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SECOND ORDER HOMOGENIZATION OF SUBWAVELENGTH
STRATIFIED MEDIA INCLUDING FINITE SIZE EFFECT

JEAN-JACQUES MARIGO* AND AGNES MAUREL'

Résumé. We present a homogenization method to find the effective behavior of a periodically
stratified slab which accounts for the finite size of the slab. The effective behavior is that of a
homogeneous anisotropic slab associated with discontinuity conditions, or jump conditions, for the
displacement and for the normal stress at the boundaries of the slab. The coefficients entering in
the effective homogenized wave equation are related to the geometry and to the composition of the
layers only, as in the classical homogenization. Those entering in the jump conditions are related to
boundary layer effects and thus they depend also on the properties of the media surrounding the
slab. The validity of our homogenization method is inspected in the case of layers associated with
Neumann boundary conditions.

Key words. homogenization, two-scale method, matched asymptotic expansion, stratified me-
dia, finite size effects, effective jump conditions,

AMS subject classifications. 34E13, 35B27,74Q10, 74Q15,80M35, 74J20,

1. Introduction. The scattering properties of media stratified at a subwave-
length scale are known to be correctly described by an equivalent homogeneous aniso-
tropic medium whose effective bulk parameters involve averages of the bulk parame-
ters of the layers (the parameters entering in the wave equations) ; for shear horizontal
(SH) elastic waves, it is the mass density and the shear modulus, and the averages
involve also the surface or volume fractions of the layers. This is known since Rytov’s
work in 1956 [14] and the result has been extended within a rigorous mathematical
framework to periodic media using the homogenization theory, see e.g. [3].

In its classical form, the homogenization is performed considering that the structu-
red medium occupies the whole space. Obviously in practice, samples of finite thickness
e are considered and it has been shown that, for small e, the scattering properties of
the samples were not correctly described by their homogenized counterparts [7, 8, 9].
In this paper, we show that the homogenization theory can be adapted to stratified
structures of finite thickness, which yields an equivalent slab whose scattering proper-
ties accurately describe those of the actual structure. We establish that, in addition
to the bulk parameters entering in the effective wave equation, the homogenization
makes interface parameters to appear, which enter in jump conditions at the boun-
daries of the equivalent slab (Figure 1). While the effective bulk parameters depend
only on the characteristics of the structure at the microscale, the interface parameters
result from boundary layer effects and as such, they depend also on the characteristics
of the surrounding media.

The homogenization for finite size stratified structures is performed up to the
second order in ¢ = kh < 1 (k being the wavelength and h the periodicity of the
structure). It is presented in the section 2 and the approach essentially follows the
one presented in [1] in the context of solid mechanics. We start with the elastic wave
equation for the scalar displacement field U (X) of shear waves written in the harmonic
regime

(1) div (uVU) + pw’U =0,
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2 JEAN-JACQUES MARIGO AND AGNES MAUREL

I X3 o \X 2
X, homogenization X,

H 0 H 0
th effective medium
(& €
L g U O
usual continuity conditions jump conditions

FIGURE 1. On the left, the wave problem is set for a slab filled with a stratified medium, with the
usual continuity conditions on the boundaries of the layers. On the right, it is set for an equivalent
slab made of an effective medium (homogeneous and anisotropic) and jump conditions apply at the
boundaries of the slab X1 = £e/2 (the boundaries at | Xo| = H/2 are disregarded or equivalently, we
consider H — +00).

with (X) the shear modulus and p(X) the mass density being spatially dependent
of X = (X1,X2) € Rx (—=H/2,H/2) and w the frequency (Fig. 1). Eq. (1) can be
written using the non dimensional parameters

a(X) = @, and [(X) = @,

Mo Pm
with (fy, pr) the shear modulus and mass density of the medium surrounding the
stratified structure, hereafter called the substrate ; with k¥ = w+/pm/ . the wavenum-
ber in the substrate, we get

(2) div (aVU) + Bk*U =0,

which also applies to acoustic waves, to transverse magnetic or transverse electric
polarized electromagnetic waves or to scalar (shear) elastic waves. It follows that the
Helmholtz equation AU + k2U = 0 applies in the substrate by construction. We shall
establish that the homogenized wave equation, up to second order, is of the form

eff
(3) divE + BK2U =0, X = < 0‘5 02 > VU,

where (a5, a5, 5°) will be defined in subsection 2.2, see (27). Next, for the stratified
medium occupying the region X = (X1, X5) € (—e/2,¢e/2) x (—H/2, H/2), the homo-
genized slab, in which (3) applies, occupies the same region and effective continuity
or discontinuity conditions apply at X; = £e/2. While the usual continuities of the
displacement U and of the normal stress 3 - N are obtained at the first order, dis-
continuities of these quantities at second order are established. Specifically, the jump
conditions read

BB oo

4 V] =" (5 +5) N,
W o _he (U Ut
2 \9X3  0Xx3 )

In the above relations, for any field V' being discontinuous across a boundary with
(V=,VT) its values on both sides, we have defined the jump [V] = V* — V~ (and
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HOMOGENIZATION OF FINITE SIZE STRATIFIED MEDIA 3

the convention + refers to the direction of the normal N). The parameters (B,C)
entering in the jump conditions are deduced from elementary problems, being the
equivalent of the cell problems in the classical homogenization, Eqgs. (34) and (35). In
the absence of high contrasts resulting in possible resonances in one or several layers
(and possible resonances are disregarded here), these problems are static problems
that can be solved once and for all. Finally, the problem of the boundary layers at the
boundaries Xo = +H/2 would require a specific treatment and they are disregarded
in the present paper (alternatively, we may consider H — +00).

Validations of our homogenization method are presented in section 3 by compa-
rison with full wave numerics. We restrict ourselves to the case of layers associated
with Neumann boundary conditions ; it corresponds to cracks or voids in elasticity, to
sound hard inclusions in acoustics or to perfectly conducting metals in electromagne-
tism. This case allows for explicit expressions of the interface parameters (B,C), Eq.
(53) (see also subsection S2.1). The limitations of the present approach to small slab
thicknesses are discussed in Appendix A. Finally, we report in section S1 the case of
a stratified slab with one boundary being free of stresses (associated with Neumann
boundary condition) and details on the numerical resolutions are given in section S2.

