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A MEAN-FIELD LIMIT OF THE LOHE MATRIX MODEL AND
EMERGENT DYNAMICS

FRANCOIS GOLSE AND SEUNG-YEAL HA

ABSTRACT. The Lohe matrix model is a continuous-time dynamical system
describing the collective dynamics of group elements in the unitary group man-
ifold, and it has been introduced as a toy model of a non-abelian generalization
of the Kuramoto phase model. In the absence of couplings, it reduces to the
finite-dimensional decoupled free Schrodinger equations with constant Hamil-
tonians. In this paper, we study a rigorous mean-field limit of the Lohe matrix
model which results in a Vlasov type equation for the probability density func-
tion on the corresponding phase space. We also provide two different settings
for the emergent synchronous dynamics of the kinetic Lohe equation in terms
of the initial data and the coupling strength.

1. INTRODUCTION

Synchronization of weakly coupled oscillators is ubiquitous in our biological,
engineering and physical complex systems, e.g., cardiac pacemaker cells [33], bi-
ological clocks in the brain [40], Josephson junction arrays [1, 34] and flashing
of fireflies [4] etc (see [1, 11, 19] for a detailed survey). It was first reported by
Huygens with the two pendulum clocks hanging on the same bar on the wall in
the middle of seventeen century (see [34] for a brief history of synchronization).
However, its rigorous and systematic study has begun by A. Winfree [39] and Y.
Kuramoto [25, 26] in only half century ago. Recently, the research on the collec-
tive dynamics of complex systems has received lots of attention in various scientific
disciplines [1, 4, 11, 33, 34, 35, 39, 40] mainly due to their possible engineering ap-
plications in sensor networks, control of robots and unmanned aerial vehicles etc.
After Winfree and Kuramoto’s seminal works, many phenomenological models have
been proposed. Among them, the Kuramoto model is a prototype one for classical
phase coupled oscillators, and it has been extensively studied in literature (see for
instance[7, 8, 10, 11, 12, 13, 16, 29, 30, 31, 36, 37]). On the other hand, because
emerging applications in control theory of quantum systems, quantum synchro-
nization has been discussed in physics communities and several phenomenological
master equations were proposed in [3, 21, 22, 23, 27, 28, 41, 42] to describe quantum
synchronization.

Date: September 17, 2018.

1991 Mathematics Subject Classification. 82C10, 82C22, 35B37.

Key words and phrases. BBGKY hierarchy, Kuramoto model, Lohe model, Mean-field limit,
Quantum synchronization .

Acknowledgment. The work of S.-Y. Ha is partially supported by National Research Foun-
dation of Korea Grant (NRF-2017R1A2B2001864) funded by the Korea Government. This work
was started, when the second author stayed National Center for Theoretical Sciences-Mathematics
Division in National Taiwan University in the fall of 2015.

1



2 F. GOLSE AND S.-Y. HA

Our main interest in this paper lies on the Lohe matrix model [27, 28] which is
a continuous dynamical system on the unitary group. This model was proposed
as a non-abelian generalization of the Kuramoto phase model in [27], and it was
further generalized in [9, 18]. Next, we briefly describe the Lohe matrix model.
Consider a network [24, 41, 42] consisting of N nodes and edges connecting all
possible pairs of nodes. Each node can be viewed as a component of a physical
system interacting via edges. For instance, atoms at nodes can have effect on spin-
spin interactions generated by a single photon pulse traveling along the channels
(see [24] for a detailed description). Let U; and U} be a d x d unitary matrix and
its Hermitian conjugate, and H; a d x d Hermitian matrix whose eigenvalues are
the natural frequencies of the i-th Lohe oscillator. Henceforth, we denote by U(d)
the group of d x d unitary matrices. In this situation, the Lohe matrix model reads
as follows.

i o
inU;‘:Hj—i—ﬁZ(UkU;—UjU,j), j=1,---,N, (1.1)

k=1

where  is a nonnegative coupling strength and i = v/—1. In the zero coupling case
k= 0, the model (1.1) is a system of N uncoupled free Schrédinger equations with
constant Hamiltonians. In the case of dimension d = 1, the system (1.1) can also be
reduced to the usual (abelian) Kuramoto model [25, 26]. In the case of dimension
d = 2, the Lohe model is equivalent to a “consensus swarming model” [32] on the
sphere S3. See Section 2.2 for more details on these special cases.

Since the right hand side of (1.1) is a self-adjoint matrix, say .S, one has

d . - . .

E(UjU;) = UjU;F + UjUj = —ZSj +ZS; =
for j =1,...,N. Since the system (1.1) is autonomous, and S; is quadratic and
therefore of class C! in its arguments Uy, ..., Uy, there exists a unique solution

t — (Ui(t),...,Un(t)) to the Cauchy problem for (1.1) for any N-tuple of initial
data (UY,...,U%) € U(d)N by the application of the standard Cauchy-Lipschitz
theory. The last identity shows that (Ui (t),...,Un(t)) € U(d)Y, and since U(d)
is compact, the usual continuation argument implies that the maximal solution
t— (Ur(t),...,Un(t)) is defined for all ¢t € R.

Thus, one of interesting issues for (1.1) is the asymptotic dynamic behaviors such
as the formation of phase-locked states and its relaxation dynamics. As discussed
in [1, 7, 8, 11], the existence and stability of phase-locked states (a kind of rela-
tive equilibria) are important subjects in the nonlinear dynamics of the Kuramoto
model. Henceforth we identify Uj;(t) as a state of the j-th Lohe oscillator.

When the number of Lohe oscillators is large, it is virtually impossible to in-
tegrate the finite dimensional system (1.1) directly. For that reason, we have ad-
dressed the following questions in the present paper:

(a) Can one rigorously derive a mean-field, kinetic type equation from the Lohe
matrix model in the large N limit?

(b) If so, under what conditions do solutions to the kinetic mean-field equation
exhibit some type of synchronization?

After reviewing the notation used below (most of which is fairly classical), we
shall conclude this introduction with a short presentation of our main results, and
with a detailed outline of the paper.
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Notation. Let M;(C) be the set of d x d square matrices with complex entries,
and let I be the identity matrix in My(C). As mentioned above, the (Lie) group
of unitary matrices in My(C) is denoted by U(d), i.e.

U(d) := {U € My(C) s.t. UU* = U*U = I,}.
The Lie algebra of U(d) is
su(d) :== {A € My(C) s.t. A+ A* =0}.
For each U € U(d), the tangent space U(d) at the point U is
TyU(d) := {AU : A € su(d)}.

Throughout the present paper, we designate by |- || the operator norm on My4(C)
and by || - ||2 the Frobenius norm on My(C), i.e.

| A||* := spectral radius of A*A, and |[|A|3 := trace(A*A)
for all A € M4(C). We shall use repeatedly the following obvious inequalities:
[All < [|All2, [[ABll2 < [|A[l | Bll2 and [[BAllz < [|Bll2 || Al (1.2)

for all A, B € M4(C). We also recall that the Frobenius norm is associated with the
Hermitian inner product (4, B) — trace(A*B) on My(C), and therefore satisfies
the Cauchy-Schwarz inequality

| trace(A*B)| < [ A]l2]| B2 (1.3)

for all A, B € M4(C).

Let X1, X5 be two sets, and M1, My be o-algebras of subsets of X, X5 respec-
tively. Let ® : (X7, M1) — (X2, M2) be a measurable map, and let 14 be a positive
(or signed, or complex)’ measure on the measurable space (X1, M;). The formula
vo(B) = v1(®71(B)) defines a positive (or signed, or complex) measure on the
measurable space (X2, M2), henceforth denoted as vy = ®#vq, and referred to as
the push-forward of v;.

If X is a metric space, we designate by P(X) the set of Borel probability measures
on X. For each p > 0, we denote by P,(X) the set of Borel probability measures v
on X such that

/ d(zo,x)Pr(dx) < oo
X

for some zp € X, where d is the metric on X. (By the triangle inequality, the set
Pp(X) is obviously independent of the choice of the point zp € X.)
Finally, we denote by &y the group of permutations of {1,..., N}.

Main results and outline of the paper. Our first main result in this paper is
the rigorous derivation of a mean-field kinetic equation which describes the behavior
of the “typical” Lohe oscillator in a (large) system of N > 1 oscillators governed
by the Lohe model (1.1). Denote by f = f(t,dUdA) the probability that, at time
t, the “typical” oscillator is in an infinitesimal box of size dU about U, with i times
“frequency” in an infinitesimal box of size dA about A. We prove that, in the

YWe recall that a complex (or a signed) measure must have finite total variation, and is therefore
a complex linear combination of four finite positive measures.
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large N limit, the time-dependent probability measure f is a weak solution to the
following Vlasov-type, mean-field kinetic equation:

Of +divy (F(A+ 5(V)U* —UVY)U) =0, (U, A)eU(d)xsu(d), t>0,

(V) = / Vf(t,dVdB).
U(d)xsu(d)

(1.4)
(See Definition 3.1, especially formula (3.1), for the definition of divy.)

To the authors’ knowledge, this result is the first rigorous derivation of a kinetic
model on the group manifold U(d) x su(d). We also estimate the fluctuations of the
dynamics of the “typical” oscillator in (1.1) about the mean-field dynamics (1.4),
and prove that they are of order O(1/v/N) in quadratic Monge-Kantorovich (or
Wasserstein) distance over any finite time interval. The rigorous derivation of the
kinetic equation (1.4) from the finite Lohe lattice (1.1) occupies all of Section 3,
and is summarized in Theorem 3.1.

Next we discuss the synchronization properties of the kinetic equation (1.4). If
k = 0, then solutions to (1.4)satisfy

f(t) = ®#f(0)  where ®(t) : (U, A) — (e"'U, A).

Unless f is concentrated on some Ay € su(d), this dynamics is dispersive, since,
for different choices of A, the same U is sent to different elements of U(d) at the
same time ¢ # 0 by the dynamics above. In other words, the term divy (fAU)
acts against synchronization. On the contrary, the coupling force in (1.4), i.e.
(VHYU* — U(V)* vanishes if the matrix S := (V)U* is self-adjoint. For instance, if
S is positive definite, U is the unitary matrix in the polar decomposition of .S, and
is therefore uniquely determined. This suggests that in the case k > 1, one should
see that the dynamics of (1.4) forces all the U in the first projection of supp(f(t))
in the cartesian product U(d) x su(d) to concentrate in some sense around a single
(possibly moving) element of U(d).

