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PARTIAL REGULARITY IN TIME
FOR THE SPACE HOMOGENEOUS LANDAU EQUATION
WITH COULOMB POTENTIAL

FRANCQOIS GOLSE, MARIA PIA GUALDANI, CYRIL IMBERT, AND ALEXIS VASSEUR

ABSTRACT. We prove that the set of singular times for weak solutions of the
space homogeneous Landau equation with Coulomb potential constructed as
in [C. Villani, Arch. Rational Mech. Anal. 143 (1998), 273-307] has Hausdorff
dimension at most %

1. INTRODUCTION

We are concerned with the regularity of weak solutions f = f(¢,v) > 0 a.e. to the
space homogeneous Landau equation with Coulomb interaction potential

(1) atf(tvv) = diV’U Lg G(U—w)(f(t,’LU)VUf(t, U)_f(tu U)vwf(tvw))dw7 v € R3 )
where the collision kernel a is the matrix field

®2
a(z):V2|z|:M, with TI(z) ::I—(i) .
|2 2]
(In other words, II(z) is the orthogonal projection on (Rz)* for all z e R*\ {0}.)
This equation is used in the description of collisions between charged particles in
plasma physics (see [24] or §41 in [27]).
Equivalently, the Landau equation with Coulomb potential takes the form

(2) 0, f (t,v) = trace(A[f](t,v) V3 f(t,v)) + 87 f (t,0)?
with A[f](t,) :=a f(t,-).

Villani has proved the global existence of a special kind of weak solutions of
the Cauchy problem for (1), known as “H-solutions”, for all initial data with finite
mass, energy and entropy (Theorem 4 (i) in [35]). Whether H-solutions of (1) with
smooth initial data remain smooth for all times or blow up in finite time is one
of the outstanding problems in the mathematical analysis of kinetic models: see
§1.3 (2) in chapter 5 of Villani’s monograph [36]. The form (2) of the Landau
equation suggests that blow-up might occur in finite time, by analogy with the
semilinear heat equation dyu(t,z) = Azu(t, ) +u(t,z)?: see the last statement in
Theorem 1 of [37] (for nonnegative solutions of the initial boundary value problem
on a smooth bounded domain of R? with homogeneous Dirichlet condition at the
boundary), or section 5.4 in [7]. On the other hand, global existence of classical,
radially symmetric and nonincresing (in the velocity variable) solutions has been
established for the equation dyu(t,z) = ((-Az)'u)(t,z)Ayu(t,z) +au(t,z)? which
can be seen as an “isotropic” variant of (2) (i.e. with the diffusion matrix A[f]
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replaced with the diffusion coefficient 47((-A,)™!f) and the constant 87 replaced
with the (smaller) coefficient 47a), for all « € [0, Zi) in [12, 23], then for o = 1 in
[16].

These arguments being somewhat inconclusive, the recent research on the Cauchy
problem for (1) has produced mostly conditional results — with one notable ex-
ception, which we shall discuss in more detail below. For instance, the uniqueness
of bounded solutions of (1) has been proved in [13]; the regularity of radial L?
solutions with p > 2 has been proved in [16] (see also [17]); the case of nonradial L?
solutions with p > % and moments in v of order larger than 8 is treated in [30], while
the large time behavior of H-solutions of (1) is discussed in [5]. Of course, the exis-
tence and uniqueness theory for the space inhomogeneous Landau equation is even
harder, and most of the existing results on that equation bear on near-Maxwellian
equilibrium global solutions [18, 6, 8], apart from the very general weak stability
result in [28]. There are also various local existence and uniqueness results, as well
as smoothing estimates for solutions of the space inhomogeneous Landau equation
under the assumption of locally (in time and space) bounded moments in v: see
[19, 21, 20] (notice that [21, 20] require only that the distribution function has
bounded moments in v of order larger than 9/2). Since the present paper is focused
on the Coulomb case, which is the most interesting on physical grounds, we have
omitted the rather large literature on the generalizations of the Landau equation
where the collision kernel a is replaced with |2[7*2I1(z) with v > -3.