2. Up to second-order homogenization. In this section, we shall work on
a problem simplified with respect to the one in Fig. 1 in the sense that we consider
a single interface (also, we shall work in dimensionless coordinates). We define x; =
k(X1 —e/2), o = kX5, which means that we focus on a region near the boundary
of the stratified medium at X; = e/2 in the original problem in Fig. 1(a). But now,
we assume that the stratified medium occupies the region z; < 0, Fig. 2. Doing
so, we assumed implicitly that the wave passing through the stratified slab in the
configuration of the Fig. 1 feels the boundaries and the bulk of the stratified medium.
To anticipate, this means that the slab is thick enough, and thick means that the
evanescent fields at both boundaries of the slab do not interact. If it is not the case, one
should consider the whole thin slab in the asymptotic analysis, as done in [5, 6, 9, 11]
(this is discussed further in Appendix A).

(u®, 05) continuous

kEH v e

FIGURE 2. Single interface between the stratified medium occupying the region r1 < 0 and the
substrate occupying the region x1 > 0. The wusual continuity conditions apply at the boundaries
between the layers (u,05) and at the boundaries between the layers and the substrate (u®,05) at
x1 =0.

We shall define the actual problem for x = (z1,22) € R x (—=kH/2,kH/2). With
the periodicity of the stratified medium ¢ = kh < 1, the solution of the problem
depends on ¢ and we make this dependence to appear explicitly, by denoting a®(x) =
a(X), b¥(x) = B(X) and uf(x) = U(X), 0°(x) = k~1a(X)VU(X). In x-coordinate,
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4 JEAN-JACQUES MARIGO AND AGNES MAUREL

(2) reads

(5a) dive® (x) + b° (x)u®(x) =0,
(5b) o (x) = a®(x) Vu(x),

and

17 Ty > 07 1, T > 0,

©  ww={e, 0o r0={i), Nl

The functions a and b are 1-periodic and piecewise constant ; at this point, it is not
necessary to define them more specifically. To (5), we have to associate boundary
conditions. At each boundary between two different media, the continuity of the dis-
placement u® and of the normal stress o - n apply (with n the vector normal to the
boundary) ; this applies at the boundaries between two layers within the stratified
medium and at the boundaries between the layers and the substrate at z; = 0 (Fig.
2). Finally, once the wave source is defined, the conditions satisfied by (u¢,o¢) for
x9 = £kH/2 and for |z1| — 400, often referred as to radiation conditions, can be
defined ; for the time being, we do not need to specify them.

2.1. The asymptotic analysis. The idea is to define three regions where dif-
ferent asymptotic expansions will be used, Eqgs. (7). The inner region contains the
boundary between the stratified medium and the substrate. Roughly speaking, it is
the region where the boundary layer effects are significant ; in terms of wavefield, this
means that the inner region contains the so-called evanescent field vanishing far from
the boundary. The two outer regions for x1 > 0 and 1 < 0 are the regions far enough
from the interface, where the evanescent field can be neglected. Next, the inner region
and the outer regions are connected using so -called matching conditions, which will
constitute the boundary conditions for the outer solutions.

‘[ T2 Y2
outer reg inner reg. / outer reg. 0
z; <0 x1 >0

FIGURE 3. On the left, configuration in x coordinate; the periodicity along x2 is € = kh; the
inner region corresponds to the neighborhood of the boundary between the stratified medium (z1 < 0)
and the substrate being a homogeneous medium (xr1 > 0). On the right, the unit cell (inner region)
in'y coordinate, with y =x/e, andy E RXY, with Y = (—=1/2,1/2).

2.1.1. The outer and inner expansions. As in the classical homogenization,
the asymptotic expansions are thought with spatial dependences on a macroscopic
coordinate x associated with slow variations of the fields (with the typical scale 1/k
of the wave) and a microscopic coordinate y, associated with rapid variations (the
typical scale h of the layers), and in each region, we keep the coordinates that are
relevant to describe the variations of the field. To do so, we define y = x/e and we
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HOMOGENIZATION OF FINITE SIZE STRATIFIED MEDIA 5
assume that (u®,0°) can be expanded by using the following asymptotic expansions

outer region z1 > 0, u° = u’(x)+ eu! (x) +...,
)

outer region z1 < 0, u® = u"(x,92) +eul(x,y2) + ...,

o = UO(vaQ) +eo (Xay2) + cre

inner region, u® = v0(x9,y) +evi(ze,y) + ...,

o = 7%y, y) Feti(z0,y) + ...,

with the outer terms (u”, 6™) for z; < 0 and the inner terms (v™, 7™) being Y -periodic
with Y = (—=1/2,1/2). Thus, we shall consider y, € Y and in the inner region y; € R;
next, in the three regions zo € (—kH/2,kH/2) and in the outer regions z; € (—o00,0)
and z1 € (0, +00) respectively.

The differential operator reads, in the different regions, as

in the outer region, V — Vi, x1 >0,

10
V = Vi + —5—eqy, 0,
(8) — + 8y2 e, x1<

0
in the inner region, V — —es + V
81’2

where V means gradient w.r.t. x and V, means gradient w.r.t. y. Let us comment
the dependences in x and y of the fields in each region, (7). The inner solution is
characterized by rapid variations of the evanescent field, and these variations are
naturally described by y (|VU| ~ U/h gives |Vyu| ~ u). But the inner solution
contains also the propagating field associated with slow variations along xo, typically
the phase variation along the boundary at x; = 0; this is taken into account by
keeping x5 as an additional coordinate. In the outer region x; > 0, there is no rapid
variations due to the evanescent field (this latter being confined in the inner region,
by definition) ; thus, we need only the coordinates x which describe the propagating
field with |VU| ~ kU and thus Vxu ~ u. The story is different for z; < 0; there, the
field has still slow variations, but it also experiences rapid variations across the layers
and this is accounted for by keeping the coordinate ys.
Finally, from (6), (a,b%) can be specified with in the outer regions

outer region 1 >0, a°(x) =1, b (x) =1,

(9)

outer region z1 <0, a°(x)=a (%2) , b(x)=b (%2) ,

and in the inner region af(x) = a(x/e) and b°(x) = b(x/e) with

(10) )= { 500 1=t ) =

b(y2), w1 <O,
) Y1 > 07 1

) y1>03

with a(y2), b(y2) 1-periodic and piecewise constant.
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6 JEAN-JACQUES MARIGO AND AGNES MAUREL