In Section 4, we state and prove a first result on synchronization for solutions to
the Lohe mean-field, kinetic equation (1.4) that are concentrated on U(d) x {Ap}
for some Ay € su(d), i.e. is of the form

p(t) ® 5140 :

Provided that the diameter of the support of p(0)) is smaller than some explicit
threshold, we prove that diam(supp(p(t))) — 0 as t — +o0, a property referred to
as complete synchronization: see Theorem 4.1. We also provide a convergence rate
for diam(supp(p(t))) — 0 as ¢ — +o0. In view of the heuristic argument above,
the condition that diam(supp(p))) is small enough implies that the average (V) is
invertible, which implies in turn that the polar decomposition of (V') is unique. For
instance, one seeks to avoid the case where p is the normalized Haar measure on
U(d), for which (V) = 0.

In Section 5, we state and prove a second result on synchronization for solutions
to the Lohe mean-field, kinetic equation (1.4), assuming that the diameter of the
second projection of supp(f(¢)) in the cartesian product U(d) x su(d) is smaller
than some threshold proportional to the coupling strength . (The case studied in
Section 4 corresponds to setting this diameter to 0.) In the case where this diameter
is positive but small enough, we establish a weaker variant of synchronization,
called “practical synchronization” (see Definition 5.1). Specifically, assuming that
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diam(supp(f?)) is small enough, we establish a bound of the form

/[ |U = VIBfu(t, dUdA) fo(t, dVAB) = O(1/r)
7Hee JJ (U(d)xsu(@))?

for the family f,. of solutions to (1.4) with initial data f°, a compactly supported
probability density on U(d) x su(d). This indicates that, in the large time limit,
the first projection of supp(f.(¢)) has a tendency to shrink in the long time limit as
the coupling strength k increases to +o0o. In other words, even in the presence of
the dispersing term divy (fAU), the interaction term in (1.4) drives the mean-field
dynamics towards some form of synchronization.

Before discussing the mean field limit in Section 3, we review some basic prop-
erties of the Lohe lattice in Section 2, and explain how it is related to other models
for synchronization, especially to the famous Kuramoto lattice [25, 26]. We have
moved to the Appendix (a) the proof of existence and uniqueness of the solution to
the Cauchy problem for the Lohe kinetic equation, and (b) one key estimate used
to establish synchronization in both sections 4 and 5.

2. THE LOHE MODEL AND ITS BASIC PROPERTIES

2.1. The Lohe matrix model. In [27, 28], Lohe introduced a continuous dy-
namical system for N “noncommutative” oscillators lying in U(d). Denote by
U; = Uj(t) € M4(C) the state of the j-th Lohe oscillator. The dynamics of U; is
governed by the following Cauchy problem:

ik

2N
k=1

U;(0) = U} € U(d),

iU,U; = Hj + (UUF —U;UF), £>0, j=1,-- N,

(2.1)

where H; = H} € My(C), while £ > 0 is the rescaled coupling strength (in units
of the mean free time). For U,V € U(d), we also define a synchronization coupling
between U and V' via the formula
KU, V):=UV*-VU".
It is easy to see that
KU, V)" =-K({U,V), ie. K(UYV)e€sud).

We rewrite the Lohe model (2.1) in the equivalent form:
. . K N
U; = —1Hj+ﬁ;K(Uk,Uj) UjZAj(Ul,...,UN)Uj (2.2)
where A; is given by following formula:

N
) K

Aj(Ul, o UN) = —iH; + N ;K(Uk, Uj).
Since Aj; is a quadratic function of its arguments for each j = 1,..., N, it is in
particular a C' map on My(C), so that the Cauchy problem (2.2) has a unique
local solution for each N-tuple of initial data UY,...,US € My(C).

Obviously
Aj(Ul, ceey UN) = —Aj(Ul, cey UN)* S 5u(d),
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so that the group U(d) is invariant under the Lohe flow defined by (2.2):
U)eU(d) = Uj(t) e U(d) forallteRand j=1,...,N.

Since U(d) is compact, this implies that the solution of the Cauchy problem for
(2.2) with initial data Uy, ..., U% € U(d) is defined for all t € R. We refer to [20]
for the existence of phase-locked states and orbital stability of (1.1).

We next study the solution operator splitting for (2.1) in the equal Hamiltonian
case Hj =H for j=1,...,N:

N
. . K % .
Uj = ~iHU; + 55 kgl(Uk —U;UU;), j=1,---,N. (2.3)

Let R(t) and L(t) be the two solution operators corresponding to the following
systems, respectively:

Vi = ~iHV,
N
. K . (2.4)
Wi=s5x5 > (Wi — WWEW;).
k=1
Denote
RV = (e VP ... 7 HIYD), LW = (Wi(t),--- ,Wn(t), t>0.

In that case, the solution operator to (2.3) is the composition of the solution oper-
ators S(t) and L(t).

Proposition 2.1. Let S(t) be the solution operator to (2.1). Then
S(t) =R(t)o L(t), forallteR.
Proof. Let (Uy,...,Un) be a solution to (2.1), and set
W;(t) == U (1).
Then
W;(t) =iHW;(t) + "7 U;(t)

N
—iHW,(t) + "™ | —iHU;(¢) + % S (U(t) — Uy (U (0)T; (1))
k=1
N
=iHW,(t) + |—iHW;(t) + % S (Walt) = Wy (O Uk(8)Uj(2)
k=1
N
=55 2 (We(t) = Wy (OWi(t) W, (1)),
k=1

since
Wi ()" W;(t) = Uy(t)* e e U (1) = Uy() U ().
In other words, (Wi, ..., Wy) satisfies (2.4),, i.e.
(W), .-, W (1) = RO=DT1 (1) .-, Un(t) = LOYUP, ..., UY),
for all ¢ € R, which is the sought identity. O
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2.2. Other synchronization models. In this subsection, we briefly discuss how
the Lohe model is related to other synchronization models known in literature.

We first consider the case of dimension d = 1. In this case, foreach j =1,..., N,
the unitary matrix U; is a complex number with modulus one, while H; is real
number. Thus, we set

U;(t) :==e O Hi:=wv;,  6(t), vj €R, (2.5)
and substitute the ansatz (2.5) into (1.1) to obtain

N
HJ_VJ_F%];SIH(QIC_HJ% jzla"'va

which is the well-known Kuramoto model [1, 25, 26]. In other words, the Lohe
matrix model (1.1) can be viewed as a nonabelian generalization of the Kuramoto
model.

As a next level of simplification, we consider the case d = 2 in (1.1). In this case,
we use the following parametrization of U; in terms of Pauli’s matrices {0} }3_;:

i0 3 k 4 i0 I4+1$1 $2 +1f133
szze_‘f(ig ;vjak—i-:bjlz):e—‘j( J J q _{),

— 2 L3 b gl
P xj—l—lxj Z 1x;

where I and o, with n = 1,2, 3 are the identity matrix and Pauli matrices, respec-
tively, defined by

Lo (10 (1 0 (0 —i (01
2=\ o 1) 7o 1) 27\i o) 71 o0)

In this model, the matrices U;(t) are not necessarily unitary We also expand H;:

3
Hj = E w?an + VjIQ,
n=1

where w; = (w},w? w?) € R3, and the natural frequency v; is associated with the

Ut Rt
U(1) component of Uj, i.e. e~%(®),
After some tedious algebraic manipulations, we obtain 5N equations for the

angles 0; and the four-vectors z;:

N
H K . .
||;pj||29j =v; + N};sm@k —0;){(xjlzk), 1<j<N, teR,

N (2.6)

. K
125 = @ + > cos(Ok — 0;) (Il Por — (@jlzn))),
k=1

where )5 is a real 4 x 4 skew-symmetric matrix:

0 —w) w? —w}
3 1 2
Q, = wy , O1 —w; —wz-3
N Y
—w;  w; 0 —w;
w} w? Wl 0

and where (-|-) is the standard inner product in R*, while ||z||* = (z|z).
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We take 6; = 0 and v; = 0 in (2.6) to obtain the swarming model [32]:

N
. K .
251135 = Qjz; + N > (laslPak — (xjlan)zy), G=1,---,N, (2.7)
k=1

The emergence of phase-locked states for systems (2.6) and (2.7) have already
been investigated by the second author and his collaborators, e.g., [5, 6].

For the generalizations of this type of model on some Riemannian manifolds and
for a gradient flow formulation of the Lohe matrix model, we refer to [17, 18].

3. THE MEAN-FIELD LIMIT FOR THE LOHE MATRIX MODEL

In this section, we present a derivation of a kinetic Lohe equation on the single-
oscillator phase space U(d) X su(d) from the Lohe matrix model. Specifically, the
Lohe kinetic equation governs the mean-field limit of the Lohe matrix model in the
large N (number of oscillators) limit. We also provide a convergence rate estimate
for this mean-field limit.

3.1. Preliminaries. For later use, we first recall some basic elements of analysis
on the Lie group U(d).

Definition 3.1. A continuous vector field X on U(d) is a continuous section of
the tangent bundle TU(d), or, equivalently, a map X : U(d) — M4(C) of the form

Xuv=AU)U, where A:U(d)>U — A(U) € su(d) is continuous.

For each f € P(U(d)) and each continuous vector field X on U(d), one defines
div(fX) as the linear functional on C*(U(d)) such that

(div(fX), 6) = /U o X)) (3.1)

for each test function ¢ € C1(U(d)). In this formula, {-,-) designates the duality
between distribution densities and test functions on U(d), while (-,-) designates the
duality between the space Tj;U(d) of tangent covectors and the space TyU(d) of
tangent vectors to U(d) at the point U.

We shall often encounter the special case where the test function is of the form
#(U) := ||[U — V||3, where V € U(d) is given. Then

(div(£X), 6) = / trace(V* A(UYU — U* AUV £(dU). (3.2)
U(d)
Indeed, applying (3.1) shows that
(div(£X), 6) = —/ trace(X3 (U — V) + (U — V)* X)) f(dU) .
U(d)
Since A(U)* = —A(U), one has
trace(X;(U - V) + (U -V)"Xv)
= trace(UA(U)*(U - V) + (U - V)*A(U)U)
= trace(UTA(U)V = V*A(U)U),
which implies (3.2).
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3.2. The Lohe kinetic equation. In this section, we give a “formal” derivation
of the kinetic Lohe equation from the Lohe matrix model (1.1) by a closure ansatz
on the first equation in the BBGKY hierarchy.