Perhaps the most remarkable recent contribution to the mathematical theory of
(1) is the following result by Desvillettes [10]: any (nonnegative) H-solution of (1)

n [0,7] x R? with finite mass, energy and entropy satisfies the bound

(3) f fRS St |dvdt <o00;

(1+1]v])?

(see Theorem 1 in [10]).This bound implies in particular the propagation of mo-
ments in v of arbitrary order for such solutions of (1) (see Proposition 2 in [10]).
Both this bound and the propagation of moments are of key importance in the
present work.

Our main result is the following partial regularity statement, which will be pre-
sented and discussed in detail in the next section.

Main Theorem. The set of singular times of any H-solution of (1) constructed
by the approximation scheme described in [35] has Hausdorff dimension at most %

2. MAIN RESULTS

The prototype of all partial regularity results in partial differential equations is
Leray’s observation [25] that the set of singular times of any Leray solution to the
Navier-Stokes equations for incompressible fluid dynamics in three space dimensions
has Hausdorff dimension at most i (see §34 in [25], especially, formula (6.5)).
Leray’s remark was later considerably refined by Scheffer [29], and by Caffarelli,
Kohn and Nirenberg [4] (see also [32, 26, 34])

One key ingredient in Leray’s observation is the energy inequality satisfied by
Leray solutions to the Navier-Stokes equations. Our first task is therefore to estab-
lish an analogous inequality for solutions to (1). Henceforth we denote by LY (R?)
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the set of measurable g = g(v) defined a.e. on R? such that

1/p
lgller (rs) = (/Rs(l + |v|2)k/2|g(v)|pdv) <00,

We first recall that an H-solution to (1) on the time interval [0,7") with initial
data fin = fin(v) 2 0 a.e. is an element f € C([0,T);D’'(R?))nL((0,7); L', (R?))
such that
(4)

1

1
f(t,v) >0 for a.e. veR®, and fR3(| |2) (t, v)dv—/R3 (|U|2)fin(t,v)dv
v

while

(5) /RB f(t,v)In f(t,v)dv < fRS Fin(0)In fin(v)dv

for a.e. t >0, and

L, fin(v)¢(0,v)dv+fOTfRsf(t,v)ath(t,v)dU

T . .
= [ (96 (2,0) -6 (2 w)) - T(w=w) (7, =T )y L0 vt

for each ¢ € C1([0,T) x R3). Of course, the notion of H-solution is based on the
observation that classical solutions of the Landau equation with appropriate decay
as |v] > +oo satisfy

(6) ;
L H()
/f St v)f(tw) w) (v —w): (Voln f(t,0) = Va In f (¢, w))®2dvdw <0,
R3xR3  |v— |
where

H(P)(®) = [ F(t0)nf(to)do.

The notation H(f) to designate this quantity comes from the “Boltzmann H The-
orem”, which is the analogous differential inequality for the Boltzmann equation in
the kinetic theory of gases. The positivity of the entropy production —%H (H)
comes from the symmetries in the Landau collision integral (i.e. the right hand side
of (1)), which are hidden in the nonconservative parabolic form (2).

Definition 2.1. A suitable solution of (1) on [0,T) x R? is an H-solution which
satisfies, for some negligible set N' c (0,T), some q € (1,2) and some Cg >0, the
truncated entropy inequality

2 2/q
H(S ) + O [ ([ 19ur) - s )
< H. (F(t, )l + 25 [ [ 0) = vt

for all t; <t € [0,T)NN and all k> 1. For each measurable g = g(v) 20 a.e. on
R3, we denote

H,(g|r) = / h+( ;))dv with  hy(z):=z(Inz), - (z-1),.

(7)
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The term “suitable solution” is used here by analogy with the notion of suitable
weak solutions of the Navier-Stokes equations defined in [4], which satisfy a local
(in space) variant of the Leray energy inequality. Indeed, one can think of (7) as a
variant of the entropy inequality for (1) localized in the set of values of the solution.

Our first result is that the approximation scheme used in [35] to construct an
H-solution of the Cauchy problem for (1) converges to a suitable solution of (1).