2.1.2. The boundary conditions and the matching conditions. The inner
and outer problems have to be associated with boundary conditions or radiation
conditions which ensure that the problems are well-posed. For the inner solution, the
continuities of the displacement and of the normal stress apply at the boundaries
between two layers within the stratified medium and at the boundaries between the
layers and the substrate at y; = 0, whence

(11) v", 7" - n are continuous everywhere, n =0,1...,

but the conditions at infinity are unknown a priori. Reversely, since the outer expan-
sions hold true only far away from the interface, the outer terms satisfy the radiation
condition (once defined) but they do not have to satisfy the continuity conditions at
x1 = 0; only the conditions of continuity of 4™ and o™ - n at the boundaries between
the layers within the stratified medium apply for z; < 0 (thus, with n = es).

The missing conditions for the inner and outer terms are provided simultaneously
by the matching conditions (see the discussion on alternative matching in [1]), at
leading order

(12a) w07, 20, 92) = lim  v%(za,y),
Y1—>—00
12b 90t = 1l 0
(12b) u’ (07, x2) o (z2,¥),
(120) 00(0_7$2>y2) = lim To(x27y)7
Y1 —>—00
(12d) a (07, zp) = ylliquoo 7029, y),
and at order ¢
1 ] 1 u”
13 0~ = i —y1— (0"
( a) u ( 73)2,y2) y1—1>n;loo |:’U (J?Q,y) Y1 81'1( >$272U2)} 5
(13b) w07, z0) = lim  |vl(z2,y) — yla—uo(o+ Z2)
) y1— oo ) 3x1 i )
1/n— . 1 oo’ _
(13C) o (O 7x25y2) :ylli)HjOO T (x27Y)_y187m1(0 7x25y2) )
(13d) ol (0T, 20) = lim |7'(20,y) fyly(0+ x2)| .
’ Y1 —>+00 ’ 8:1:1 ’

At order ¢, the conditions are obtained using the Taylor expansions of (u°,o?), for
instance for z1 > 0, u®(x) = u®(0", 23) + 210, u®(0", 22) + -+ = u0(0F, z2) +
ey1 05, ul (0%, 20) + . . ..

2.2. The homogenized wave equation. We want to establish the wave equa-
tion, up to second-order, satisfied by the mean fields (u(x), o (x)) with

(14) 7= (W) +ewh), 7= (") +elat).

We have defined the average over y» € Y for any function f

(15) (fHx) = /Y dyn £(x,2),

and obviously, if f does not depend on ys, (f) = f.
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HOMOGENIZATION OF FINITE SIZE STRATIFIED MEDIA 7

The homogenized wave equation is sought for x; < 0 only. For z; > 0, from (5)
along with (9), the wave equation is

(16) divyo" +u" =0, o"=Vyu", (n=0,1), forz; >0,

being the same at each order, and the fields being independent of y, equal their
averages.

2.2.1. The homogenized wave equation in z; < 0 at first order. For
z1 < 0, the Egs. (5), at leading order (1/¢), read 9y,09 = 0 = d,,u’, whence we can
note

(17) uO(Xa yQ) = UO(X)v US(X, yQ) = US(X),

and u°, 0 equal their averages. Now, we establish the relation between (a°) and u°.
The Egs. (5) at order €° in the outer problems x; < 0 give

8 1
(18) 7 (x,32) = alyn) | V() + 5 (x92) 3
and
. 0 80’% 0
(19) divxo”(x,y2) + @(K y2) + b(y2)u” (x) = 0.

Averaging both equations, with o°(x, y2) = 0¥(x,92) €1 +09(x) ez, and owing to the
periodicity of u! and of o3 w.r.t. yo (thus, (9y,ut) = 0= (9,,03)), we easily get the
wave equation at the first order

ou’ _, 0u°
(20a) (0°)(x) = (a) aT;l(X> e + (1/a) 1872(") €z,
(20b) divy (o) + ()u’ = 0.

2.2.2. Second-order - useful relations. Before going to the next order, we
shall establish the relations (22) for u! and (24) for o3, that we shall use later. Both
relations use the same property : consider a piecewise differentiable function g(y), with
g'(y) even; then (g — (g)) is odd and, for any function f(y) being even, f(g — (g)) is
odd. Thus, the integral over y € Y vanishes, from which (fg) = (f)(g).

First, from (18), we have

ul alys) — (1/a) Ou®
(21) g@mm) - W )

and we used that o9(x) = (1/a)0,,u’(x) from (20a). Because a(yz) is even, 9, u’
is even too, so the property on the average applies and

(22) (f()ul(x,-)) = (f){u')(x), for any even f.
Integrating (21), we also have

Y2

et — A 2% )+ s _ 1/aly) ~ (1/a)
@8) e = Alw) g 00+ W60, A= [ a P

In the above expression, we have used that (A) = 0, by construction.
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8 JEAN-JACQUES MARIGO AND AGNES MAUREL

Next, we use that o{(x,y2) = a(y2)9z,u’(x) from (18), and thus (
(a)0,,u’(x). Inserting the resulting relation o¥(x,y2) = a(y2)/(a)(o?9)(x

we get

0oy __alyw)0le) 00
B Y =T om ™ B

(a,b) being even, Oy,03 is even w.r.t. ya, from which the property on the average
applies and

(24) (f()oa(x,)) = (f){oz)(x), for any even f.