We first introduce the Liouville equation associated to the Lohe matrix model.
Let

FN = FN(t, dUldAl e dUNdAN)
be a time-dependent Borel probability measure on U(d)Y x su(d)" (where ¢ is the

time variable). The Liouville equation is

N

N N
. R .
8tFN + ZleU]. (FNAjUj) + ﬁ Z leU]. <FN Z K(Uk, UJ)UJ> = 0, (33)
j=1 j=1 k=1
where A; := —iH; = —Aj for j =1,..., N. The Liouville equation (3.3) is related
to the Lohe matrix model by the following prescription. Call S[A1, ..., Ay](t) the
solution operator of (2.1) with A; = —iH; for j =1,..., N, and set

St): (U2, Ay,...,US, An) — (UL(t), A1, ..., Un(t), Ax)
where
(UL(t),...,Un(t) == S[A1,..., AN]@)(UY, ..., U%).

Then t — F(t,dUrdAy,...,dUndAN) is a (weak) solution to the Liouville equa-
tion if and only if
Fn(t) = S(t)#Fn(0).
(Apply Lemmas 8.1.4, 8.1.6 and Proposition 8.1.7 in [2], after observing that the
map
N
Uj > AUj + 5% > K(Ux, U))U;
k=1
is Lipschitz continuous on U(d) for each A; € M4(C).)
For each o € &y, let 7, be the transformation defined on (U(d) x su(d))™ by
the formula:

To(Ut,, A1, ..., UN, AN) = (Us-101), Ao-1(1)5 - - Us—1(n), Ao—1(N))-
Lemma 3.1. For each o0 € & and each t > 0, we have
To#Fn(0) = Fn(0) = To#Fn(t) = Fn(t)  for allt > 0.
Proof. If (Uy(t),...,Un(t)) is a solution to (2.2), then

N

. K *

Us=1j) =Ao=1(Us=1(5) + 537 2 Uk = Uomr (Ui Us1()
k=1
N

R *
=As-1()Us1) + 537 2 Uo=100 = U1 U109 Ua=13):
k=1

since

N N N N
ZUofl(k) :ZUk and ZU;71(]€) :ZU;
k=1 k=1 k=1

k=1
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Therefore

S[Av. . ANOUY, ... UY) = (U (8), ... Ux (D))
— S[Aa-—l(l),...,Ao-—l(N)]( )(UO (1),... U£71(N))

_( o~ 1(1)() . a' 1(N)( ))
In other words,
ST (UL, A, ..., UR AN)) =(Up-101) (), A1, ..., Up-1(3)(t), An)
:7;(8( )(UlvAla' "7UN5AN))5
so that

To#EN(t) = To#(S(t)#Fn(0)) = S(t)#(To#Fn(0)) = S(t)#Fn (0) = Fn(t)
for all ¢t € R. O

Next, we consider the sequence of marginals of Fi(t), defined as follows.

Definition 3.2. Let Py € P((U(d) x su(d))Y) satisfy T,#Px = Py for each
o€ Sy. For eachm =1,...,N — 1, the m-th marginal of Py, denoted by Pn.m,
is the element of P(U(d)™ x su(d)™) defined by the formula

/ (U, A1, ..., Upy A Py (AU dA; . .. dUd Ary)

(U(d) xsu(d) (3.4)

:/ O(U, Ar,...,Up, APy (dULdA; . .. dUyndAy).
(U(d) x su(d)N

Next, we derive an equation for Fy.; (the first equation in the BBGKY hi-
erarchy). Multiplying each side of the Liouville equation (3.3) by ¢(Ui, A1) and
integrating both sides of the resulting identity in U; and A;, we arrive at

d
dt U(d)xsu(d)

:/ (du, ¢, A1Ur)Fna(t, dU1dAY)
U(d) xsu(d)

&(Ur, A1) Fn.a(t,dUdAY)

N

K
+—/ du, ¢, K (U, U)Uy | Fy(t,dUy ... dAy).
2N Ju(ayN xsu(@~ P

Assuming that T,#Fn(0) = Fy(0) for each o € S, and applying Lemma 3.1, we
see that

/ (du, &, K (Up, U)Uy) Fy (¢, dUvdA, ... dUyndAy)
(U(d)xsu(d))N
:/ (du, &, K (Us, UD)Uy) Fi(t,dULdA, . .. dUndAy)
U(d)N xsu(d)N

= / (du, ¢, K (Uy, Uy)Uy) Fuuo(t, dUyd A1 dU»d Ay).
(U(d) xsu(d))
(3.5)
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Hence, it follows from (3.4) and (3.5) that

d

T U(d)xsu(d)®(Ur, A1) Fn.i (t, dUrdAy)

:/ (dUl(b?AlUl)FN:l(tgdUldAl)
U(d)xsu(d)

k(N —1)

5N / . (duy, ¢, K(Usz,Uy)Ur) Fnoa(t, dUrdA1dU>d As).
(U(d) xsu(d))

Equivalently, we have?

k(N —-1) .

(T) leU1 (FN;QK(U2, Ul)Ul);l =0

This is the first equation in the BBGKY hierarchy. Observe that this is not a closed

equation for Fiy.; since it involves Fiy.o.
We now assume that

FN;l(t, dUld/Al)Af(t, dUldAl),
Fno(t, dU1dUsd A1dAg)—f (¢, dUdAy) f (t, dU2d As)
as N — oo in L= (R; P(U(d) x su(d))) and L (R; P((U(d) x su(d))?)) weak-* topol-

ogy respectively. Then, the single-particle distribution function f = f(t,dUdA)
satisfies

O Fna + divy, (FnaAUr) +

Of + divy (FAU) + = divy (f
2 U(d)

K(V, U)Upfu,dm) —0,  (36)
in D'(R x U(d) x su(d)), where ps(t) is the Borel probability measure on U(d)
defined by

/ o0)ps(t.a0) = | [t O U8 (3.7)

for all p € C(U In other words, p¢(t) is the push-forward of f(t) by the map
U(d) x su(d) (U A) — U € U(d).

The existence and uniqueness theory of a solution to the Cauchy problem for
the Lohe kinetic equation (3.6) is summarized in the following proposition.

Proposition 3.1. For all f° € P1(U(d)xsu(d)), the Cauchy problem for the kinetic
Lohe equation (3.6) has a unique weak solution f € C(]0,+0o0), (P1(E),distmxk,1))
with initial data f°.

Moreover, if f° € Pp(U(d) x su(d)) for somep > 1, then f(t) € P,(U(d) x su(d))
for allt > 0.

The proof of this proposition will be given in Appendix A.

An important special case of the setting considered above is the case where

/ £(0,dUdA) =0
Q

230 far, we have used the notation Ps.1 to designate the first marginal of a symmetric Borel
probability measure on (U(d) x su(d))2. The term Fy.oK(Uz2,U1)U; is a matrix whose entries
are complex measures on (U(d) x su(d))?, and we designate by (Fn.oK (Uz,U1)Ui):1 the matrix
whose entries are the push-foward of the entries of Fn.oK(U2,U1)U1 by the projection map
(U,A1,Uz, A2) — (U1, Ar).
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for each negligible set © in U(d) x su(d) (viewed as a finite dimensional smooth
manifold). In that case, set u to be the normalized Haar measure®, and let
be an arbitrary Borel probability measure on the linear space su(d) with positive
density with respect to the Lebesgue measure. For instance, one can assume that
~ is the Gaussian measure on su(d) such that the real and imaginary parts of each
subdiagonal entry and the imaginary part of each diagonal entry of an element
of su(d) distributed under v are independent and distributed under the centered,
reduced Gaussian probability measure on the real line.

Then f(0) is absolutely continuous with respect to u ® -y, and therefore is of the
form fO(U, A)u(dU)v(dA), where f° is a probability density on U(d) x su(d), by
the Radon-Nikodym theorem. In that case, for all ¢ > 0, one has

f(t.dUdA) = f(t,U, A)u(dU)y(dA), t=>0,

where the function f satisfies the equation

Ouf + divy (FAU) + gdivU <f K(V,U)Ups(t, V)u(dV)> =0, (3.8

U(d)
with
w@U%—/}@ﬂtMAWMM-

3.3. Convergence rate. In this subsection, we study the convergence from Fly.;
to f in the Monge-Kantorovich (or Wasserstein) distance of exponent 2. For the
reader’s convenience, we briefly recall the basic notions pertaining to this distance.

Definition 3.3. Let E be a (finite dimensional) unitary space, with norm denoted
II-II, and let m1,ma € Pa(E). Denote by II(mq,ma) the set of couplings of m1 and
ma, i.e. the set of Borel probability measures m on E X E such that

[ 6@+ viwymiarin = [ omian) + [ vwmai)

for all ¢,7p € Cy(E). Then, the expression’

1/2
distymi 2(mi, ma) = ( inf // llx — y||2m(dxdy)> € [0, 4+00)
ExE

mell(my,mz)
defines a distance on the set of Borel probability measures on E with finite second
order moment.

For more information on the distance distyxk 2, see Chapter 7 of the book [38],
and Chapters 5 and 7 in [2].

Notice first that f(t)®V satisfies

N N
8tf®N+Z divU].(f@NAjUj)Jrf ZdivUj <f®N/ K(U, Uj)Ujf)f(lf,dU)) =0,

j=1 253 U(d)
where py is the average of f in the variable A defined in (3.7). In fact, the following
stronger property holds true.

3Excopt in Section 4, one could equivalently replace p with any Borel probability measure on
U(d) such that u(O) > 0 for each open set O C U(d) such that O # @.
4Notice that m1 ® ma € II(m1,m2), so that II(m1,m2) # .
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Lemma 3.2. Let t — f(t) be a continuous map with values in the set of Borel
probability measures on U(d) x su(d) equipped with the weak topology of probability
measures. The Cauchy problem

U(d)

8th+Zd1VU gNA U ZleU <gN K(U,Uj)Ujﬂf(f,dU)) =0,
Jj=1
gN = g,(l)\/'a

has a unique weak solution t — gn(t) that is continuous with values in the set of
Borel probability measures on (U(d) x su(d))Y equipped with the weak topology of
probability measures.