Proposition 2.2. Let fi, € L*(R?) satisfy fin >0 a.e. on R® and

() /R3(1 + |0 + I fin (0)]) fin (v)dv < 00 for some k> 3.

Then, there exists an H-solution of (1) with initial data fi, and a negligible set
N c R such that f is a suitable solution of (1) for each T >0 satisfying (7) with
q:= ,f—fg and Chy = CR[T,q, fin] >0 for all t1 <t2 € [0,T)\N and all k> 1.

The proof of this proposition is based on the analysis in [35], with the following
additional observations
(a) the truncated entropy —H.(f|x) is not a increasing function of time as the
original entropy —H(f)(t), but combining the symmetries of the collision inte-
gral and the fact that div(diva) = A%|z| = —476y shows that the negative part of
the truncated entropy production involves the depleted nonlinearity <(f — k)4 =
min(f,x)(f - k)4 instead of the full nonlinearity f*(In(f/x))+ which the noncon-
servative form (2) seems to suggest;
(b) the Desvillettes argument leading to the inequality (3) can be modified to handle
the positive part of the truncated entropy production, and
(c) the Desvillettes propagation of moments argument can be used to purge the
positive part of the truncated entropy production from the weight (1 +[v|)™3 at the
expense of introducing the exponent ¢ < 2 in the inequality (7).

The notion of relative entropy of f to a Maxwellian M, 4 ¢

f(v)
— L3 (f(v)ln(m) - f(v) +Mp7u79(’l))) dv
with )
,_ —|lv—ul?/26
My uo(v) = W@ [v=ul®/

for some p,0 >0 and u € R? is used traditionally in kinetic theory to measure the
distance of f to M, ¢ (see for instance section 3 in [2]). The term —H,(f/k) can
be thought of as the truncated variant of the relative entropy —H (f|M (2r¢y2/24,0.0)
in the large temperature limit § — +oo; its time derivative benefits therefore from
the same cancellations which lead to the nonnegative entropy production term
in (6), up to the lower order perturbation term due to the truncation, which lead
ultimately to the depleted nonlinearity on the right hand side of (7). The truncated
entropy —H (f|) is therefore the best imaginable tool for applying the Stampacchia
truncation method to the Landau equation (1) without loosing the symmetries of
the Landau collision integral. This is precisely the reason why the truncated entropy
has been introduced in [15] to handle a class of reaction-diffusion systems which is
very close to a kinetic equation (in the discrete velocity setting). In particular, the
inequality (7) is similar to Lemma 3.1 in [15] — notice however the Remark 3.2
in [15] which states that extensions of these tools outside of the discrete velocity
setting is far from straightforward.
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Next we study the occurence of blow-up times for suitable solutions of (1). The
set of singular times for a suitable solution of (1) is defined by analogy with §33-34
in [25].

Definition 2.3. A real number 7 > 0 is a reqular time for an H-solution [ of
the Landau equation (1) on [0,+00) x R® if there ewists € € (0,7) such that f €
L=((t - e,7) x R?). A real number T > 0 is a singular time for f if it is not a
reqular time for f. The set of singular times for f in the interval I c (0,+00) is
denoted by S[f,I].

Our main result is the following partial regularity statement on suitable solutions
of the Landau equation (1).

Theorem 2.4. Let f be a suitable solution to the Landau equation on [0,T) x R?
for all T >0 , with initial data fi, satisfying the condition

fR3(1 ol + 10 fin (0)]) fin (0)dv < 00 for all k> 3.

Then the set S[f,(0,+00)] of singular positive times for f satisfies
Hausdorff dim S[f, (0,+00)] < 1.