2.2.3. The homogenized wave equation in z; < 0 at second-order. Now,
we shall establish the relation between (u') and (o!) (for 21 < 0). Eq. (5b) at order
€ reads

2
u
ol (x,y2) = a(yz) | Vxu' (x,42) + @(X,m) e
2
To average the above equation, it is sufficient to use (22) and (24), with a(y2) being
even. We get

Ul Ul
7}, 02) = i) G, 12) = {60 = () Sl ),
(25) out ou? A(ut)

aws) o3 (x,y2) = T@(X,yz) + Tyz(x’ yo) — (1/a) (03)(x) = Pos (x),

where the arrow indicates the average process. Next, (5a) at order € reads
do3

b ! =
9y (%,92) + b(y2) u (x,y2) =0,

diVXO'l (Xa y2) +

whose average leads to
(26) divx (o) (x) + (b)(u')(x) = 0,

and we have used (bu') = (b)(u') from (22) and (9,,03) = 0 because o3 is periodic
w.r.t. Ya.

2.2.4. Up to second-order homogenized wave equation. It is now suffi-
cient to gather (20) and (25)-(26) to get the homogenized wave equation up to second
order for (u(x),a(x)) in (14)

(@) 0

(27) dive + (b)u = 0, o‘( 0 (1/a)-1

> Vu, forxz; <0,

which coincides, when coming back to the real space, to (3).

2.3. Jump conditions. To the homogenized wave equation (27), we have to
associate jump conditions at the interface 7 = 0. In this section, we will show that
the usual continuities of the displacement and of the normal stress are obtained at
leading order, while the second order makes discontinuities of these two fields to
appear. To that aim, we have to consider the inner solution and its matching with
the two outer solutions. We are looking for the jumps of (u,o7) defined in (14),

(28) [al = [u’] +e [, [o2] = [loD)] +e [o1)]

This manuscript is for review purposes only.
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HOMOGENIZATION OF FINITE SIZE STRATIFIED MEDIA 9

and their expressions in terms of @+ and @7, the values of @ and @ on both sides of
the interface (at this stage, we have to distinguish the values on both sides, the fields
being discontinuous).

2.3.1. The jump conditions at the first order. Eq. (5b) for the inner pro-
blem at the leading order in 1/e tells us that Vyvo = 0 from which v° does not depend
on y. From the previous section, we already know that u’(x) does not depend on s,
from which the matching conditions, (12a) and (12b), give

(29) u? (07, 22) = u’(0", 22) = v%(22), and [u’] =0.

Next, (5a) in the inner region gives at the leading order divy 7 = 0; by integrating
this equation on R x Y, we get

/ dyo [ (x2, +00,2) — 71 (w2, —00,2)] =0,
Y

(we have used the periodicity of 79 w.r.t. yo and the continuity of 7% - n between the
layers along y2). From the matching conditions (12c)-(12d) integrated over Y, we get

(30) (o)) (07, w2) = 0)(0, 25), and [RO’?)H =0.

At first order, the usual continuities of the displacement and of the normal stress are
obtained. To capture the effect of the boundary layers in the neighborhood of z; = 0,
we have to go up to the second order.

2.3.2. The elementary problems. Before going to the second order, we need
to inspect further the inner solution. There, the variations of a(y) and b(y) in (5) are
more involved than the simple forms a(ys) and b(y2) considered until now for z; < 0,
see (10). The difference between a(y) and a(yz) will constitute the whole story. From
(5a) at order e~ and (5b) at order €, we have

. . oud
(31) dlqu-0 =0, To(xz,y) = a(y) a—m(o,xg) e + Vyvl(x%y) ,

where we used that 9,,u’(x) is continuous at x; = 0 as u® does from (29). The
matching conditions (12¢)-(12d) yield

oul
P, —00,2) = D (o0)(0,2) @1 + {1 /) O
o
UO 1
a(yz)af@((),xz) e + a(y2)Vyv' (r2, =00, 12).
8 0
7929, +00,92) = (69)(0,22) €1 + a—;((),xg) e

(0,22) ez

ou’ 1
= a—m(o,xg) ey + Vyu (22, +00,y2).

For both limits above, the first line is given by the matching conditions with o
expressed as a function of (¢?) and 9,,u"; it is obvious for #; > 0, and for z; < 0,
we used (18) and (20a) (with 09 = (09) from (17)). The second line is given by
the expression of 70 in (31) along with (10). It follows that the system satisfied by
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10 JEAN-JACQUES MARIGO AND AGNES MAUREL

x2,y) can be written

)

w
N —~

ou’

T@(O,Ig) ey + Vyvl(x27y) ’

divyr? = 0, with 7° = a(y)

v and 7° - n continuous,
_ 1/a(y 1/a) ou®
im0 (a2,) = (0 08)0,22) e+ LU S
lim Vyo'(ze,y) = (60)(0,22) ey,

Y1 —+o00

(O zg) €,

with v and 79 periodic w.r.t y2, and we have used (11). The system (32) is linear
w.r.t (69)(0,22) and 8,,u’(0,z2). Thus, we define V¥ (y) and V@ (y) such that

UO
v (22,y) = (07)(0,22)V I (y) + 272(07 2) [A(y2) + VI ()] + B (w2),

Ou’ aly)/a(ya)
0 _ /0 (1)

= T - 2AY)/ONT2)
™ (ea,y) = ()02 T ) + G (0,0) | DL
with T®(y) = a(y)VV®(y) and T®(y) = a(y)VV®(y) (and A(yz) defined in
(23)). Note that the field v! in (32) is defined up to a function of xo, and it is denoted
0(x2) in (33) ; we shall see that the determination of #(x3) is not needed. It is easy to
see that if (V@ T®) satisfy the elementary problems

(33)
e + T(y)|,

divT™ =0, with T(y) = a(y) VV"(y)

V@ and T™ - n continuous,

(34) VO T® periodic w.r.t. Yo
: W () — €1 M) () —
B VVEW) =y m VVE) =e,
and
div {Tm + (};)1// (> v2) 2] =0, withT®(y)=a(y)VV®(y),
V® and {T“) + M 82:| -1 continuous,
(35) (1/a)