Proof. For each (Ay,...,An), the map

(t,Uj) = <Aj + %/U(@K(U’ Uj)Pf(tadU)> Uj

is continuous on [0, +00) x U(d), and Lipschitz continuous in U; uniformly in ¢ > 0.
The existence and uniqueness of gy follows from Lemmas 8.1.4, 8.1.6 and Proposi-
tion 8.1.7 in [2]. O

Let

QN € T((f)=N, (f)%M),
)N

and let t — Qn(t) € P((U(d) x su(d))N x (U(d) x su(d))") be the weak solution
of the Cauchy problem:

N
QN +ZleU QNA;U;) + Y divy, (QnB;V;)

j=1 j=1

vy, (QN /U(d)K(ﬁ, Uj)Uij(t,dU)>

| X

+
(3.9)
+

o=

N
> d
j=1
N 1 N

;divvj (QNNZK(Vk,x/j)x/j> =0, t>0,

k=1

QN’t:O = Q?V
Lemma 3.3. For each t > 0,
Qn(t) € TI(F(1)*Y, Fx (1)).
Moreover, for each o € Gy, set
R, (Ui, Ay,...,Un, AN, V1, B1,...,VN,BN) =
(Uo-1(1), Ag=1(1)s -+ Us=1(), Ag=1(N), Vo-1(1), Bo-1(1), -+, Vo1 (), Bo-1())-
Then
Ro#Q% = Q% = R,#Qn(t) =Qn(t) forallt >0 and all 0 € Gy.

Proof. Call P, and P» the projections

P (U, Ay, Un, AN, V1, By, ..., Vi, Bn) = (U1, Ay, ..., Un, AN),

Py: (U, Ay,...,Un, AN, VA, By, ..., VN, BNn) = Vi, B1, ..., VN, BN).



14 F. GOLSE AND S.-Y. HA

Let ¢ € CL((U(d) x su(d))"). Then

/¢ Ui,...,AN)Qn(t,dU; ...dBy)

N
/Z (dv,¢(Ui, ..., An), A;U;)QnN(t,dU; ... dBy)

N
+g/; (decﬁ(Ul,...,AN),/U(d)K(U,Uj)pf(t,dU)Uj) Qn(t,dU, ...dBy),

which is the weak formulation of

N
OP1#QN + ZdiVUj <P1#QN <Aj + g “ K(U,U;)pyt, dU)) Uj) =0.
U

Jj=1

Since Pi#Qn(0) = f(0)®V, we conclude from the uniqueness part in Lemma 3.2
that

Pi#QN(t) = f()®N  forall t > 0.

Likewise
/¢ Vi,...,BN)Qn(t,dU; ...dBy)
N
=/Z(dvjcb(Ul,...,AN),ij;)QN(t,dUl...dBN)
j=1
ko[ 1 X
+§/]Zl (d‘/j¢(Ul7'.-7 9 ;K V]g, ] )QN(t dUl 'dBN)7

which is the weak formulation of
N LN
O P#QN + Zdivvj <P2#QN <Bj +5x Z K (Vi, Vj)> VJ> —0.

j=1 k=1

Since Po#Qn(0) = £(0)®", we conclude from the uniqueness of the solution to the

Cauchy problem for the Liouville equation (3.3) (which follows from Proposition
8.1.7 in [2]) that

PQ#QN(t) = FN(t) for all t 2 0.

Thus Qn(t) € TI(f(t)®N, Fy(t)) for each t > 0.
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Next, observe that, for each v € C}((U(d) x su(d))™ x (U(d) x su(d))") and
each o0 € G, one has

d
E/zpoR,,(Ul,...,BN)QN(t,dUl...dBN)

N

= [ S0 RalU By), AU Q0,0 )
j=1
N

+ [ Y0 RO, B). By V)@ (e, . dBy)
7j=1

N
+§/Z(dU Yo R,(Uy,...,By), K(U, Uj)Uj)pf(t,dU)QN(t,dUl...dBN)

Jj=1
ko[ N
+§/;<dvj¢oRg(U1,..., Z Vi,V )QN(t dU; ...dBy),
so that
N
O (Re#QN) + Y dive, ) (Ro#QN) Aoy U ()
j71

+ ZleVv(a) ((Ro#QnN)B o(j) Vo (]))

Jj=1

N
KR . ~ N
+§ E leUa(j) ((RU#QN)/(d) K(U,Ug(j))Ug(j)pf(t,dU)>
j=1 u

N N
K . 1
+ § Z leVa(j) <(RU#QN)N Z K(Vk, Va(j))va(j)> = 0.
j=1 k=1

With the substitution I = o(j) in the four summations above, one concludes that
R,#Q N and @ are both solutions of the same Cauchy problem (3.9) provided that
Ro#Q% = Q%. Since the map K : U(d) x U(d) — My4(C) is Lipschitz continuous,
the Cauchy problem (3.9) has a unique solution (according to Proposition 8.1.7 in
[2]), and therefore R,#Qn(t) = Qn(t) for all t > 0. O

Henceforth, we assume that
Ry#Q% = Q% forall o € Gy.

Following the strategy outlined in Section 3 of [15] and in Section 5 of [14], we seek
to control the quantity

Z/U oy (10 ViIBH145= B 1B) Qa0 . aBy)

Lemma 3.4. For each t > 0, one has

i) = [ (105~ V3 B+ 14, B ) Qu(t. U ... dBy)
(U(d) xsu(d))?N
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forall j=1,...,N. In particular

In(t) = (1U:=VAll3+ | A1 = B1]3) @n(t,dU; . .. ,dBy)

/(U(d)xgu(d))zN
> distyk,2(f(t), Faa (t))2.

Proof. Let 7 € &y be the transposition exchanging j and k; by Lemma 3.3

/ (10— Vi I3+ 4w BelB) Que(t. 01 .. aB)

(U(d) xsu(d))?N

= / (105 =Vill2+114;5-B;112) B- #Qn (¢, UL ... dBw)
(U(d) xsu(d))2N

Lo U VB+ 1A= BE) @ (U dBy).
Xsu

This proves the first identity in the lemma.
As for the second identity, set

p1: (U1, A1,...,Un, AN, V1, B, ..., VN, Bn) — (U1, A1, V1, By),
and observe that
P1#QN(t) € (p1#f ()N, pr#Fu () = TI(f (1), Fnaa(t)).
Since

JIn(t)

/(U(d) o 10TV A= B1IB) @ (1 U )
Xsu

L ey (U= Vil 141 BLIE) pi @t Ui AsaVi B),
Xsu

the inequality Jy(t) > distyx 2(f(t), Fn.1(t))? follows from the very definition of
the distance distyk 2. [l
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Straightforward computations® show that

dJn

N — [ (G0 = VA AU + (o |0 = VA B BaYA) Qv

K ~ N
+/ (dUanl _‘/1”%55/ K(Ua Ul)Ulpf(tvdU)> QN
U(D)

N
K
+/<mmm—mﬁﬁﬁ§n«wmwQQN
k=1

= / ((du, UL = Vi[5, A1U7) + (dv, Uy — VA3, BiVh)) Qn

K
+5 / (dU1|U1 V1||2,/K (U, U0)Urps(t,dU) — —ZK U, Up) Uy ) Qn

k=1

N
+ﬁ <dU1|U1 —Vﬂ%,ZK(U}’mUl)Ul) QN

k=1

M/QM%W%ZKWMW>%

k=1
=:T11 + 112 + 113 + T14.
(3.10)
In next lemma, we estimate the terms Zy;.

Lemma 3.5. Let f be a classical solution to (3.6). Then the terms Iy, satisfy

16d
I < Jn, I3+ T4 < 8Jn, Zio < Jn + N

Proof. First, we recall Remark 3.2 (2), to prove that, if X,Y € su(d), one has
(du||U = VI3, XU)u + (dv ||U = V|3, YV)v
= trace(U* XV — V*XU) + trace(V*YU — U*YV)
= trace(U"(X —=Y)V - V*(X - Y)U)
=trace(U"(X =Y)(V-U)+ (U -V)"(X =Y)U).
With this identity, we shall estimate separately Z11 and Z13 + Z14.
e Case A (Z11). Applying (3.11) with X = A; and Y = B shows that
(dur Uy = Vi[53, A1UL) + (dv, |[Us = Va3, BiVA)
= trace(U; (A1 — B1)(Vi = Uy) + (U; — V1)* (A1 — B1)Uy),
so that, by the Cauchy-Schwarz inequality (1.3) and the second inequality in (1.2)
[(du, |02 = Va3, AsUh)u| + [(dv, 107 = Va3, BaVa) v |
< (107 (A1 = By)ll2 + [I(A1r = B1)Usll2)[[V2 — Uil]2
< 2[|A1 = Bilfa|[Vi = Unl2 < [[ A1 = By )3 + [[Vi = Uhf5.

(3.11)

5Tn these computations, and in similar computations appearing later in this paper, we system-
atically omit the domain of integration and the variables in @ when there is no risk of ambiguity
in order to avoid cluttered mathematical expressions.
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Hence, by Lemma 3.4
Z11 < JIn.
e Case B (Z13 + Z14). Since Ro#Qn(t) = Qn(t) by Lemma 3.3

N -1
Ty =21 /(dUl||U1 “ VA%, K (Us, Un)UY) Qu,

N -1
Tiy = N / (dv, ||lUL = V1|2, K (Va, Vi)V1) Qn .

Applying (3.11) with X = K(U,U;) and Y = K (V5, V}) shows that
(duv, |UL = VA3, K (Us, U)UL) + (dv, [|UL = Vi ||3, K (Va, V1)W1)
= trace(Ul*(K(Ug,Ul) — K(Vg,Vl))(Vl — Ul))
+trace((U; — V1) (K (Us, Uy) — K (Va, V1))U1),

so that

| (du, Uy = Vall5, K (U, Un)UL) , | + | (dvy UL = Vall3, K(V2, VI)VA) | (3.12)
< 2(Vi = Unll2|| (K (V2, Vi) = K(Uy, U2))2, '

again by the Cauchy-Schwarz inequality (1.3) and the second inequality in (1.2).
On the other hand

K(Va, Vi) = K(Uy,Uz) =(VoVi" = Vi V5') — (U1 U3 — UsUY)
=(Va = U2)V)" + Ua(V1 — Up)”
— (Vi =U)Vs = Ui (Vo — Us)*

so that
(K (Va, Vi) — K(Ur,Us))ll2 < 2||Va — Usll2 + 2||Vi — Un]|2. (3.13)

Combining (3.12) with (3.13) and using the elementary inequality 2ab < a? + b?
shows that

Tis+ T s2/||v1 — U122V — Uslls + 2] Vi — Uy l2)Qn
s4/ Vi~ 02w + 4/ IVa = Ualla|Vi — Us 2@

S6/||v1 UL J2Qn + 2/ IVa = Usl2Qn < 8.

