ WM (EL B A DI o150
By construction

My (0)A] = [Un () (M AU ()]
n 1 S *
= [MXAl< 5 20170 Al = 1A
k=1

Since W (t) is unitary, the inequality above implies that
[W () (Mn (s)[Ew, A(s) D < [[Ew, A(s)]I,
and
[W (&) (M ()ES, EoA(s)D < [[ES, EuA(s) ]| = [LES, A(s)]
because [E}, E,A(s)] = E,[E}, A(s)] and E,, is unitary.

Since Fi' € Ds(Hn), we conclude from the two previous inequalities and (39)
that

|traceg  ((C[Ew, My (s) = 2(s), M (s)]A(s)) FN'W (1))

40 ,
o <[ [Bw, A I(Mn () = Z($)EDFN | eron) + 7 1[ES A()]] -

=
N
Step 4. Pick T > 0; for each t € R, define

(41)  dy(t) = v (M () =2 (£))(S(t,0)BS(0,0))) FN' | 1 (v

where

W[T]:== |J VI[r], withV[r]:= {S(O,T)OPZV[CL]S(T,O) tae BT

0<7<T
Since E,, is the Weyl operator with symbol (z,&) + ¢, one has obviously
max(1,|w|) P E,, € V[0] = W[0].
Hence
(M () = 2()) Eu) FN' 21 (50
< max(1, o)) sup, [((Mu(s) = 2()OP [aD) Fi'll 21 (s

= max(1, w]) p [ (M (5) = 2(s))(S(5,0)BS(0,5))) X' 21 ()

< max(1,|w))*Pd% (s).

Therefore, inequality (40) becomes

) %I traces y ((C[Eu, M (s) = 2(s), M (s)]A(s)) FN'W (1))

< 1B, ACs) ] max(L o)™ (5) + < LB A
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We are left with the task of estimating
|[Ew, A(s)]]

h
In other words, A(s) is of the form

for all A(s) = S(s,0)A™S(0,s) with A™ e W[T].

S(S»T)OPZV[G]S(T, s) withae Bt
The key estimate for all such operators is provided by the following lemma.

Lemma 4.1. Under the assumptions'of Theorem 1.1, there exists a positive con-
stant Cq = Cq[V] such that, for all A™ e W[T], all w € R? and all s € [0,T], the
operator A(s) =S(s,0)A"S(0,s) satisfies

[[Ew, A(s)]]

_ (d+5)T2T _
- <Cy[V] (|we<d+5>F2T + hzelv) :

(d + 5)f2
where
IPES HVQVHL""(Rd) .

The proof of Lemma 4.1 rests on semiclassical estimates for Weyl operators
propagated by a time-dependent Schrodinger operator — specifically, by the adjoint
Hartree flow — and is rather lengthy. This estimate is based on mathematical
techniques significantly different from the mathematical apparatus used in most
of this paper. We shall therefore take Lemma 4.1 for granted, finish the proof of
Theorem 1.1, and postpone the proof of Lemma 4.1 until the next section.

Inserting the bound provided by Lemma 4.1 shows that for all s,¢ € [0,T] and
all A" e W[T], one has

%I traces y ((C[Ew, M (5) = #(s), M (s)]A(s)) EN'W (1))

v
(d + 5)f2

(43) ~
< Cl VIO (11 J (moscr o+ )

Step 5. Now we use the inequality (43) to bound the right hand side of the integral
inequality (37). One finds that, for each ¢ € [0,T] and each A*™ e W[T],
(44) _ _ _

[(Mn () =2Z()) (A FN [ 21 (55) S T(Mn (0) = Z(0)) A" )N | 21 (55)

- t R
VIl o) (mas(L o)™ () ) IV ) 5

~ t 1
< (0)+CVIV (102 Y ) @ ORT [ (d%(s)+ﬁ) ds,

[((My(0) = 2(0)) A™)Fi | 215y < div (0) -

Observing that A(t) = S(¢,0)A™S(0,t) with ¢ € [0,T], and maximizing both sides
of the inequality (44) as A™ runs through W[T], one finds that