V@ T® periodic w.r.t. Yo

. 1/“(2/2) - (1/a)
2 _ ) _
ylhm VV®(y)=0, ylhm VV®(y) = (1/a) €s,

then v!(xy,y) satisfies (32). The elementary solutions V* satisfy

lim |vo -2 - _p lim V® = -8,
(36) y1——00 (a) mor-oo
IBE VO — ] =0, yll_lg_loov = —A(y2).
Y1 o

The above limits are obtained by integrating the limits of VV® ¢ = 1,2 thus with
unknown constants being a priori different at y; — +o00. Next, because V' are defined
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294 in (34)-(35) up to a constant, we can set the constant equal to zero at y; — +00;
295 for V| we denote —B the constant at y; — —oo (it is the first interface parameter).
296 For V@ it is denoted —B’; next, V® being odd w.r.t. yo, we have B = 0. It is
297 important to stress that the elementary problems, as the unit cell problems in the
208  classical homogenization, can be solved once and for all, being written in the static
299  limit. The relations between the elementary solutions V*? and the evanescent fields
300 in the actual problem (for a given scattering problem) are illustrated in Appendix A.

Y2
1/2

Y- Y+

Y1 | alya), blya) a=1b— iyl U1

—1/2
FIGURE 4. The domain Y = YUYt with Y- = (—y7*,0) XY, Y+ = (0, +y") x Y. a(y) = a(y2)
and b(y) = b(y2) in Y-, anda=1=0b in Y+,
301 2.3.3. Jump conditions at second-order. Once the elementary problems are
302 solved, it is possible to determine the jump conditions.

303 Jump of (u') — To get the jump of (u'), it is sufficient to use the matching conditions
304 (13a)-(13b) and we want v*(z2,+00,y2). From (33) along with (36), we have

o® )
. v} (22, —00, ) = lim [(@ B) (69Y(0, 22) +A(y2)—az2 (0, 22) + 9(x2) | ,
vM(wa, +00,y2) = lim [y1(09)(0,x2) + o(2)] .
Yy1—>+0o0

306 Now, we have (69)(0, 22) = (a)0,,u’ (07, x2) from (20a) and (¢9)(0, x2) = 0, u®(0T, o)l
307 from (16) and (30). Averaging [u'] = u'(0T,z2) — u' (0™, 22, y2) over Y and owing
308 to (A) =0, we get

309 (37) [(uh] = B (a9)(0,22).

310 Jump of {o1) — The derivation of the jump of o} is more tricky, or at least longer. First,
311 we define Y = (—y7%,y7") x Y (Figure 4) and we shall use the matching conditions
312 (13c¢)-(13d) integrated over Y and written in terms of yi"

1 — : 1 m m 6<O’§)> —
(01)(07,22) = mhm (i) (@2, —y1") + 91 ) (07, 22) |,
313 (38) yie 1
N : my om0t
D070 = i) azat) - o S 07 )]
314 Integrating over Y the Eq. (5a) written at order €” for the inner problem, we get
- : 1 oy 7 0
315 (39) dy |divy7 (22,5) + 5= (22,¥) + b(y)u’(0,22) | =0.
Y 2
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12 JEAN-JACQUES MARIGO AND AGNES MAUREL

Two of the three integrals above are easily obtained, namely

/ dy divyr!(22,y) = (1) (@2, y7") — (1) (2, —4"),
(40) o
/Ydy b(y)u®(0,22) =y [1 + (B)] u°(0, z2).

We used, for the first integral, the continuity of 7' - n and the periodicity of 7% w.r.t.
y2. Note that the first integral of (40) corresponds to the first term in [(o7)], from
(38). For the second integral, we used (10).

Now, let us consider the second integral in (39). First, from (33), we have

ory _ 9{a}) . 0*u’ aly)/a(y2)
(41) (97{1}2(x27Y) - 8:52 (07$2)T2( )(y) + 833% (071‘2) <1/a>

Next, defining Y- = (—y7*,0) x Y, Y* = (0, +y}") x Y, and using (10), we get

[ ay LRI C 0,00) = (1)) G 0.2),

+ 17 (y)| -

) s po
[y B aé(axg):y{“a—j%(o,m,

In (42), we want 9,, (o) to appear, in order to absorb the (diverging) terms in yi"
in the matching condition (38). Do do so, we use (20) for 1 < 0 and (16) for z; > 0
and we get

—85(;?) (07, 29) = (1/a>_1882 20 (0,29) + (b)ul(0, 22),
(43) {a?) 0%u® -
- 61‘1 (0+71'2): 8,73% (0,$Q)+U0(0,.’E2),
whence
D e aya) o 2ol . Bl
[y [ G 0.0 ) 000, 00)] = —atr [958 0% o) + S8 07| ]

It is now sufficient to use (40), (41) and (44) in (39), to get the jump condition

1 0?u’

(45) lioh] = €% (0.), withC = /dy T(y),

and we used that fY dy T3"(y) = 0 since V® is symmetric w.r.t. y2. The constant C
is the second interface parameters entering in the jump conditions.

2.3.4. Jump conditions and final homogenized problem. The jump condi-
tions on (@, @) are deduced from (28), with (29),(30) and (37),(45), and read

820

(46) [a] =B (01)(0,22), [01] = —<C ﬁ(o»xz)-

The above jump conditions define a homogenized problem which can be solved itera-
tively : first compute (u?, (a°)) satisfying (16), (20) with (29) and (30) (compute also
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HOMOGENIZATION OF FINITE SIZE STRATIFIED MEDIA 13

B and C) and use the results to get the right hand-side term in (46) ; then, compute
(@, @) which approximate (uf,0¢) up to O(g?). As discussed in [4], it is preferable to
handle a unique problem and this is done by defining the fields (@, &) satisfying the
following homogenized problem

dive + ()i =0, & = ( <g> <1/2>,1 > Vi, 21 <0
dive +i1=0, &=Vi, 1 >0
(47)
N B ., _
[i] = 5 (61007, 22) +31(0%,2)]
5 eC [0%u, ou, .
[[Ulﬂ - 77 |:8$% (O 7$2) + (97!1)%(0 7I2):| )

and it is easy to see from (16), (27) and (46) that @, & admit the expansions (u®) +
e(ul), (6% + e(o!) up to O(e?), thus the same expansion as (u®,0°) up to O(g?).
Finally, coming back to the real space, in X = x/k coordinate and with U(X) = @(x
3(X) = k6 (x), (47) take the form

)

divE + BR2T =0, == < @) <1/2>_1 )VU, X, <0

0
divS + k2U =0, ¥ =V, X, >0
(48) LB
[U] = > [21(07, X2) + 21(07, X3)]
hC [0°U , _ o*U , .
[l = |07 X0 + S5 00 X0

The above problem, written for a single interface at X; = 0, correspond to the system
(3)-(4) when two interfaces at X; = +e/2 are considered.