Our approach to Theorem 2.4 departs from the general method for proving par-
tial regularity results outlined in section 1 of [4]. First, we do not use any dimension
analysis similar to formula (1.9) of [4] on solutions of the Landau equation. One
easily checks that if f is a classical solution of (1), then

(9) f)\,u(tv U) = )\f(/\t,/M))

is a classical solution of (1). But although the Landau equation (1) has a two-
parameter family of invariant scaling transformations (richer than the single-para-
meter family of invariant scaling transformations of the Navier-Stokes equations),
the three conserved quantities in (4) and the entropy —H (f)(t) are not simultane-
ously preserved by any one of these transformations (except for A = = 1). Within
this family of scaling transformations, we retain only the case
(10) A=p?  with ~= 5¢ =6
2q-2

which leaves the inequality (7) invariant (upon transforming  into Ax). Notice that
this scaling transformation depends on the Lebesgue exponent ¢, which depends
itself on the decay in v of f;, through (8). The “optimal” scaling corresponds to
the limit case k — oo, i.e. to ¢ - 2 and therefore to v — 2 in (10). This “optimal”
scaling is exactly the same as the invariant scaling for the squared velocity field
in the Navier-Stokes equations, which explains why the bound on the Hausdorff
dimension of the set of singular times in both equations is the same. However, the
“optimal” scaling -y = 2 is only a limit case and cannot be used directly on (1), at
variance with the case of the Navier-Stokes equations.

A first step towards partial regularity is to prove that any suitable solution of
the Landau equation (1) whose truncated entropy has small enough L' norm on
some time interval is bounded on a smaller time interval.

Proposition 2.5. Let f be a suitable solution to the Landau equation (1) on [0,1]
satisfying (7) for some negligible set N c (0,1], some q € (2,2), and some Cp > 0.
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There exists 1o = no[q,Cx] >0 such that

1
f1/8H+(f(t,~)|%)dt<n0 — f(tw) <2 forae (tv)e[L1]xR3.

This proposition is proved by using the parabolic variant of the De Giorgi
method, following the analysis in section 3 of [15]. However, the proof of this
result diverges from the classical De Giorgi method in at least one important step.
While the key idea in De Giorgi’s solution [9] of Hilbert’s 19*" problem is to con-
sider the equations satisfied by the partial derivatives of the extremal as a linear
elliptic equations with bounded coefficients, our proof of Proposition 2.5 is based
on the truncated entropy inequality which makes critical use of the symmetries of
the right hand side of (1). It seems very unclear that Proposition 2.5 could follow
from applying the De Giorgi strategy to the conservative form

(11) O f(t,v) = divy (A[f](t,0) Vo f(t,0) = f(2,0) divy, A[f][t,v))

of the Landau equation without using cancellations suggested by the integral form
(1) of that equation. For the same reason, the De Giorgi method is used in the
present paper in a way that differs from earlier applications of the same method
to other kinetic equations [14, 22]. Notice that the restriction ¢ > g comes from
the Sobolev embedding used in the nonlinearization procedure in the De Giorgi

method.

The key result leading to partial regularity is the following proposition involving
only the dissipation term in (7), by analogy with the argument in §34 of [25], or
Proposition 2 of [4] for the Navier-Stokes equations.

Proposition 2.6. Let f be a suitable solution to the Landau equation (1) on [0,1]
satisfying (7) for some negligible set N c [0,1], some q € (%, 2), and some C, > 0.
There exists m =m[q,Cr] >0 and 61 € (0,1) such that

_ 1 2/q
fi [ ( A 3|vV<f(T,v>1/q-w/mw) dT <y

e—~0t
= feL®((1-61,1)xR?),

with 7 := %.

The further restriction g > % is chose to arrive at the two-level iteration inequality
(30), which is one of the key ingredients in the proof of Prooposition 2.6.

Once Proposition 2.6 is proved, the proof of Theorem 2.4 follows by a Vitali
covering argument as in section 6 of [4].

The idea of using the De Giorgi method to prove partial regularity in time of
suitable solutions of (1) comes from [34], where the partial regularity result in [4]
for the Navier-Stokes equations is recast in terms of the De Giorgi arguments.

The outline of the paper is as follows: the existence proof of suitable solutions
(Proposition 2.2) occupies section 3. Then, section 4 contains the proof of Propo-
sition 2.5, while section 5 gives the proof of Proposition 2.6. Finally, the proof of
the main theorem (Theorem 2.4) is given in section 6.