7 T.(0) + 2V (5T (dr s LS s
5) d% (1) < d%(0) Cd[V]V(l h (d+5)f‘2) 5 fo (dN() N)d
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for all ¢t € [0,T]. Applying Gronwall’s lemma to the integral inequality (45) shows
that

1z 1) ex o(d+5) T 2V
(46) d%(T)+ <(d (0) + ) p(Cd[ JTeld+ V(1+h(d+5)f2)).

Step 6. Next, observe that
dy(T) 2 S H((MN(T) Z(T))(S(T,0)BS(0,T)))FN' 21 ()
= sup |tfaC%N(((MN(T)—3?(T))B) i)
BeV[0]
= sup |traceq ((Fn:a(T) - R(T))B)|.
BeV|[0]
On the other hand
traces ((Fn.1 (T) - R(T))OP} [a])
= ] e (WalFra ()] = Wa[R(D)]) (. E)a(e. ) dade.

according to formula (59) in Appendix B. Hence

dy(T) > sup
(47) aeBd+5

[ (WalEna(1)] = Wal R(D)]) (. ©a(, §) da dg
= [WalFna(T)] = WalR(T)][ 5,00
Step 7. Next we seek an upper bound for d% (0), to be inserted on the right hand

side of (46). By the Calderon-Vaillancourt theorem (see Theorem B.1 in Appendix
B), one has

V(0] € B(0,70) (s -

Hence
d%(0) = sup [((My(0) - (1)) BYFi | 2150
BeV[0]
< s [((M(0) = ZNBIF 105,
48 - -
43 < sp H((MN<0>—%(o»B)\/FWFﬁ

<y sup, H (M (0) - 2(0))B)\/Fir

L2(HN) 7

so that one is left with the task of computing

(M (0) - 20080\ /Fy

£2(on)
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One expands

2

(CENORONNGT .

= traces, v/ (M (0) - #(0))B) (M (0) - 2(0) )\

= traceg , (((Mn(0) - 2(0)) B)* (Mn(0) - %2(0)) B)Fi')

- traces,, (M (0)B)" (M (0) B)F) - traces,, (M (0)B)* (#(0) B) i)
—traces  ((Z(0)B)* (Mny(0)B)Fi") + traceg , ((2(0)B)*(Z(0)B)Fx') .

One has
traceg  ((Z(0)B)*(#(0)B)Fi') =|traces (R(0) B)|* traceg , (Fa"
=|traces, (R(0)B)[*,
and
traceg y ((Z(0)B)*(My(0)B)Fx") =traces ((R(0)B) traceg , ((My (0)B) FR"
=traceg (R(0)B) traces (BFi',) .
Then
traceg, ((ui (0)(B))"2(0)(B)Fy') = traces,, (FN' (1 (0)(B))"%#(0)(B))

= traces, x (Fy' (u (0)(B))*2(0)(B))*) = traceg , (2(0)(B)*ux (0)(B) F')
= traces (R(0) B)traces (BFa,) .

It remains to compute

traceg , (Mn(0)B)*(Mn(0)B)FiF

=— Y traceg, traces, ((JyB*)(JiB)Fg
1<k#I<N

1 X )
tz > traceq, ((JeB*)(JxB)FN'
n=1

N-1 ; 1 ;
= traceg, ((B* ® B)Fyy) + N traces (B*BFyY) -

Summarizing, we have found that

2

[EYMORIONGINGT

L£2(Hw)

N-1 ; 1 ;
= tracem((B*®B)F$2)+Ntraceg(B*BF}\}fl)

2R (traceﬁ(R(O)B) traceg, (BF}\?l)) + [traces (R(0)B)[*.