It remains to treat the term Zj,, which is handled similarly, with some minor
differences.

e Case C (Z;2). The integrand in Z;5 is put in the form

N
1
(dUanl V1||2a </ K U Ul)/)f t dU N ];K U, Uy ) )
N
i 1
= trace ((U1 — V) < K(U,Uy)pys(t,dU) ZK Uy, Uy ) )
U(d) Ni=

N *
N - 1
+ trace (Uf < oy KO Ups(6:d0) = 55 > K (U, U1>> (U1~ v1>>
Uld k=1
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by (3.11) with Y = 0 and

N
. o1
X = K (U, Un)ps(t,d0) = > K (U, Uh).
U(d) k=1
Hence
N
9 A A 1
‘(dUJUl - Villz, < o KU, U)ps(t,dU) - ZK(Uk,Uﬁ) U1>
k=1

2
< U1 - Vil3 +

N
A A 1
K (U, U)ps(t,dU) = 5 > K(Ur, U1)
k=1

U(d) )

by the Cauchy-Schwarz inequality (1.3) and the basic inequality 2ab < a? + b2

Hence
2

Qn

2

I12§JN+/

N
/ )K(U, Uy (¢, d0) — % S K (U, )
k=1

=: Jn + J12.

We conclude with the following observation, whose proof is deferred until the
end of the present section.

Lemma 3.6. One has

Ji2 = Z (K(U,Uy) — KUy, Uy))py(t,dU)

16d
pr t,dU;) < —.
2J=1 N

O

Our main result in this section is

Theorem 3.1. Let f € P2(U(d) x su(d)) and let f be the solution to (3.6) with
initial data f°. Let Fy be the solution of the Liouville equation (3.3) with initial
data F$ = (f0)®N.

Then, the first marginal of Fn.1 of Fn satisfies the inequality

distarr o (f(t), Fna(t)? < %(elm —-1), for all t > 0.

Proof. Tt follows from (3.10) and Lemma 3.5 that Jy satisfies

dJN 16d
YN 100
dt Nt

for all ¢ > 0. By Gronwall’s lemma
8d 10t

In(t) < e Jn(0) + 5N(

_ 1)7
for all ¢ > 0. Choosing Q% of the form

N
?V = H fo (dedAj)5Uj (‘/j)aAj (Bj)
j=1
implies that Jy(0) = 0. With this special choice of the initial coupling, the conclu-
sion follows from Lemma 3.4. O
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Proof of Lemma 3.6. Observe that

N N

N A 1
K (t,dU) — — E (U, Uy) = E
/U(d) (Ua Ul)pf( ) U) N ks 1 -

with

Then

N
Ji2 —/ @ ZV Uk) H pr(t,dUn),
o m=1

since the integrand in S depends only on the variables Uy, ..., Uy, while Qn(t) is
belongs to II(f(t)®, Fy(t)). Expanding the square in the integrand of S

N 2

%ZVU

k=1

1 N
3 2 VWO
k=1

F ST trace(V(U)VU) + VU V,)).

1<j<k<N

2

Now, if U,V € U(d), one has
UV = trace(VU"UV*)l/2 _ \/g,

so that

VU2 < / VK (U, 04) — KUy, U) lapy (1, d0)
U(d)
- / IO = U Vs — UHO — U lapy (1, d0) < 4V/d.
U(d)
This yields
1 N
52 V(U
k=1

On the other hand, if 1 < j < k < N, we have

2
16d 1 * *
<t Z trace(V(U;)*V(Ux) + V(Ur)*V(Uj)).
1<j<k<N

N
/ trace(V(U;)*V(Ux)) ] ps(t. dUm)
U(d)N m=1

N

= trace / V) I st dUm) V(Up)ps(t,dUy) | =0,
U(d) i U(d)

since, for each k =2,..., N,

V(Ux)py(t, dUy) = / / (K(U,01) — K(Us, U2))py (1, d0) py (£, dU) = 0.
U(d) U(d)?
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Likewise, for 1 < j <k < N

N
/U(d)N trace(V(Ux)*V(U;)) H ps(t,dU,,)

m=1

N
_ /U(d)N traceV (U, V(U) [ st dUm) =0,

m=1

and this concludes the proof. 0

4. EMERGENT DYNAMICS: IDENTICAL HAMILTONIANS

In this section, we establish the emergent dynamics of the kinetic Lohe equation
(3.8) in the case of equal Hamiltonians:

Hy=---=Hy=:H=H"€ MyC).

Without loss of generality, as shown by the lemma below, we may assume that
H =0 and that f is of the form

f(t, dUdA) = p(t,U)u(dU)do(dA), p(t,U) = pr(t, U),

where p is a time-dependent probability density on U(d).
If f(t) is of this form and satisfies (3.6), the local mass density p satisfies

Bip + g divy <p K(V,U)Up(t, V);L(dV)) =0, UeU@), t>0, (4.1)
U(d)

where we recall that K(V,U) = VU* — UV*. This is a scalar conservation law
(with nonlocal flux function).

If H=1Ap # 0, seek f of the form
f(t,dUdA) = X(t, e U u(dU)da, (dA),  pr(t,U) := A\t e 0U).  (4.2)
Lemma 4.1. If f(t) is a time-dependent probability measure of the form (4.2)

which is a solution to (3.6), then the time dependent probability density \(t,-) is a
solution to (4.1).

This is the only place in the present paper where we use the fact that the measure
w is translation invariant on U(d). Henceforth, we use the following notation: for
each m € P(U(d)) and each ¢ € C(U(d)), we set

(pm) = P(V)m(dV).

U(d)

Proof. The time-dependent probability measure f satisfies (3.8) if and only if
d

E U(d)xsu(d)
- | (Ao d(U, A), (A + (K (, U)plt, J)U)f (1, dUAA).
U(d)xsu(d)

Thus

o(U, A) f(t,dUdA)
(4.3)

mmvmwmwitwKwﬂmmmmwv

_ / K0, Ut e~ 0)u(dD)).
U(d)
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In this integral, substitute V = e~ *4{J; since y is translation invariant on U(d)

K(U,U)\(t, e "0 u(dU) = / K (et oV U V)u(dV).
U(d) U(d)

On the other hand, K(U,U) = UU* — UU* satisfies the identity
K (e oV, ety = etAo [ (V, V*)e 0,

so that
(K (e V)p(t, ) = e (K (-, V)A(t, - Jphe ™.
Observe that

/ (U, A)f (¢, dUdA) = / (U, Ap)A(t, e~ 40T u(dU)
U(d) xsu(d) U(d)

- / B4V, A)A(t, V)u(dV),
U(d)
and that

/ (duo(U, A), (A+ (K (-, U)p(t, )p))U) f (¢, dUdA)
U(d)xsu(d)
:/U<d) (dud(U, Ag), (Ao + e (K (-, e U, e M) U)A(E, e 40U ) u(dU)

- /U<d>(d’f¢(em“V, Ao), (Age 1 e (K (-, VIA(E, Y VIA(E V)u(dV)

by substituting V = e *4°U and using the translation invariance of p. Thus f
satisfies (4.3) if and only if

4 P(e" OV, Ag)A(t, V)u(dV) = P(e" 0V, Ag) DA (L, V) pu(dV)
dt Ju(a) U(a)

oV, A0), AV NV ()
U(d)
:/Uu)(dW(etA”Vv Ap), (Apet M0 + 0 (K (-, V)AL, Yu) V)AL V) u(dV).

This equality is recast as

B(e" 0V, Ag)OA(t, V) pu(dV')
U(d)

= /U(d)(ClU(J5(etA0V7 Ap), (K (VN ) VIAE, V) p(dV)

- /U<d>(dv¢(em°v’ Ap), (K (VAL ) VA V)u(dV),

since dy(e!oV, Ag) = etAody p(etA0V, Ay) and et¢ is unitary. This last identity
is equivalent to the fact that A(¢, V') is a solution to (4.1). O

Henceforth, we focus our attention to the equation (4.1), which drives the mean-
field Lohe dynamics in the equal Hamiltonian case. We begin with an elementary
conservation property satisfied by weak solutions to (4.1).
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Lemma 4.2. Let p = p(t,U) be a weak solution to (4.1) such that t — p(t,U)u(dU)
is continuous on [0, 4+00) with values in P(U(d)) equipped with the weak topology.
Then

d
| s =o.
U(d)
Proof. The weak formulation of (4.1) is
d
9] o 0yenan)
U(d)

= 3 //;j(d)? (d¢(U), K(V, U)U)p(t, V)p(t, U),U(dV),u(dU)

which holds in the sense of distributions on (0, +00) for all ¢ € C1(U(d)). Special-
izing this identity to the test function ¢(U) = 1 gives the announced result. 0

4.1. Particle path. Let ¢ — p(t) be continuous on [0, +00) with values in the set
of Borel probability measures on U(d) equipped with the weak topology. Consider
the differential equation

du(t

WO 5 [ kw,u@ume Vi@, t>o,

U(s) = U, € U(d).
Since the map

LU = [ KV VIuav)
U(d)
is continuous on [0, +00) x U(d) and Lipschitz continuous in U uniformly in ¢ > 0,
this differential equation generates a global flow denoted by U(t,s) on U(d). In
other words,
t— UL, s)Us

is the solution of the Cauchy problem above. By formula (8.1.20) in [2], the solution
of (4.1) satisfies

p(t) = U(t, 0)#p(0) = (p(0,-) o U(t, 0) " UL, 0)F#pu.
In particular
supp(p(t)) = supp(p(0,-) oU(t,0)")
since U(t, s) is an homeomorphism for each ¢, s > 0 and u(92) > 0 for each nonempty

open set of U(d) (we recall that p is the normalized Haar measure on U(d)).

4.2. Complete synchronization. Synchronization occurs in a solution of the
Lohe matrix model ¢t — (Ui(t),...,Un(t)) when |U;(t) — Ug(t)|l2 — 0 as t — oo
for all j,k=1,..., N. This suggests the following definition.

Definition 4.1. Complete synchronization occurs in a solution p of (4.1) if
diam(supp(p(t,-))) = 0  ast — +oc.

Theorem 4.1. Let p = p(t,U) be a weak solution of (4.1) that is continuous in
time with values in the set of probability densities equipped with the weak topology.
Define

D(t) := sup{||V — W|z s.t. p(0,U(t,0)"V)p(0,U(t,0)" W) > 0}.
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Assume that
k>0 and 0<D(0)<V2
Then complete synchronization occurs in the solution p, and one has
2D(0)?
2 — D(0))e + D(0)?