3. EXISTENCE OF SUITABLE SOLUTIONS

3.1. Proof of Proposition 2.2. The argument is split in several steps, some of
which are already used in the construction of a H-solution in [35], but need to be
recalled for the sake of clarity.
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Step 1: Truncated and reqularized initial data. For each integer n > 1, set

En(v) =E(50),  Ca(v) =n’E(nV) /€] L1(rs) »

where
e COO(RS)v 1|'u\$1 < 5(’0) < 1|'u\§2-
Set
Finim Gos (Gufin)s (o) = Fia(w) + e,
Obviously
[ fm@dv= [ &@fn@dvs [ fu@)do,
and
L, |v|2fgl(v)dv§/RS(/R3 cn(w)|v_w|2dw) Fin(0)do
<2 R(/R Cn(w)(|v|2+|w|2)dw) fin(v)dv
SfR3(2|v|2+O(1/n2))fm(v)dv.
Hence

/RB(l + |2 2 (v)dv < fRs(l +2v[* + O(1/n)) fin(v)dv.
Likewise since the function z = 2(In z), is nondecreasing and convex

G * (Enfin) (W) (I0(Cn * (§nfin) (0))+ < Co * (§nfin) (V) (IN(En fin) (V)4
so that

o P @0 )edos [ (Enfin) () (0 ) (0)) i
< [ Fin () fin())sdv < o0

Because of the elementary inequality!
(In(a+b)): <(Ina), +b for all a,b>0,

one has
[, Fn@)(in fu (@) do
< [ @) dos [ et 0 0) o
< [ @ g @)+ 2T au [ e (1 (0)do
< [ @ f @), + 22y
< [ @ L))+ 2)do,

Hndeed
=In(l1+b/a) <bla<b ifa>1,

In(a +b)s - (1
n(a+b)s (na)*{sln(ub)sb ifa<l.



8 F. GOLSE, M. P. GUALDANI, C. IMBERT, AND A. VASSEUR

Hence

f (1+ o2 + (0 2 (0)) )2 (0)do
< [ (1420 4 (I fin(0)s + O(1/0) fin(v)de

Step 2: Truncated and reqularized Landau equation. Set

o= demin () 1) = (175

and
an(s) = Q/Jn(Z)H(Z) )
so that )
1 . 2% z
diva,(z) = = mln(|z| )le (I— W) = —Wln\zm
and

. z 1
div(divay,)(z) = - dlv(4 B |31n|z|>1):W6(|z|—%)20.

Let f™ = f™(t,v) be the solution of the truncated and regularized Landau equa-
tion

0™ (4 v) :%Avf"(t,v)
+ div, fR D (J0 = w0 = W) (Vo = Voo ) (F(,0) f7 (1, ) dw

f n|t:0 =fins
The truncated and regularized Landau has a unique global smooth solution f"
satisfying

i) > Crre 250, forallveR3 and 0<t< T,
together with

f 1, ’U)d’l)—/ " (v)dv
[l de = [l i @)de & [ F o,
and the following variant of the H Theorem:
)
t t
/R3 f"lnf"(t,v)dv+f0 Dwn(f"(s,-))ds+%f0 /R3 va/f"(s,v)rdvds
- [ nw i @)de s [ fn 0 f).do,

with the notation

Dy (9) —2/ (v - w|)|H Vo = Vu)Vg(v)g(w) ‘ dvdw .

Let G = G(v) be the centered, reduced Gaussian distribution

(U) - (271.)3/2 e—|U\ /2

Observe that
finf=(fIn(f/G)-f+G)-(fIn(1/G) - f+G),
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with
(fIn(f/G)=f+G) 20
and
fIn(1/G) - f+G) = fF(3o]* + 2In(2m) - 1) + G > 0,
so that

f(fnf)e <(fIn(f/G) - f+G) and  f(Inf)- < (fIn(1/G)-[f+G).

Hence (12) becomes
ng f"(lnf"(t,v))+dv+/OtDwn(f"(s,-))d5+%/Otng va/f"(s,v)rdvds
< [ T fa)advs [ (0 (1/G) - (o) + G0))do
ﬁ;(mﬁg (v))4dv + f Fr(tv)(Slof? + 2n(27r) - L)dv + 1
/ fﬂl ln n(v)) dv+f fﬁl(v |v|2+—+ 31n(27r)—1)dv+1.