23
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One can rearrange this term as

2

(M (0) - 200 B)\/Fy

L2(HN)

N-1 * n in in
= N tracesz((B ®B)(FN12_FN:1®FN:1))

1 . )
+N(trace)~j(B*BF]{f1) — |traceqs (BFu')?)
+|traceq (B(Fi, — R(0)))[%.

Hence
2
sup (M (0) - 2(0)B)\/Fy
(49) |B|<1 L2(HN)
N-1 .. : : 1
< S I Fis = Pl © Fit oo + [1Ff = RO) sy + 3 -

Since we have assumed in Theorem 1.1 that Fi' = (R™)®N  one has
Fyy=R™=R(0) and Fyy=(R™)% = Fyl ® Fyly -
Therefore, we conclude from (48) and (49) that

50 d%(0) < 2L
Inserting the bounds (50) and (47) in (46), and setting T’ = T'y, we conclude that
IWA[FNna (T)] = WalR(T)] I 45,00

< (7ddN(O) + %) exp (Cd[V]Te<d+5>FTV (1 inY ))

(d+5)T
Yd+1 (d+5)0'T 2 V
< - CyIviT Vil+h———
<5 v {carvr (17 Gase))

which is precisely the desired inequality.

Remark. By comparison with the proofs of Theorem 2.4 in [16], a striking feature
of the present proof is that it uses a different distance for each time ¢ at which we
seek to compare the Hartree solution R(¢) and the first marginal Fy.1(¢) of the N-
particle density. Specifically, for each T' > 0, the distance d% (T') is used to estimate
the difference, Wx[Fn.1(T)] - Wi[R(T)]. On the contrary, in [16], the conver-
gence rate for all time intervals is estimated in terms of a single pseudo-distance
constructed by analogy with the quadratic Monge-Kantorovich (or Wasserstein)
distance used in optimal transport.

5. PROOF OF LEMMA 4.1

Let ¥ = ¥ (t,z) be a continuous, real-valued, time-dependent potential defined
on R x R such that, for each ¢t € R, the unbounded operator

—1R2A, + (L, 2)
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has a self-adjoint extension on L?(R%). For each 7 € R, denote by t + U (t,7) the
time-dependent unitary operator on $) such that

ihOUn(t,7) = (-2R° Ay + ¥ (t,2))Un(t,7),
{Uh(T,T) =1y,
and set
Br(t,s) := Uh(t,s)OPhW[b]Uh(s,t) .
Henceforth we denote by ¥ the Fourier transform of ¥ in the z-variable.

Lemma 5.1. Let ¥ = ¥ (t,x) € Co(R x RY) be a real-valued potential satisfying
W= by [ sup 7 (Ol Je) 0 dg < oo

Then there exists Cq = Cq[W] > 0 that is a nondecreasing function of W such that,
for each b=b(x,£) e OS5 (R xRY), each s,t € R, each we R and each h € (0,1],

one has

[Eow%h(ta 5)] (d+5)T2|t—s| 9 e(d+5)Dalt—s| _
s I b a5, ool g2 €O -1 Y
" lass.e e e

where
[y:= |\Vi7/\|L°°(Rde) .

On the other hand, let ¢ » ®(¢,7;2,£) be the solution of the Cauchy problem
for the Hamiltonian system

{X(t)=:(t), X(r)=uz,
E(t) = -Vx 7 (t, X (1)), E(r) =¢.
We seek to compare £(t,s) with

Bh(t,s) := OP}  [bo ®(t,s)],

where ®(t,s) designates the diffeomorphism R24 5 (z,£) = ®(t,s,x,&) e R24. The
proof of Lemma 5.1 rests on Lemmas 5.3 and 5.4 stated below.