D(0)e™*(1 — 3D(0)*(1 — ™)) < D(t)* <
for allt > 0.

We begin with the following auxiliary computation, which will be systematically
used later, including in the proof of Theorem 4.1.

Lemma 4.3. Let Uy,Us € U(d) and let m € P(U(d)). Then one has

trace((Uy — U2)" (U2(V *m)Us — U (V*m)Uy))
+ trace((Us (Vm)U; — Ur (Vm)Uy)(Ur — Us))
= =2||Uy = Us|3 + § trace(((V = Ua)(V = Uz)*m)(Ur — U2)(Ur — Uz)*)
+1 trace(((V — Up)(V = Ur)*m)(Uy — U2)(Uy — U)").
Proof. Call

S :=trace((U; — Us)* (U2(V*m)Us — U {(V*m)Uy)
+ (U (Vm)Us = U {(Vm)Uy)(Ur — Uz)).
Observe that
(V =U)(V =U1)"m)(Ur = U2)(Uy — U2)"
= (2 — U (V*m) — (Vm)UD)(2I — U} — T30,

and
(V =Ua)(V = U2)'m)(Ur — U2)(Ur — Uz)*
— (21 = Us(V*m) — (ViU (21 — UsUs — ULUS).
Therefore
(V =U)(V = U2)'m)(Ur — U2)(Ur — Up)*
+H(V =U)(V =U)"m)(Uy — Us)(Uy — Us)*
— AU, — Us)(Us — Us)* — R,
where

R:= ((Ur + U2)(V*m) + (Vm)(Uy + Ua)*)(2I — U2U} — ULU3).
Then
trace(R) =2 trace((V*m)(Uy + Usz) + (U7 + U3 )(Vm))
— trace((U7 + U2)(V*m)(UU] + U U3))
— trace((U2U] + U U5 (V) (Uy + Us2)™).
Observe that

2trace((V*m)U;) — trace(Uz(V*m)U,Uy) = trace((V*m)Uy)
2trace((V*m)Us) — trace(Uy (V*m)UsU7) = trace({(V*m)Us)
2trace(U; (Vm)) — trace(UxU; (Vm)U;) = trace(U; (Vm))
2trace(Us (Vm)) — trace(U U5 (Vm)UT) = trace(Us (Vm)),
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so that
trace(R) = trace((V*m)(Uy + Usz) + (U7 + U3 )(Vm))
— trace(Uz(V*m)UUy + U (V*m)U,U3)
— trace(U2UT (Vm)Uy + U Uy (Vm)Uy ) = —S.

After this preliminaries, we give the proof of the main result in this section.

Proof of Theorem 4.1. The proof of this result is rather long, and split in several
steps.
Step 1. Let U, U € U(d), and set

Uy (t) == U(t,0)U7 Us(t) := U(t,0)US.

Then
Ui(t) = £((Vp(t, )u) — UL()(V*p(t, )u)U1 (1)),
Us(t) = £((Vp(t, ) — U2(£)(V*p(t, )u)Ua(t)),
so that
%(Ul = Ua)(t) = =5 (Ur(t)(V*p(t, ) ) Ur (t) — Ua(t)(V*p(t, ) ) Uz (t)).
Hence

%HU1 = Ual3 = = § trace((Uy = U3)(Ur(V* pp)Us = Ua(V* pp)U2))
— 5 trace((UF (V) Ui — U3 (Vo) U3 (U — U)).
At this point, we apply Lemma 4.3 to the time dependent probability measure
m(t) := p(t,-)p: one finds that
%HUl — U2]3 = = 2||U1 - Ua|l3
+ 5 trace(((V — U2)(V — U2)"pp)(Ur — U2)(Ur — U2)")
+ 5 trace(((V — Un)(V — U1)"pu)(Ur — U2)(Ur — U2)")
Assume that
p(0,U7)p(0,U3) > 0.
Set
d(t) == sup{||V — W|| s.t. p(0,U(t,0)" V)p(0,U(t,0)" W) > 0}, t>0.

Notice the difference between D(t), which is defined in terms of the Frobenius norm
| - I|2, and d(t), defined in terms of the operator norm || - ||.
Since

(V= Us(t))(V = Ua(t)*p(t, ) = / (V = Us(t)(V = Us(8))*p(t, V)pu(dV)
U(d)
= / U, 0)VO = U(t,0)U3) U(t, 0)V° = U(t,0)U3)* p(0, V) u(dV?),
supp(p(0,-))

one has

{(V = Ua(t)(V = Ua()"p(t, )| < e led(2,0)V* — U(t,0)U3|* < d(t)*.
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Moreover, since ((V — Us)(V — Uz)*p(t,-)u) is a nonnegative self-adjoint matrix,
one has

trace(((V — Uz2(t))(V = Ua(t))"p(t, ) u) (U1 (t) — U2(1)) (U1 (t) — U2(1)")

= [(UL(t) = Ua(t))*((V = Ua(t))(V = Ua(t))*p(t, - )" /? |13

<UL ()" = U203V = Ua(D)(V = Ua(£)*p(t, ) 2 1* (4.4)

= |UL(t) = U205V = U2(t))(V = Uz(t))* p(t, - ) |
d(t)*|U(t) — Ux(8)I5

according to the second inequality in (1.2). Exchanging U; and Uy leads to the
same bound for the term

trace(((V — Uy (£))(V = Ur(2))"p(t, ) ) (U1 () = U2(8)) (U (t) — Ua(1))").
Hence, we conclude from the formula for &||U; — Us||3 given above that

d

—R(2+ A1) = Ta®)]5 <2 IT(E) = T (013

< — k(2 = d(t)*)||UL() - U2(8)]3-
According to the first inequality in (1.2), this implies that

d

—R(2+ DO)|U1(8) = U]l < [1U1(8) = Ua(#)]13

< = k(2= D(t)*)|U1(t) = U2(1)]3.

Step 2. Applying Lemma B.1 in Appendix B to the function x(t) = ||[U; — Us||3(¢)
with A(t) = D(t) and o = 0, we conclude that

D(t) <y(t) for all t > 0,
where y is the solution of the Cauchy problem
y(t) = —ry(t) + 3ry(t)*,  y(0) = D(0).
An explicit computation shows that
2D(0)?

t)? =
v = G D)) + D)2
which implies the upper bound in Theorem 4.1.
Step 3. As for the lower bound, observe that

t

3

= <

%”Ul Ua|l3(t) = —k(2+ D(t)*)|[U1 = Ua3(t) = —#(2 + y(t)*) U1 — Ua|3(t),
so that .
10 = 0 107 - Cal 0 exo (= [ 2+ w70
for all t > 0. Since supp(p°) is compact, there exists UY, U9 € U(d) such that
1Y = U313 = D(0).
Choosing U (0) = UY and Uy (0) = U2, we conclude that

D) > |U: — Ual3(t) >D(0)? exp (—m [+ y<s>2>ds)
>D(O)2672nt(1 _ %D(0)2(1 _ ef2nt))
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for all ¢ > 0, which is the announced lower bound.

5. EMERGENT DYNAMICS: NONIDENTICAL HAMILTONIANS

In this section, we discuss the emergent dynamics for the kinetic Lohe equation
(3.8) in the case of nonidentical hamiltonians.

We recall the kinetic Lohe equation with unknown the time-dependent probabil-
ity density f = f(¢t,U, A) on U(d) x su(d), in the form

K(V,U)Uf(t,V, B)MdV)y(dB)) = 0.
(d) xsu(d)

8, f + divy (FAU) + gdivU (f/U

(5.1)
Set

pr(t.0)i= [ U AN @A),
su(d)
together with
D(t) := sup{||U1 — Uz||2 s.t. Uy and Us € supp(p;(t,-))},
and
a:=sup{||A; — As|l2 s.t. (U1, A1) and (Us, Az) € supp(f(t,-,-))}.

Since the A-component of vector field in (5.1) is identically 0, the quantity in the
right hand side of this equality is obviously independent of ¢. We recall the notation
introduced in Section 4:

(¢m) := p(V)m(dV)
U(d)

for each m € P(U(d)) and each ¢ € C(U(d)).
Assume that ¢ — f(t,U, A)pu(dU)v(dA) be continuous on [0, +00) with values in
P(U(d) x su(d)) equipped with the weak topology. Consider the differential system

U(t) = AU + g/U(d)K(V,U(t))U(t)pf(t,V)u(dV), At)y=0, t>0,

(U, A)(s) = (Us, Ay) € U(d) x su(d).

The same argument as in Section 4.1 proves the existence of a flow ®(¢,s) on
U(d) x su(d) such that

t— O(t,s)(Us, As)

is the unique solution to the Cauchy problem above. Moreover, ®(t,s) is of the
form

D(t, 5)(Us, As) = (U[A](L, 5)Us, As),
where U[A](t, s) is a flow on U(d) for each A € su(d), and
flt, - p@y =@t 0)#(f(0,-)p @7) = (£(0,-,-) 0 ®(t,0) ") (L, 0)# (1 © 7).
In particular
supp(f (t, -, -)u ® ) = supp(f(0,,-) o ®(t,0)~ )
since ¥(£2) > 0 for each nonempty open  C su(d).
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5.1. An invariant region. A key step in the problem of synchronization is the
following a priori estimate.