In particular, one has
[t e))dvs [ Fa g w).d
f P ) (Aol + &+ 2 In(2r) - 1)dv+ 1,

ftDwn(f"(s,- ds+é/tf va/f"(s,v)rdvds
< [ mn i) o [ Fn@)GRE+ L+ 3in(zm) - o 1.

In the limit as n — oo, one has

f(t,-)—~f(t,-) in L*(R?) uniformly in ¢ € [0,T] for all T >0,

and

where f is an H-solution of the Cauchy problem for (1) with initial data f;,, ac-
cording to [35] on p. 297.

Step 3: A.e. pointwise convergence of . By Theorem 3 in [10], since v, satisfies
the assumption used there with v; = -3 and K3 = %, one has

/(0P

/Re ey s Oolbl
Vo /S (s,0)

CD/ fR% L+ Tu)? dvds+—f /R% o (s, ‘ dvds

[ I (n f (v) dv+/ I (v)( |v|2+—+31n(27r)—1)dv+1+t.

Next we apply Proposition 4 in [10]. Observe that

U (2) = min(%,n)

nlLirs): | £ (i f) e It (rsyJ(1+ Dy, (f"(2,9))) -

Hence
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satisfies the assumption in Proposition 4 of [10] with 3 =72 = -3 and 6 = 2, and
with K7 = Ko = K3 = 1. By Lemma 3 of [10]

Fr(t,v)3dvo n o7t v) |2
SO(/Rsf (t’“)d“fns (1+ [o])? )

r3 (1+|v])?
so that Qp 3 _3(f™) < Cp for all T > 0. Then, for all T'> 0 and all ¢ € [0,7'], one has
fR3(1 + o)  f(t,0)dv < CH[T | Fit sy, moys | F (I Fir) 4 | Lr sy Qs s ()]
By Holder’s inequality, choosing p’ = 2/q (so that ¢ € (1,2))
Jo 9t s o = G [ 776 0) PG
RS R
= (&) [ o) () P o) 9 )P do
R

, /p V()2 v
g)q ([Ra(l_‘_|v|2)3p/2p f”(t,v)dv) (/R'* (1+]|[U|gt)31;2| )
< QYCRIT Tl s, yroy |70 F) s gray Qoo -a(F1)]HP
([ mvTe, "
Rs (L+[o2)32 '

Hence

Vo) )
(e )

~ ~ ~, 1
< (%)QCJI:J[Ta I fin HLgp_S(RS)a | fin (In £ )+ | 21 (m3y, @Qr3,-3(f™)] 7T

()2
X/RS (Vft VoVt oF

1+ [v]2)3/2
S(%)QCJI:J[Ta HJFZZHLI _,(R3)> (i ) It (may, Qr,3,-3(f" )]
xCpl[T, Hﬁ%l\L;(RS), | fin (I )+l e ey ] (1 + Dy, (f7(2,9)) -
Therefore

i [ (fulgor o) s I tf oG s
< TR0t [ TN 45 non) - o1

with
1
o = (3)’CulT | fh nley ey PR F) s i msys Or-a(f7)]77
<Cp[T, | finl acray 1 (I f7) | oy ] -
Hence

(FV = 0(1) pworipareyy  and Vo (f™)Y9 = O(1) 20,7500 (R2)) -
In particular,

Vol ™ = a(f")YI 0, ()= O(1) 120 01 (R3)) »
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since
" =0(1) L (R, ;L1 (R?)) -
On the other hand

o [, ooy == [ M)t )
_//RG U (v =w)\/ [ (t,0) [ (t, w) (v —w)(Vy = Vi )N [ (8, 0) 7 (Ew)
(Vo (v) - Vo(w))dvdw

and
| [ ¥ 0= oGO 0w =) (T, = )V T ()
(V6(2) = Vo (w))dvdu] < [920] | 1" (1) |1 cre)
<(Jf wn(v—w)|H(v—w)(VU—Vw)\/f”(t,v)f”(t,w)‘zdvdw)l/2,

for all ¢ € W2%>=(R3), so that

o [, 1" (t0)o)d

< CIT N acreys 170 fE) s | sy I V26l o= sy -

In other words

L2(0,T)