5.1. Estimating [E.,, Bx(t,s)].

Lemma 5.2. Assume that ¥ = ¥ (t,z) € Cy(R x RY) is d + 6 times differentiable
in x and satisfies V'V € Co(RxRY) for allm=1,...,d+6. Set

sup |[VIZ'YV(t,x)| =T, <oo, form=1,...,d+6.
(t,z)eRd+1

(a) For each v e N? such that [v| < d +5, there exists a positive constant
G, = Gy[max(I'y, ..., Ty1)]
that is a nondecreasing function of max(I'y,...,jy41) such that, for each s,t € R,
10" ®(t, 8)| o= (Rawmay < Gre Il
(b) For each v € N¢ such that |v| < d +5, there exists a positive constant
F, = Fy[max(T'y,...,T)y141)]
that is a nondecreasing function of max(I'y,...,jy41) such that, for each s,t € R,

107 (bo @(¢, )] L= (Raxra) < Feleiie! max [0%b] L= (rexre) -
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Statement (a) is a variant of Lemma 2.2 of [9] with time-dependent potential V;
adapting the proof of [9] to the present case is obvious. Statement (b) follows from
(a) by the Faa di Bruno formula: see Lemma 2.4 in [9], for an analogous statement,
where the dependence of the upper bound in terms of the derivatives of b is not
specified.

Lemma 5.3. Set

Farz = max F,[max(I'y,...,T)y41)]
|v|<d+3

where F, is the positive constant which appears in Lemma 5.2 (b). Then, for each
s,t € R, the operator

Bu(t,s) = OPY [bo d(t,s)]
satisfies

(d+3)I'5

1 -
[HEI=NC) ol e

where vg > 0 is the constant which appears in the Calderon-Vaillancourt theorem
(Theorem B.1 below).

<vaFaese

Proof. First, observe that
[E., O} []] = (E.OP} [B]ES - OPY [b]) E.,

and that the operator E,,OP}’ [b]E* has integral kernel

f b(“y hg)ei(ew»(w—y)&
R 2’ (2m)d’

so that
E,OP} [b]ES = OP}Y [b(-,- — hw)].
Hence
I[Ew, OPR [0]]] = |OP; [b(, ~ hw) ~ 0],
and by the Calderon-Vaillancourt theorem (Theorem B.1 below)

1 a
—[E., OPY [b]]|| < yalw| sup 05070 -
h |al<[d/2]+1

|Bl<[d/2]+2

Since By (t,s) := OP}Y [bo ®(t,s)], this inequality becomes

<l sup [0700bo(t,5)] o=
Jal<[d/2]+1
|Bl<[d/2]+2

RN

and one concludes with Lemma 5.2 (b). O
5.2. Estimating % (t,s) - Bp(t, s).

Lemma 5.4. Set

Favs = max F,[max(Ty,...,Ty)]
|v|<d+5

where F,, is the positive constant which appears in Lemma 5.2 (b). Then, for each
s,t € R, the operators

Bh(t,s):= 0P}  [bo®(t,s)] and Bn(t,s):= Un(t,s)OP} [b]Ux(s,t)
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satisfy the bound

T (d+5)[t-s| _ |
By (t,5) - B(t, )| < LyaFas— " p2 8298 oo
|Bn(t,s) = B(t,s)| < 557vaFa+s T+ 5) Sup 105 0, 0]

|Bl<[d/2]+4

; [d/2]+4 _d¢
x /Rd ilelRp|”V(T,§)|(1 +1¢]) @m) -

where vq > 0 is the constant which appears in the Calderon-Vaillancourt theorem
(Theorem B.1 below).

Proof. One has
ihOy B (t,s) = [-3h* Ay + ¥ (t,2), Ba(t,s)],  Bn(s,s) = OPY [b],
and
ih0yBp(t,s) = OPY (=ih{%[¢* + ¥ (t,2),bo ®(t,5)}),  Bn(s,s)=OPy [b].
Thus
1thoy (% (t,s) — Ba(t,s)) = [—%thz + 7V (t,x), Br(t,s) - Bp(t,s)]+ Qn(t,s),
where
Qh(tv S) = [_%hQAx + Af/(t7x)a Bh(t7 S)] + OP;V(Zh{%KF + “//(t,x), bo (I)(tv 3)}) .
Hence
1
ih
Since Up(t, s) is unitary for all s,¢ € R, one has

Br(t,s) - By(t,s) = — [ Un(t,7)Qn (7, 5)Un (7, ) dr .