Lemma 5.1. Let fO be a compactly supported probability density on U(d) x su(d)
such that

0<a<(2/3%% and 0< D(0)< (o)),
where (2(n) designates the largest root of %X3 — X 4+ for all n € [0,(2/3)%/?).
Then, the solution of (5.1) with initial data f° satisfies
D(t) < C2(a/k)  for allt > 0.
Moreover, there exists T = T|a, k, D°] > 0 such that
t > T, 5, D°] = D(t) < +/2/3.
Proof. Pick (UY, A1) and (UJ, As) such that fO(UY, A1) fO(US, A2) > 0, and set
Ur(t) = U[A( 0T, Ua(t) = U] (1, 0)US.
Then
Uy = AUr + 5((Vpru) — Un (Vi) Un),
Uz = AsUs + 5((Vprp) = UV pyu)Us),
so that, observing that ||U; — Us||3 = trace(2] — U; Uy — U3U1), one has

d . . . .
E”Ul — Us|2 = — trace(U; Uy + UsUy) — trace(Us Uy + U Us)
= — trace(U; AUy + U3 A1 Uy ) — trace(US A5U, + U ATUs)
— 5 trace(Uy ((Vprp) — U2V prp)Uz)) (5.2)
— & trace(UF ((Vigs) — U (V" ppi)U1)
— § trace((V=pyp) = U5 (Vps)Uz)Un)
— 5 trace(((V"psp) — UL (Vps)UT)Us).
Since A} = —A; and A5 = — Ay, the first two terms on the last right hand side are
simplified as
—trace(Uy AqUs + U5 A1Uy) — trace(Us AsUy + UL AjU)
=trace((As — A1) (U U5 — UUY))
= trace((Ag — Al)(UlUQ* — I))
+ trace((A2 — A1)(I — UUY)) (5.3)
<[[A2 = A1 |2[|[U(U3 = U7)l[2
+ [ A2 = Aa[2[[(U1 = U2) U7 |2
<2| Az — Ayl2[|Ur = Uz ]2
In the chain of inequalities above, the penultimate inequality is the Cauchy-Schwarz

inequality (1.3) for the Frobenius norm, while the final bound is the second inequal-
ity in (1.2).
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The last two terms on the right hand side of (5.2) are mastered by applying
Lemma 4.3:

%HUl — Us|3 =trace((A2 — A1) (Uh Uy — U2UY) — 26| Uy — Us |3
+ § trace(((V — Ua2)(V — U2)"pyp)(Ur — Uz)(Ur — U2)")
+ 5 trace(((V — Un)(V = Ur)*ppp)(Ur — U2)(Ur — Uz)").
Thus, arguing as in (4.4) and using the first inequality in (1.2) leads to the following
upper bound:
%HUl(f) = Ua(t)|[3 <2[|A2(t) — A1 ()|l UL (2) — Ua(1)]2
= 25[|UL() = U2()13 + £D(1)?(|U(2) — Ua(8)[13(t),
or equivalently
D 02(0) ~ U0l <l 4s(0) — A1(0)
— &[|UL(t) = Ua(t)]|2 + 5 D) U1 () — Ua(1)]l2
<a — k(1= D(&)?*)|Us(t) = Ua(t) |2
Since we have assumed that D° € (0, (2(a/k)), we conclude that
D(t) <y(t) < (2(a/k) forallt >0,
where y is the solution of the Cauchy problem
y=a—ry+gry’,  y(0)=D,
by applying Lemma B.1 in Appendix B to x(t) := ||U1(t) — Ua(t)||2.

Ify(0) € (G1(a/k), C2(e/K)) the function y is decreasing and converges to 1 (/)
as t — +o00. Hence there exists T' = T[a, k, D°] € (0, +00) such that

t>Tla,k, D] = y(t) € (C1(a/k),/2/3],
so that
t > Tla,k,D°] = 0< D(t) <+/2/3.
If y(0) € [0, (1 (a/kK)], the function y is nondecreasing and converges to (i (a/k) as
t — +oco. In particular

t>0 = 0<D(t) < Gla/k) < V23
O

5.2. Practical synchronization. We first recall the following elementary lemma
from measure theory.

Lemma 5.2. Let t — p(t) be a continuous function on [0,+00) with values in the
set of Borel probability measures on U(d) equipped with the weak topology. If

diam(supp(p(t)) = 0  ast — 4o0,
then, for each function ® € C(U(d) x U(d)) such that
U#V = U, V) >0 while®(U,U)=0 for ol UV € U(d),
one has

// (U, V)p(t,dU)p(t,dV) =0 ast — +oo.
U(d)xU(d)
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Proof. For each n > 0, there exists T'(n) > 0 such that U,V € supp(p(t)) implies
|U = V|2 < n whenever t > T'(n). Equivalently (U, V) € supp(p(t) ® p(t)) implies
lU — V|2 < n whenever ¢ > T'(n). On the other hand, for each € > 0, there exists
n(e) > 0 such that

U —=V]2<nle) = U, V) <e
Indeed, since ® is continuous on the compact U(d) x U(d), it is uniformly contin-
uous. Hence, for ¢t > T'(n(e))

/] SUVIp(t )P dV) < sup DUV <,
U(d)xU(d) |lU=V]l2<n(e)

which is the desired conclusion. O

This lemma suggests the following weaker variant of the notion of complete
synchronization introduced in Section 4. For each solution f of (5.1), set

ALF1(#) 1:/ IU = VIS8, U, A)f(t,V, B)u(dA)y(dA)u(dV )y (dB).
(U(d) xsu(d))

Definition 5.1. One says that a family f. of solutions of (5.1) with coupling
strength k exhibits “practical synchronization” if

lim Lim A[f.](t) = 0.

K—r~+0o0 t— o0

Our main result in this section is the following theorem.

Theorem 5.1. Let fO be a compactly supported probability density on U(d) x su(d),

and set
D% :=sup{||[U = V|2 s.t. U and V € supp(p o)},

o :=sup{||A — B|ls s.t. (U, A) and (V,B) € supp(f°)}.

Assume that k > (3/2)%/2a > 0 and that 0 < D° < (a(a/k). Then the family f. of
weak solutions of (5.1) with coupling strength k exhibits practical synchronization.

Proof. Denote for simplicity Ay (t) := A[f:](t). Since f is a weak solution of (5.1)
A= /( i (trace((U —V)* (AU — BV — 5(U{W* ppppU —V(W* psi)V'))
X su 2

+trace(U* A" — V*B* — S(U(Wpp)U* = V*(Wps ) V(U = V)
X [ (8, U, A) fo(t, Vi B)u(dU )y (dA)p(dV )y (dB).
Since A* = —A and B* = —B while U,V € U(d), one has
trace((U — V)*(AU — BV) + (U*A* — V*B*)(U — V)
<2[[A = Bl2[lU = V|2

according to (5.3).
Likewise

(U =V)"(UW*pp)U = VW ppp)V
(U WprmU* =V Wprm)V*)(U =V

= —2x[|U = V|3 + § trace((W = V)(W = V)*pyu)(U = V)(U = V)
+5 trace((W = U)(W = U)"pyp)(U = V)(U = V)*

according to Lemma 4.3.

K
5 trace

o~

)
— & trace )

*

)
)
)
)
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Therefore
An() sz/ 1A = Bll2[U - V],
(U(d)xsu(d))?
X fu(t, U, A) fiu (8, V, B)u(dU )y (dA)pu(dV )y (dB)
—2rA.(t) + 5 / trace((W — V)(W = V)" pru)(U = V)(U = V)*)
(U(d) xsu(d))?
X fu(t, U, A) fiu (8, V, B)u(dU )y (dA)pu(dV )y (dB)
+§/ trace((W — U)(W = U)"ppu)(U = V)(U = V)*)
(U(d) xsu(d))?
X fu(t, U, A) fu (8, V, B)u(dU )y (dA)u(dV ) y(dB) .
Set,

A(t) = / IA = BI3fa(t, U, A) fu(t, V, B)u(dU )y (dA)u(dV )y (dB).
(U(d)xsu(d)?

Since the vector field in (5.1) has zero A-component,
A (t) = A.(0) for all ¢ > 0.
By the Cauchy-Schwarz inequality and the bound (4.4), one has
Ag(t) < 24,(0)2A(0)/% = 2kA 4 (t) + KD (8)* A (t).
By Lemma 5.1

iA,.;(lf)l/2 <AL0)Y2 — kAL () + 2R (t) for all t > T« &, DY,

dt
<o — ZrAL(t).
Hence
An(t)l/Q < AN(T[a7K,DO])1/2672R(t7T[a,R,D0])/3 + 3_04(1 _ ef2f»c(iﬁfT[o¢,/-c,DU])/ZS)7
K
so that 3
— Q@

tiggrnoo Aﬁ(t) - 2_7

which implies practical synchronization. 0

6. CONCLUSION

In this paper, we presented a mean-field limit from the Lohe matrix model for
quantum synchronization to the Vlasov type mean-field equation on the phase space
U(d) x su(d) and the emergent synchronization estimates for the derived mean-
field model using the nonlinear functional approach. The Lohe matrix model was
originally proposed as a nonabelian toy generalization of the Kuramoto phase model
with an all-to-all coupling, and can be reduced to some swarming model on a sphere
in some special cases.

In the absence of coupling, the Lohe matrix model is simply N copies of a
finite-dimensional Schrédinger equation with constant hamiltonians. In the mean-
field limit (with N — oo and coupling rate of order O(1/N)), we use the BBGKY
hierarchy with factorized 2-oscillator distribution closure in order to derive a kinetic
Lohe equation. This equation falls in the class of Vlasov type equations for the
single-oscillator probability density function f defined on the generalized phase
space U(d) x su(d).



32 F. GOLSE AND S.-Y. HA

Moreover, using the analytical tools developed for the mean-field limit for the
N-body Schrodinger equation, we show that the single-oscillator marginal of the
N-oscillator distribution approaches the solution to the kinetic equation to within
O(1/v/N) in quadratic Monge-Kantorovich distance over any finite-time interval.

We also provide two settings in terms of the coupling strength and initial data
for the kinetic Lohe model leading to complete or practical synchronization in the
cases of identical or nonidentical hamiltonians respectively. For this, we used the
Lagrangian formulation of the kinetic equation and some appropriate Lyapunov
functional measuring the degree of synchronization. In the present work, we study
only the emergent dynamics of the kinetic Lohe model.

There are still many interesting issues to be investigated, such as the existence of
a critical coupling strength from disordered phase to ordered phase, the structure
of the emergent phase-locked state, the existence of an optimal coupling strength
for complete synchronization. These questions will be explored in future work.

APPENDIX A. PROOF OF PROPOSITION 3.1

Set E = U(d) x su(d). For each T > 0, let &p := C([0,T], (P1(E), distmxk,1)),
where distyk,1 is the Monge-Kantorovich (or Wasserstein) distance with exponent
1 (also known as the Kantorovich-Rubinstein distance) whose definition is recalled
below:

diStMK’l(Pl,PQ) = 1nf (||U1—U2||2—|—||A1—A2||2)m(dU1dA1dU2dA2)
mell(P1,P) Jpx B

If ¢ : E — C is Lipschitz continuous for the ¢! distance associated to the Frobenius
norm, i.e.

|6(Us, A1) — ¢(Uz, A2)| < Lip(¢)(|Ur — Uzll2 + [| A1 — Azll2)
for all (Uy, A1) and (Us, A2) € E (with Lip(¢) < o0), then

/ o(V, B)Py(dVdB)) — / o(V, B)Py(dV dB)
E E

S Llp(¢)/ (”Ul - U2H2 + HAI - AQHQ)m(dUldAldUQdAQ)
EXE

for each m € II(Py, P»), so that

/E o(V. B)PL(dVdB)) - /E oV, B)PQ(dVdB>' < Lip(6) distasca (Pr, Py).