" =0) 20,7;w-21(R3)) -
By the Aubin-Lions lemma (Lemmas 24.5 and 24.3 in [33]), f™ is relatively compact
in L} (R: x R?®) and, possibly after extracting a subsequence of f™, one has

f™ = f a.e. on [0,+00) x R®.

Step 4: Truncated entropy inequality For k > 0, multiplying both sides of the trun-
cated and regularized Landau equation by (In(f"(¢t,v)/k))s and integrating in v

shows that
to n B )
() [ lvv(ffff(’f l) L

[ ffnte- (5o [ 2E2) g, (w2 00) |

xf(t,v) " (t, w)dvdwdt

:_/tlh/fRﬁan(v—w):vv(ln@) ®Vw(1n@)

x [ (t,0) [ (t,w)dvdwdt + Hy (f"(t1,-)|k) .

Now

_ffRGan(v—w)fn(t,v)fn(t,w):vv (111@) ®V, (IDM) doduw

K

- _ffRs an(v—w) 1 Vo (f"(t,0) = k)4 ® Vuo (k= f(t,0))4 — &)dvdw
= f/l;ﬁ div(diva, ) (v —w)(f"(t,v) = &)+ (k - (k= f*(t,w)): )dvdw
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so that

_/fRG A VU( fn(f: ”)) Vw( fn(fi )) dvdw
= e oy =l U () =) (5= 5 7))
K 1 .
: Am f/r;s m(mv —w|=€)(f"(t,v) — k)+dvdw
= ’ing(fn(tav) - K)+dvdw.

In the end, for each k >0 and each t1,ts such that 0 < ¢; <t5 < co, one has

5,0) —K)4)?
Ho (f"(t2,-)|r) + — f ng vl ffgz(s ) s dvds

(13) f fRGb vmw): (v”( M):vw(m@))m

xf"(s,v) f" (s, w)dvdwds

SH[12 RS(f"(s,'U)—H)+dvdS+H+(fn(t1,.)|H)'

Step 5: A local lower bound for the truncated entropy production We begin with
the following auxiliary result, whose proof is deferred until the end of the present
section. This is an extension of Theorem 3 in [10] to truncated entropies.

Lemma 3.1. The sequence f™ constructed in step 1 of the present section satisfies
the inequality:

f Yo/ [t 0)
R’i

(e et
<Cp /R6 Ll L0 —w) : (v, (n L2 — v, (In @L)m dvduw
+C [ (" (tw) = k)dw,

where

Cth = CHIMo(f) Ma (b /™) H(fin)]
S1I8CIMa(t, ™) H (fin) PMa(t, Y Mo (™) (142 ) ma (4,40, (52)%7),

with
Moy = [ e, Mot ") = [ (el ()

and where C"'[Ma(t, f)?, H(fin)] is the constant C(N,H) of Lemma 2 of [10].
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Applying Lemma 3.1 shows that

(e [ f 'V”(f;,f(;’)v) 5-F s
to n(t v 2
L

1+H)f f "(s,0) - &)y dvds + Hy (f(t1,)|) ,

for all ¢1,t5 such that 0 < #; < to < co. By Proposition 4 [10] recalled in step 3
above, for all T'> 0 and all ¢ € [0,T], one has

[ QP () < OBIT | Fi g, s 172 (0 e 22 sy @ria-a ()]
By Holder’s inequality, choosing p’ = 2/q (so that g € (1,2))