3. Scattering by an array of rectangular voids. In this section, we apply
the previous analysis to rectangular voids or cracks, free of stresses (with Neumann
conditions on their boundaries), periodically spaced in a homogeneous matrix being
composed of the same elastic material than the substrate. In electromagnetism, this
corresponds to a (perfect conducting) metallic array in a dielectric or in the air; in
acoustics to an array of sound hard material in a fluid. We consider the scattering of
an incident plane wave U™ arriving from X; < 0 and hitting the array at oblique
incidence 0 (Figure 5), whence

(49) Uinc(X) — eik(X1+e/2)cos 0+ikXo sin«9.

In the actual problem, the solution is sought in the substrate where the Helmholtz
equation apply with Neumann boundary conditions on the boundaries of the voids
occupying the subdomains Q;, ¢ = 1... N, and Q, = U$2;. The problem is solved in

K3
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actual problem homogenized problem
Q X2 X2
X4 = , X4 H
U™ (X) U™ (X)
,,,,,,, 0 th A8
e e

FIGURE 5. Actual problem of the scattering of a plane wave at oblique incidence 6 on an array
of rectangular voids; the problem is solved numerically. The homogenized problem involves a slab
of same thickness e filled with a homogeneous anisotropic material (the wave equation being (51));
Jump conditions (4) apply at X1 = +e/2.

O\Q, with Q = {(X1,X2) e Rx (—=H/2,H/2)} and reads

AU + k2U =0, in Q\Q,,
VU -n=0, on 0Q;,i=1...N,,
lim i(U —U™) Fikcos§(U -U™)| =0
X1—>ﬂ:OO 8X1 :F - ’
(50) I I
U(XI,Q) = ¢k sinfpy (Xl,—2>, X1 €R,
ou H : g OU H
X, =) = ikH sin 0 X, ——= X R.
8X2<1’2> ¢ 6X2<1’ 2)’ 1e

The conditions at X; — +oo are the radiation conditions required to select an out-
going scattered waves (U — U™°) in the low frequency regime, namely for k < 27 /h (if
not the case, the radiation condition should to be modified, see [2]). In the case where
H = nh, with n an integer (and we shall consider that this is the case), the last condi-
tion is referred to as the condition of pseudo-periodicity or the Floquet condition,
which applies for the incident wave and for the total field [13]. The actual problem is
solved numerically using a multimodal method which reduces to the determination of
a set of scalar coefficients for |X;| < e/2 and for | X1| > e/2 (see subsection S2.2.1).
In the following, the computed solution U™™ is the reference solution.

3.1. Solutions of the homogenized problems at the first and at the
second orders. We shall see that the homogenized problems at the first two orders
can be solved exactly. Voids or cracks correspond to the limiting case a = 0 = b
(leading to Neumann boundary condition at the boundary with any other material).
Next, with a = 1 = b in the substrate, and with ¢ the filling fraction of the substrate in
the layers, the equivalent medium has bulk parameters (a) = (b) = ¢ and (1/a)~! =0,
whence the homogenized wave equation (3) becomes

(51) divE + pk?U =0, ¥ = ( g 8 ) vU.
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HOMOGENIZATION OF FINITE SIZE STRATIFIED MEDIA 15

It follows that the homogenized problems read

02U

KU =0 for | Xy| < &
8X12 + ) OI'| 1| < 27
AU + k*U =0, for |X1|>§,
Jump conditions (4), at Xy = ig,

(52) 1 a U Uinc 'k 0 U Uinc O

o {axl( —U) FikcosH(U - )] |

H : : H
U(X1,2> :elkHsm0 <X1,—2>, X, GR,
oUu H arrain g OU H

X, =) = ik H sin 0 X, —— X R.
8X2<1’2> ¢ aXQ(l’ 2)’ e

In the following, we refer to the homogenized problems at first and at second orders for
the values of (B,C) entering in the jump conditions (4); at first order, (B,C) = (0,0)
and at second order,

_ 1 . (TP ~ T2
(53) B= 7Tlogsm<2), C_16g0,

(see subsection S2.1).
The solution of (52) with (49) is of the form

X < _g’ U(X) — [eik(X1+e/2) cos 6 4 Re—ik(X1+e/2) cos@] elk X2 Sin197
54 Xyl < & UX) = [aehX1 4 pe—ikX1] gikXasing
2 )
X > E U(X) — Teik(X1fe/2) cos 0+ik X sin 6
2’ ’

with (R, T,a,b) given by the jump conditions (4). Indeed, applying (4) to (54), we
find, for any (k,d) values characterizing the incident wave, a set (R, T, a,b) such that
U is solution of the homogenized problems. In particular, the scattering coefficients
(R,T) read

R _Zl*Zg*eike _ leze_ike
21*26ike _ defike ’
(55) ) )
PR Ll 1
Zl*Qeike _ defike’
(56)
0 in? 0 0
a= (1= 39 L ikh (Beoso + S0 — (kny2sin? 056 (14 <0
® @ 4 @
0 in” 0 0
=1+ 7)) —ikh ( Beoso — 22 + (kh)? sin? 9@ 14+ 27
® @ 4 @