It is well known that the metric space (P1(E), distyxk,1) is separable and complete
(see Proposition 7.1.5 in [2]), and that distyk 1 metrizes the topology of weak
convergence of Borel probability measures on E with some additional tightness
condition at infinity: see Theorem 7.12 in [38].

For each T' > 0, equip &p with the metric dp of uniform convergence: in other
words, for all f1, fo € Er, set

dT (.fl; f2) = Ssup diStMKyl(fl (t), fQ (t)) .
0<t<T

It is well known that (E7,dr) is also a complete metric space. For f € P;(E), set

Fr:={g € Er s.t. g(0) = f°}.
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Proof of Proposition 3.1. Let T > 0 (to be chosen later), and consider the map
T : Fr — Fr defined by the following prescription: for each g € Frp, the function
f = Ty is the solution of the Cauchy problem

{&f(t) +divy (f(1)(AU + 5((Vg(t)) = U(V*g(t))U))) = 0,
f(0) =77,
where

<<¢m>>:/E¢(U,A)m(dUdA)

for each ¢ € C,(E) and each Borel measure m on E with finite total variation (not
necessarily positive). The method of characteristics implies that

F(t) = @(t,0)#f°,
where ®(¢, s)(V, B) is the unique solution of the Cauchy problem

%(U, A) = (AU + 5(Vg(t)) — U(V=g())U),0), (U, A)(s) = (V, B).

See Proposition 8.1.8 in [2]. The existence of ® once g € Fr is given follows directly
from the Cauchy-Lipschitz theorem (notice indeed that the first component of the
vector field above is quadratic in U € U(d) which is compact, and linear in A,
and therefore is globally Lipschitz continuous on E. Pick another element of Fr,
denoted g, and denote by ®(t, s) the corresponding characteristic flow. We seek to
bound

dr(f, f) in terms of dr(g,g), where f =Tgand f =Tg.
Observe that

®(t,0)(U°, A) — &(¢,0)(V°, B) =: (U(t) — V(t),A — B)

and
U(t) = V(t) =AU(t) = BV (t) + (W (g(t) — 4(1)))
= 5UM(W g())U) + 5V (Wg() )V (1)
= 5VO(W™(g(t) = g) )V (®)
Thus

d
U = VI3 =trace((U = V)*(AU — BV) + (U*A* = V*B)(U ~ V)

U =V) (W (g—g)) +(W*(g—-9))U-V))
(U - V)*(U<< g>>U V<<W* >>V))
— § trace (U*<< g)U" = V{Wa)v)(U = V))
— & trace((U = V)*'V(W*(g — g))V)
- % trace(V™ <<W(g -9V (U -V))
=To1 + Toa + To3 + Iog + Ios.

5 trace

(
— & trace(
(
(

The term Zy; is handled by (5.3):
o1 <2[|A = Bl2[|U = V|2,
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while the terms Zo3 and Zy4 are handled by Lemma 4.3:
Ips +I2a < 26U = V|3 + § trace(((W = V)(W = V)*g)(U = V)(U = V)")
+ 5 trace(((W = U)(W = U)"g)(U = V)(U = V)")
< 26||U = V|2 +4k|U = V|2 =2x||U = V3.

The last inequality uses the identity and the second inequality in (1.2) to prove

that
trace((((W - 0)(W — U)*g>>(U -V)(U-V)")

= W = V) (W =)W -Uyg)"|3
< I{w - o)W - Uy g)IlU = VI3,
On the other hand, ||M|| =1 for each M € U(d), so that
(W = V)W = V)*g) | < (I = V)W = V)" lg) < 4
It remains to treat the terms Zso and Zos. Observe that
T2 <k[lU = V]2l [{W™(g(t) — g(#) ) ]l2
<k[|U = V{7 [l2(g(t) — a(t)))
<k[|U = V|2 distark,1(g(2), g(t)),
since (U, A) — ||U||2 is Lipschitz continuous with Lipschitz constant 1. By the same

token
Iys = — 5 trace((U — V)" << “(g(t) - (t))>>V)
—trace(V*<<W -3 t))>> (U —
<kllU = V2V II[{W*(g(t) — g(t)) )V ]|2 ||V||
<kl|U = V]2 ||V||dlstMK 1(g(®), gVl
<k||U = V|2 distmx,1(9(t), g(t))-
Therefore

d . _
prl i VI3 <214 = Bll2lU = V2 + &[|U = V|2 distmk 1 (9(2), (1))

LU~ VIE + wllU — V2 distarc1 (9(£), 9(8)),
so that

LU~ V]a+ 14— Blls) = Ljo - v

dt 2 VT 2

<|[A = Bll2 4 &|U = V|2 + s distmx,1(g(t), (1))
Thus
(IU=Vl2+[[A=Bll2)#) < ([U = V2 + [|[A— B|2)(0)

< max(1, Ii)/o (JU =V|2 + ||A— Bll2)(s)ds + Ii/o distmi,1(g(s), g(s))ds,

or equivalently
I12(t,0)(U°, A%) — @(t,0)(V°, BY)[[| < (JU° = V|2 + [ A° — B°|12)

—l—max(l,m)/o (s, 0)(U°, A°) — B(s, 0)(V°, BY)[|ds

+f$/0 distmi 1(g(s), g(s))ds,
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with the notation
(U, A) = (V.B)||| = lU=Vl]2+[[A= B2,  UV,A Be My(C).

Pick m® € TI(f°, f°) and integrate both sides of the inequality above with respect
to m": one finds that

D(t) ;:/E E|||<I>(t,0)(UO,AO) — ®(t,0)(V°, BY)|||m°(dU’dA°av°aBP)

<D(0) —l—max(l,fi)/o D(s)ds + H/O distmi 1(g(s), g(s))ds.

By Gronwall’s lemma

D(t) < (D(O)m/t distMK)l(g(s),g(s))ds> emax(Lm)t,
0
By definition
D(t) > distai,1 (P (L, 0)#f°, ®(t,0)#°) = distnx,1 (f(£), f(1))
for all m® € TI(f°, f°), while, choosing
m®(dUdAdVdB) := fO(dUdA)Sy (dV)54(dB)

implies that D(0) = 0. Hence
t

distyk 1 (f (), f(t)) < remax(r)t / distax 1 (g(s), §(s))ds,
0

so that
dr(f, f) < sTe"> 0T dr(g,g).

Therefore, if kT exp(max(1l,x)T) < 1, the map T is a strict contraction on the
closed subset Fr of the complete metric space (Er,dr). Therefore, T has a unique
fixed point in Fr for each f° € P;(E), which we call f;. This fixed point f; is
a weak solution of the kinetic Lohe equation by construction (according to the
method of characteristics).

Define by induction f,, to be the unique solution of the kinetic Lohe equation on
[0, T] with initial data f"+1’t:O = fn(T). Set

f(t) = fult —nT) for all t € [nT,(n+1)T) and all n > 0.

Then f is the unique weak solution of the kinetic Lohe equation with initial data
/Y in the space C([0, +00), (P1(E),distmx 1))-
Finally, the method of characteristics implies that
Ft) =V(t,0)#°,
where U(t, s)(V, B) is the unique solution of the Cauchy problem
d « N
Since ¥(¢,0)(V, B) is of the form ¥ (¢, 0)(V, B) = (U(t), B) for all t > 0, we conclude
that
141z se.avaa) = [ Al @vas)
for each p > 1. In particular
P eP,(E) = f(t) € P,(E) forallt>D0.
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APPENDIX B. A BARRIER FUNCTION
Let 1 € [0,(2/3)%/?). The equation
%z3 —z2+n=0
has two nonnegative roots (1(n) and (2(n) such that

0<Gn) < V2/3< ) <V2

For all z > 0, one has

%z?’ —z+n<0if and only if ¢1(n) < z < (2(n).

Notice that
(1(0) =0 and  (2(0) = V2.

Lemma B.1. Assume that k > (3/2)%/%a >0, and let 0 < A < ((a/K). On the
other hand, let x € C*([0,+00) satisfy 0 < x(t) < 2v/d for all t > 0 and

i(t) < a— ka(t) + sA()%2(t), 2(0) =2° A(t):= sup z(t),
z(0)ex

where

¥ C[0,4+00) and A” :=sup(X).
Then

A(t) <y(t) for each t >0,

where y is the solution of the Cauchy problem

§=a—ry+ ey’ y(0)=A°
Proof. Pick 0 < € < (2(a/k) — AY and let z. be the solution of

t=a—kz+ ik, 2(0)=A"+e

One easily check that this Cauchy problem has indeed a unique solution z. defined
on [0, 4+00) which satisfies

0 < z(t) <l(a/k) forallt > 0.
Set
S = {t>0s.t. z(s) < 2z(s) for all s € [0,¢] and all 2° € [0, A%]}.

Obviously 0 € S so that S # @.

Let 0 < t; < t2 < ... <, € Ssatisfy t,, - T. Then z(t) < z(t) for all
t €10,T) and all z° € [0, A°]. By the continuity of  and z., one has z(T) < 2z.(T),
so that 7' € S. In other words, S is closed.

Let t € S; then

i(s) < a—kx(s) + skze(s)’z(s), z(0)=2", 0<s<t



MEAN-FIELD LIMIT OF LOHE MATRIX MODEL 37

so that

for all ¢ > 0, so that
2(s) < a— kx(s) + 2drx(s), s>t

Hence (2 1)n(s—t)
—Dr(s—t) _ 1
<a(t)e2d—Dr(s—1) €
x(s) <z(t)e + oz—(2d my
(2d—1)k(s—t) _ 1
<Ae@d-Dr(s—t) ;L ¢ T T Ac ‘.
=0ee Sy s 52

Since s — AS is continuous on [, +00) and A§ < z(t), there exists 1 > 0 such that
A€ < z(s) for each s € [t,t +n). Hence

x(s) < z(s) for all s € [t,t +n) and all 2° € ¥ C [0, A).

Therefore S is open.
Since S is a nonempty subset of [0,400) that is both closed and open, one has
S =10,+00). Thus

x(t) < z.(t) for all t > 0 and all 2° € X C [0, A].

Letting € — 0 and observing that z.(t) — y(t) for each t > 0 as ¢ — 0, we conclude
that

x(t) < y(t) for all t >0, all € € (0, (a/k) — AY), and all z° € ¥ [0, A"],

which proves our claim. O
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