1 ot
| % (t,s) — B(t,s)| < 5 f |Qn(7,s)|ds, forallt>s.
The norm of the source term Q) is estimated with the following lemma.

Lemma 5.5. For each a € S(RY x R%), one has

(402, (1,2), OPY [a]] + OPF T{3IE + 7 (1,2),a}]

= h?OP} [Ra(t,")],
where
Rh(t7Q7p) =
o . . ) 12
%fm (V/(t,—2<)e—QW'<—7/(t,24)62“1'@‘)<®3:(fo %V;’;a(q,pwhg)df) dc¢.
Moreover

[OPF [Ra(t ) <3 sup 10508alue [ 17101+ )24 55
|a|<[d/2]+1 Rd
|Bl<[d/2]+4

The proof of this lemma is deferred until the next section. Applying the inequal-
ity in Lemma 5.5 to a = bo ®(t,s), and Lemma 5.2 to the symbol bo ®(¢,s), one
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finds that
|Qn(t, )l
<qh® s 0505 (bo @(t))lew [ supl7 (7, €)I(1+ 1)
IBl<[d/2]+4

< JieFuse I sup 050blue [ sup |7 (. O)I(L+ ) Gl
Bietara1ea

Hence

t
H%h(t,s)—B(t,s)HSiwﬂus( f eF2<d+5>'T*S‘dT)h2 sup  |8CA0b]

|al<[d/2]+1

|Bl<[d/2]+4
« [ sl )1+ e S
R 7R (27T)d

and the estimate in Lemma 5.4 follows from computing the first integral on the
right hand side of this inequality. [

5.3. Proof of Lemma 5.5. First, the formula for the Moyal product gives the
following identity:

(HleiHa - a# EP)a.p) = [ ala+=p)h(p+ hOP (¢ ~ o) dadg

[l =) () - ) deg
=—ihp-Vqa(q,p) = —ib{3/¢% a}(q,p)
where the penultimate equality follows from the Fourier inversion formula. Hence
- [-4HA,, OPY [a]] + OPY [{3[eP )] =0.
Applying again the Moyal product formula shows that
(7 (t,-)#a—a# 7 (t,-))(q,p)
1

= — 2iz-¢ _ ,—2iz:C
= 7 Joan V(0 D)algp+ hO) (7 — ) dad

= L [ (=200 - (5,20047) alg,p+ hO) dC.

7Tcl

(51)

Expand the right hand side of the identity above in powers of h, up to order 3;
since the function

Cm P (,-20)e 71 — ¥ (t,2¢) e

is odd, only the first and third order terms are kept in this expansion. Hence
(52)
(7 (t,)#a—a# 7 (t,-))(q:p)
h

=7 Jod (P (220725 =/ (1,20)*7) ¢ Vpa(g,p) ¢
hz[ (7 (t,-2¢)e ¢ -7/ (t, 2@“)@2“14)([01 %via(q,pwhg):g@ dT) dc.

s
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By the Fourier inversion formula, the first integral on the right hand side of the
equality above is

h . ,
~Vpalap)- [ (1206 (20) ¢

=ihVya(q,p) - V¥ (t,q) = —ih{¥V(t,-),a}(q,p).

With (51) and (52), this proves the identity in the lemma.
With the expression of Rj so obtained, one has

9297 R (t,q,p)

1 2 ’
([0 U gioe 85a(q,p+7h()d7) d¢.
Hence
o 1 o’ % el
007 Rn(t.0.)| < o5 sup 19305 0 al i~ [ 2177(2,2011 +20¢)MIcP a¢

22+d 3 , R
a’ 9B |a|+3
< S S0 (V305 Oale [ 17O+ IE)H de.