Obviously, for B = C = 0, the jump conditions (4) simplify to the continuities of U
and X - n and we recover the usual expressions of the scattering coefficients given by
the homogenization at the first order, with cos /¢ the effective impedance mismatch
between the two media [12]. Finally, the derivation of (a,b) is straightforward and
together with (R, T') can be used in (54) to calculate the homogenized wavefield U (X).
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16 JEAN-JACQUES MARIGO AND AGNES MAUREL

3.2. Numerical validation of the homogenized solutions. We shall inspect
the validity of the homogenized solution up to the first and second orders for an
incident plane wave at normal and at oblique incidences. To begin with, we report the
fields U™ calculated numerically and the fields U of the homogenized solutions, (54),
with (55)-(56), for ¢ = 0.5 (Figure 6) and ¢ = 0.9 (Figure 7); in both cases, kh = 1,
e/h =10 and @ = 7/3. The improvement in the solutions given by the homogenization
at the second order, compared to the ones given by the first order, is visible to the
naked eye. Defining AU = |U — U™=|/|U™™| (for |X1| > e/2 and with |.| the L?
norm), we get a discrepancy of 10% (¢ = 0.5) and 20% (¢ = 0.9) for the first order
homogenization, and of 0.7%-0.6% for the second order homogenization. It is worth
noting that a very small error is found even at this relatively large kh = 1 value.

first order homog.

FIGURE 6. Scattering of a plane wave at incidence § = w/3 and kh = 1 on a array made of
rectangular voids (e/h = 10 and ¢ = 0.5). The solution U™™™ in the actual problem is calculated
numerically ; on the right, the fields U given by the homogenization at the first and at the second
orders.

first order homog.

FIGURE 7. Same representation as in Figure 6 with ¢ = 0.9.

3.2.1. Waves at normal incidence. We first inspect the case 8 = 0, for which
the homogenizations, at first and second orders, impose [X]-n = 0in (4) (because from
(52),U(X1,X2) = U(X1,0) does not depend on X3), thus only the influence of B in the
jump condition for the displacement is regarded (see also (55) with (56)). We report
in Figure 8 the spectra of the transmission as a function of kh and e/h (with ¢ = 0.1
and 6 = 0) and in Figure 9 the corresponding errors AT = [T — T'|/|T™™| (for the
homogenizations at the first and at the second orders). We considered kh € [0, 27],
kh = 27 corresponding to the cut-off frequency above which a second propagating
mode exists in the actual problem.

In Figure 9, errors smaller than 1% appear in dark blue and errors grater than
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first order homog.

actual pb

2T

N}

second order homog. '
0

T —

FIGURE 8. Transmission coefficient as a function of e/h and of the frequency kh; ¢ = 0.1 and
0 = 0 have been considered. On the left, in the actual problem, |T™™| calculated numerically, and
on the right, |T| given by the first and second order homogenizations, (55), with (56).

100% in dark red. The range of validity of the homogenized solution is significantly
increased when using the second order homogenization ; on the one hand, intermediate
frequencies become accessible (the error is smaller than 4% for kh < 7 in the whole
range of e/h at second order, it is of 50% on average at first order) ; on the other hand,
the first order homogenization predicts erroneously perfect transmissions for vanishing
thicknesses e/h, while going up to the second order restores the actual scattering
properties of an array of flat voids. This is related to the discussion presented in Ref.
[7] in the context of electromagnetic waves. In this reference, an effective medium
approach at second order is presented assuming the continuities of the displacement
and of the normal stress (instead of our jump conditions) ; the analysis concludes that
the effective bulk parameter a has to be dependent on the thickness (in this reference,
a denotes the effective permittivity for electromagnetic waves).

first order homog. 100%
27 N\ \ l
o 50%
0 1%

e/h

FIGURE 9. Errors AT on the transmission coefficient in the homogenization problems (at first
and at second orders) as a function of e/h and kh (p = 0.1 and 6 =0). Errors below 1% appear in
dark blue and errors larger than 100% appear in dark red.

More specifically, we inspect (i) the profiles of |T™™| (blue symbols) and its ho-
mogenized counterparts |T'| at first order (grey lines) and at second order (black lines)
as a function of kh for e/h = 0.05 and e/h = 4 (Figure 10). For a small thickness
(C; profile from Figure 8), the homogenization at first order largely overestimates
the transmission while including the jump conditions (4) at second order recovers
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18 JEAN-JACQUES MARIGO AND AGNES MAUREL

the actual transmission of the array ; for larger array (Cs profile) the first order ho-
mogenization is valid for small kh and going up to the second order allows us to
increase the range of validity of the homogenized solution. This is because T™™ is
not periodic w.r.t. kh (the kh-distance between two perfect transmissions decreases
as kh increases) ; from (55), this tendency is correctly captured by T at second order,
while T at first order appears to be erroneously periodic, with 27h/e period. Finally,
as expected, the errors AT vary as kh at the first order and as (kh)? at the second
order.

FIGURE 10. Transmission coefficients |T™"™| and |T| as a function of kh and corresponding
error AT of the homogenized predictions. C1 profile for e/h = 0.05 and C for e/h =4 (|T™™] :
blue symbols and |T| : grey lines at first order and black lines at second order). AT are shown in
%, dotted lines are guidelines with slopes kh (grey) and (kh)? (black).

FIGURE 11. Transmission coefficient and errors as a function of e/h for kh = « (Cs profile
from Figure 8). Same representation as in Figure 10.

(ii) the variations of |T™™| and |T'| (and the corresponding errors AT) as a func-
tion of e/h for kh = 7 are reported in Figure 11 (C3 profile from Figure 8). Amusingly,
the large error in the first order homogenization appears to be a direct consequence
of the “initial” error for vanishing e/h; there, |T| = 1 is erroneously found at the
first order, and the periodicity of T w.r.t e/h imposes the same error to occur for any
e/h (the periodicity of T w.r.t. e/h is, from (55), 27 /kh, thus equals 2 in the present
case).
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3.2.2. The case of oblique incidence. In the case of oblique incidence (6 =
/3 is considered in this section), the difference between the homogenized solutions
at first and second orders involves the two interface parameters (B,C). We report
the same sequence of figures as for the normal incidence; with kh € [0,2n], the
frequency range includes kh > 27 /(1+sin §) ~ 1.077 where two modes are propagating
(complete extinction of the first mode is observed at this cut-off frequency, Figure 12
and Figure 14, corresponding to the Wood anomaly [10]). This range is outside the
range of validity of any homogenization approach since mode coupling is not possible
at an equivalent flat boundary [10].

first order homog.