By Calderon-Vaillancourt’s theorem

JOPY [Ra(t.)]l < 3 sup [0507alu~ [ 1761 +[e)I 2 5,

|al<[d/2]+1
|8l<[d/2]+4

This completes the proof of Lemma 5.5.
5.4. Conclusion.

Proof of Lemma 5.1. Putting together the estimates in Lemmas 5.3 and 5.4 shows
that

H%[Ew,%h(t,s)] < %[Ew,,@h(t,s)—Bh(t,s)] N %[Ew,Bh(t,s)]H

2
< Euﬂh(tvs) - Bh(tvs)H +

[, Ba(t,9)]|

gﬁfd+5wh2 sup HaaaBbHL‘”f Sup|7;(7',§)|(1+|§|)[d/2]+4$d
2 [a(d+5) lafefa/zr ¢ T R 7¢R (2m)

|B|<[d/2]+4
I W [ P

T (d+5)t-s| _ |

bl ges. o o (d+5)|t-s| | p2 e
lass, ("”'e 1205(d + 5)

and this inequality implies the result in Lemma 5.1 with

Cy[W]:= max F,[W]

lv|<d+5

since all the functions z — F,[z] are nondecreasing and

m  d€ _
F,,Lsing/I;d P (O™ s < W, forall m=0,....d+6.
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Finally, we apply Lemma 5.1 to prove the key semiclassical bound for the com-
mutator to be estimated in Lemma 4.1.

Proof of Lemma 4.1. Apply Lemma 5.1 to the case where

P (t2) = Vi (@) = [ Vie=yr(ty.y)dy.
Set
Ty = IV"V | e@miy <V <oo form=0,...,d+6.
Since R(t) € D($) for all ¢t € R, the function p(t,): y — r(t,y,y) satisfies

p(t,y) >0 for a.e. ye R, and fdp(t,y)dyzl, forallteR.
R

Hence
Iy, == sup ”v;’“f/(t’ ')”L‘”(Rd) = sup ”p(ta ) * vm‘/HL‘”(Rd) < 1:‘m
teR teR
for all m=0,...,d =6. In particular I'y < T'5.
On the other hand, the Fourier transform p(t,-) of the function p(t,-) satisfies
Ip(t,)|z= <1, forallteR,
so that
|7 (t,6)| = |V(&)p(t, &) <[V (€)|, forae EeR¥andallteR.

Hence
W [ sl (ol )t e s [ V@I« ag= V.

Since A™ e W[T'], there exists 7 € [0, 7] such that A = S(0,7)OP}’ [a]S(r,0)
with @ € B, Hence
A(s) = S(s,7)OP} [a]S(7,s)
and Lemma 5.1 implies that

1
=

(d+5)Ta|s—7| _
A |[Ew, A(s)]]| < Ca[W] (|w|e(d+5)F257'| L h2 ; )

(d + 5)F2

Since s,7 € [0,T], one has |s — 7| < T, so that

(d+5)T2T _
[Eu, A(s)]] < Cq[W] (|w|e<d+5)F2T +h2 elw) .

Y
h (d+5)T;

Finally, this inequality implies that

1 (d+5)T2T | 32 e(HIT2T
—|[Ew, A(S)]| € Ca[ V]| |wle R R ) V4
h (d + 5)F2
because the functions
z—e“ and z»—>e -1
z

are increasing on (0,+o0) for all ¢ > 0, while W~ C4[W] is increasing on (0, +o0).
This last inequality is exactly the bound in Lemma 4.1. [



EMPIRICAL MEASURES AND QUANTUM MECHANICS 31

APPENDIX A. A UNIFIED SETTING FOR THE TERMS
ad*(-3h*A)My(t) AND C[V, My (t), Mn(t)

According to Lemma 3.8,
ad*(-3h°A) %N (t) - C[V, %N (), Zn (t)] = ad* (-3 h*A + V(1)) Zn (1)

when Zn (¢) is of the form (34).