B

| second order homog. '
0

FIGURE 12. Same representation as Figure 8 for 8 = 7/3.

first order homog. second order homog.

& N |

FIGURE 13. Same representation as Figure 9 for § = /3.

50%

1%

e/h

Inspecting Figure 12 to Figure 15, we recover in general the same tendencies
as those observed at normal incidence. On average, for kh < m/2, the error in the
transmission coefficient is smaller than 1% in the whole range of e/h at second order, it
is of 40% on average at first order. Also, the first order homogenization underestimates
the scattering properties of the structure when e/h goes to zero (C; profile in Figure 14
and Figure 15). Reversely for larger e/h, and this is more surprising, it overestimates
the scattering properties (with |T'| significantly smaller than |T™™| ) even for small
kh value (from Figure 12 and the Cq profile in Figure 14). Thus, in general, the
improvement in the second order homogenized solution is even more significant at an
oblique incidence.
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FIGURE 14. Same representation as Figure 10 for 6 = w/3.

7|

00
1

X1
=
<

0

2
e/h

FIGURE 15. Transmission coefficient and errors as a function of e/h for kh = 0.67 (Cs profile
from Figure 12). Same representation as in Figure 10.

4. Concluding remarks. The homogenization that we have presented expli-
citly accounts for the finite size e/h of stratified structures. At first and at second
orders, this makes effective bulk parameters to appear which are simply averages of
the bulk parameters in each layer and these effective bulk parameters enter in the
homogenized wave equation. Note the simplicity happening in the case of stratified
media : (i) the bulk parameters are found without solving cell problems, and this is
well known, (ii) the same effective wave equation is found at first and at second or-
ders, and this is less known. Note also that this simplicity would be lost in the case of
periodic media with a more complex unit cell. Finally, the most significant improve-
ment in the presented approach is the derivation of jump conditions involving effective
interface parameters when accounting for the finite thickness of the structure. More
usually, the continuity of the displacement and of the normal stress are assumed, and
this is what we recover at first order. Going up to second order allows us to establish
jump conditions for these fields and the improvement in the homogenized result has
been exemplified.
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Annexe A. The case of vanishing slab thicknesses. The validity of the
homogenization of stratified media with finite size has been exemplified in this paper
for varying e/h. In fact, the case of vanishing thicknesses has to be inspected more
carefully. Indeed, we end with jump conditions reflecting the behavior of the evanes-
cent field at each boundary of the equivalent slab, and these boundary layers have
been assumed to be independent. In fact, for very small thicknesses, the two boundary
layers may interact. In this case, the bulk problem is meaningless and the elementary
problems have to include the whole structure; doing so, jump conditions across an
equivalent interface are found (and the bulk behavior is disregarded), see [9, 11]. We
obtained in this case

11z | Z3
R =3 [Zl * ZJ ’
(57) : .
1 [Z )
2121 Zy |’
Z1=1—1khcosf (B—i— e) ,
(58) 2¢

Zy = —icosf — kh (% +Csin29),

with (B,C) in (53). Here, we illustrate the limitation of the present homogenization
in the light of the size of the boundary layers in the actual problem.

fields of the elementary problems || evanescent fields in the actual problem
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FIGURE 16. Boundary layers in the static elementary problems and evanescent fields in the
actual problems for ¢ = 0.5. In the actual problem, we considered kh =1 and 0 = w /4.

In Figure 16, we reported (i) the elementary solutions V* of (S9) and (S17) for
v = 0.5 (for V| the external load is (y;) and it has been removed to exhibit the
resulting boundary layer), (ii) the evanescent fields in the actual problem for kh = 1
and varying e/h = 1, 0.5 and 0.25 (the total wavefields are continuous but the eva-
nescent fields are not). Qualitatively, for e/h = 1, it is visible that the evanescent
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fields in the actual problem ressemble (by parts) to the fields in the elementary pro-
blems. This is quite natural if one remembers that the evanescent field in the actual
problem can be decomposed in modes with y; dependance being of the form eiFn¥1
and k, = \/k? — (nw/h)? ~ i(nw/h) for y1 > 0, k, = \/k? — (n7/he)? ~ i(n7/he)
for y; < 0, thus involving at the dominant order the same y; dependences as in the
static problems (see subsection S2.2.1). Decreasing e result in the interaction of the
evanescent fields within the array, or in other words the whole array is concerned by
the boundary layer effects.

Quantitatively, Figure 17 shows T™™ and T (at second order) and the resulting
error AT as a function of e/h in logscale up to e/h = 1072 (and ¢ = 0.1,0.5 and
0.9). It is visible that the error significantly increases for ¢/h < 1, and the increase is
more significant for larger ¢ ; to estimate more carefully the critical thickness below
which the present homogenization is not valid anymore (or say less accurate), one
should consider the influence of ¢ (¢ being a measure of the size of boundary layer,
to be compared to e/h the array thickness in y-coordinates). We report in dotted
lines the transmission coefficient 7% given by the interface homogenization (57)-(58)
(from [9]. As expected, this homogenization which accounts for the boundary layers
in the whole array, is more accurate for vanishing thickness.

Tl(e-u)

/g g 2\/\/\/\
= &~
S q . ©=20.5
10_‘2‘ | ““1‘0_1‘ } 1 a 10 107 B ! v
e/h 0 e/h

FIGURE 17. Transmission coefficient |T™*™| (blue symbols) and |T'| at second order (black lines)
as a function of e/h for ¢ = 0.9 and 0.5, and corresponding errors AT. The errors increase signi-
ficantly for roughly e/h < 1. Dotted orange lines show the transmission coefficient |T™™*| obtained
using interface homogenization (57)-(58) (from [9]).
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