This suggests to look for a common structure in both terms ad*(-3h*A) My (t)
and C[V, My (t), Mn(t)], although My (¢) is not in the form (34). This can be
achieved, at least at the formal level, by the following remark.

All the tensor products appearing in the discussion below designate tensor prod-
ucts of C- vector spaces. Observe that L(L($),L(Hn)) is a L(H)? ® L(HN)-
bimodule, where £($)°P is the opposite of the algebra £($)) — in other words, the
product in £($)°P is

wl: LH)®L(H)>A® B~ BAcL(H).
The product in the algebra £($)? ® L($Hn) is defined by the formula

(PoQN)(P'®QY):=(P'P)®(QnQY), PP eL(®), Qn,QNeL(Hn).

The left scalar multiplication in the £($))°? ® L($Hn )-bimodule L(L($),L(Hn)) is
defined as follows. Let A € L(L(H),L(Hn)), let P e L($H) and Qn € L(Hx), then

(PQN)-A: L(H)>A-QnA(PA) e L(HN).

That this is a left action of £($H)? ® L(Hn) on L(L(H),L(Hn)) is seen with the
following elementary computation

(P'oQy)-(PeQn)-A)A=QN((PeQy) A)(P'A)
= (QN@N)A(PP'A)
= (((PP) ® (QNQN))MA,

for all P,P" and A € L($) and Qn,Q’y € L($Hn). Likewise, one easily checks that
the right scalar multiplication in the £($)°? ® L($n)-bimodule L(L($), L(Hn)),
defined by the formula

A-(PR®QN): L(H)>A~ A(AP)QnN € L(HN)

is indeed a right action.
In this setting, one has

(53) A-(PeQNn)-(P®QN)-A=bi(A®(P®QnN)),
where
by : L(L(H),L(HN)) ® (L(H)? @ L(HN)) = LIL(H), L(HN))

is the Hochschild boundary map in degree one, defined on the space of Hochschild
1-chains

CLL(L(9), L(HN)); L(O)P ® L(HN)) = LIL(H), L(Hn)) © (L(H)*” © L(HN))

with values in the space of Hochschild 0-chains

Co(L(L(H), L(AN)); L(H)P ® L(ON)) = LIL(H), L(HN)) -
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(See for instance section 1.1 in [30] for a quick presentation of Hochschild homology.)
Hence

(54) ClEw, MN, MN] =(MNESMn(E,A) - (MN(AEL))(MNES)

=-b;(My & (E, ® (MNE])))
In the special case where Qn = I, the identity (53) takes the form
(55) bi(A®(P®Ig,)=ad"(P)A,

and this is the key observation leading to Lemma 3.8.
Since the Hochschild boundary map b is linear, one can think of the operator
C[V,Mpn, Mn] as

(56) CIV, My, Mn] = by (MN ® [R B, (MNE;)V(dw)) .

With the previous identity, equation (32) takes the form
(57) ihO My (t) = b1(Mn(t) ® HIMy(t)])

where S[ My (t)] is the N-body quantum Hamiltonian viewed as the element of
L($H)°? ® L(Hn) defined by the formula

(58) A My ()] = -1h2A® I, + [R Eo® (MyES)V(dw).

While the discussion in the previous paragraphs is mathematically rigorous, writing
(32) as (57) is purely formal for two reasons. First, A is an unbounded operator
on £, so that one cannot think of My(t) ® (-3h*A ® I, ) as an element of
Ch(L(L(H),L(HN)); L(H)P® L(HN)). The term

[Rd B ® (MyES)V(dw)

is even more annoying. Unless V is a finite linear combination of Dirac measures,
this integral does not define an element of £($)°? ® L($H). At best, this integral
could be thought of as an element of some completion of £($)°” ® L(Hy), the
choice of which might not be completely obvious. (For instance, using cross norms
to define the topology on L£($)° ® L($n) might lead to serious difficulties since
the map R>w ~ E, € L($) is not continuous for the norm topology. Likewise, one
should probably avoid thinking of the integral above as a Bochner integral since
L($) and L(Hx) are not separable.) In view of these difficulties, we shall not go
further in this direction, and stick to our Definition 3.1 of the interaction term
C[V,Mn, Mpy]. Nevertheless, it might be useful to keep in mind the form (57) of
the governing equation (32) for My, together with the formal expression of the
interaction term as in (56)-(58).
Of course, if My (t) is of the form Z(t) given by (34), then

. Bae My L)V (do) = (fR B, trace;_,(R(t)EZ)V(dw))@IﬁN Vi ® sy
so that
HLR(1)] = (-5h2A+ Vi) @ Lg, -
Then, according to (55),
b1 (% (t) ® H[#(t)]) = ad” (~2h*A + V() Z(t) ,
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so that equation (57) for £ given by (34) takes the form
ihO % (t) = b1 (Z(t) ® H[%(t)]) = ad” (-3h>A + V) ) Z(1)
which is clearly equivalent to (1) for R(t).

APPENDIX B. WIGNER TRANSFORMATION, WEYL (QUANTIZATION
AND THE CALDERON-VAILLANCOURT THEOREM

We first recall the notion of Wigner transform [38]. For each K e £($) with
integral kernel k = k(x,y) € C such that k € S(R? x R?), the Wigner transform at
scale h of K is the element of S(R? x R?) defined by the formula

WalK1(@:8) = ghye [ k(w+ Shyo = Shy)e ™V dy.

By Plancherel’s theorem, for each K, K € L£($)) with integral kernels ki,ko €
S(R? x R%), one has

ffRd R4 WhlK1](2, ) Wh[K,](x, &) dodg

1 *
= Wﬂ;cded ki (2, y)ko(z,y)dedy = Wtraceﬁ(KlKg).

Therefore the linear map K ~ (27h)%?Wj[K] extends as an unitary isomorphism
from £2($) to L2(R? x R%). Observe that

Wi[K*](x,€) = Wa[K](2,£), forae. (z,) e RExRY.

We next recall the semiclassical Weyl quantization. For each a ¢ S(RY x Rg)
with polynomial growth as |z| + || = +00, the expression

(OPY [a]4)(x) = ﬁffmma(x;y,hg) GE@) () dé dy

defines a linear map from S(R?) to itself. Observe that

|, o@ PN lale)@)da= [[  Wallo)(ll Oa(e. ) dode.
This formula extends to density operators more general than [¢){v|, viz.
(59)  traceramo(ROPY[a) = [[ | WilR)(@.Oa(e. ) drd

for all R e D(H).
This defines OP} by duality as a linear map from S(R%) to S'(R%) for all
aeS'(RYxR?). Observe that

OP}Y[a]* = OP} [a].
We shall need the formula for the composition of Weyl operators: one has
OP}[a]OP}[b] = OPY [a#b],
where a#b is the Moyal product of a and b, defined by the following formula:

1 i(z-m—y-
a#b(q,p) :=W/RMa(q+x,p+€)b(q+y,p+n)62( VO qz dy de dy.
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Theorem B.1 (Calderon-Vaillancourt). For each integer d > 1, there exists a
constant vqg > 0 with the following property.

Let a e S'(RY x Rg) satisfy the condition

la, 18] < [d/2] +1 = 030 a e L™ (R} x RY).

Then, for all h e (0,1), one has

or;” > < 9207 a|| o (RaxRA) -
|OP [a]”E(L (R9)) 7d|a|,|ﬁ%ﬁl}721+1 (re ga”L (R4xR4)

This variant of the Calderon-Vaillancourt theorem is due to Boulkhemair [8] —

see also formula (54) on p. 236 in [9].
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