LI ) = oo = [ 190 ) ML gy

= ()1 [P TP Ly

=37 [ QP ) L o) TP L g e

/!
4 / vV J 1sn t,v)>K
2)q (/%(1 |,U|2)3p/2p pn(t,v) h))l (/3 t v | ()2 lv )

lfn(syv)z,{dvds

(1+|v|2)3/2

g(%)qC})[T, Hﬁﬁ”Ll _(R3)s H (lnfzn) HLI(R3)7QT3—3(fn)]1/p

1/p’
o ST Lin(en)sn
X(f f ( ; | g (tv) d ) '
R'i

(L+ )32

Hence

"(s,0) - k)2
Ho(f" (t2, )+ [ I Ivv(ffn(s >v) WP
2 /
+C ftl (/R,g |v”(fn(tvv)l/q—ml/q)+|qdv)2 qu
S(1+I€)/tt2 /RS(f"(s,v)—f<a)+dvd3+H+(fn(t1,_)|K)7

with
ar GYICHIT | Finlls ey | Fin (0 f ) oagrsy, Qra s (F7)]?
xCp[Mo(f™)Ma(T, f*)?, H(fin)]-
Step 6: Passing to the limit in the truncated entropy. By Sobolev embedding, for
each T' > 0, one has
(F=0(1) L2010 (m3))
and hence
fr= 0(1)L2/q(o,T;Lq*/q(R3)) .
Since 1 < g<2<q’, and
(L+ o) ™ = O(1) = (o.1:L1 (R?)) »
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this implies that
2\ 224 oy _
(L+[o]*)5 f -0(1)L%_1([0)T]XR3)
(applying Proposition 5 of [10] with 1 -3 = 4%(1),
Then

/oT ‘/Ra(h+(f(t,v)/,<;) = h (f"(t,v)/K))dv| dt

< [ B0 ~ (o)l 0 a5 > o0,

Indeed, h,(f(t,v)/k) = hi(f"(t,v)/k) = 0 for a.e. (t,v) € [0,T) x R? as n — oo;
moreover, the sequence h (f/k)—h,(f"/k) is equiintegrable and tight on [0, T]xR?
since we have seen that there exists aq,as > 0 such that

(L+ o)™ (S = O(1) L1 (fo,11R3) -
Hence, for all k> 0, one has
H,(f"|k) = Hy(f|r) in Lj,([0,+00)) as n — +oo,
and hence, possibly after extracting a subsequence if necessary
H,(f"(t,")|r) > H.(f(t,)|r) for a.e. t >0 asn— +oo.

The subsequence and the negligible exceptional set of times where the pointwise
convergence above is not valid may depend on . Henceforth, we restrict our
attention to the case of k being a rational number, and since there are countably
many such numbers, the union of the exceptional sets corresponding to each rational
k is another negligible set A/. Hence, by diagonal extraction

H,(f"(t,")|x) > H (f(t,-)|x) for all t e Ry N\ AN and all ke QN [1,+00)
as n — oo.
Step 7: Passing to the limit in the truncated entropy production. One has
((fMHY1 - gy, o (fHY9- kY7, ae on Ry xR?,
and
((fn)l/q - n”q)i <fr= O(l)L"“(O,T;LEQ(R3)) .
Hence ((f™)'/7 - k'), is equiintegrable and tight on [0,7] x R, so that
(Y= k10 = (fY7 = 510 in L0, T] < R?).
By continuity of the gradient in the sense of distributions, we already know that
Vo (S =17, > v, (f7 - kY7, in D'((0,T) xR?).
On the other hand
Vv((fn)l/q - ’il/q)+ = 1f"2ﬁvv(fn)l/q = 0(1)L2(0,T;LQ(R3)) .

Since L*(0,T;L9(R?)) is reflexive because 1 < ¢ < 2 (see Corollary 2 in Chapter
IV, §1 of [11]), the Banach-Alaloglu theorem implies that, possibly after extracting
a subsequence,

V(S =k~ in L3(0,T5 L(RY))
and therefore in D'((0,7) x R?). Hence
L= T, (f0 - ),
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and by compactness and uniqueness of the limit
Vo ((FM)M = K1) =0, (7= s17), i L2(0,T; LY(R?)).
For all t; <ts e Ry NN, and all kK € QN [1,+00), one has

L i e sty ) ™ e <, (71, 906) - Hi (12l
F(1+r) Ltz fRS(f”(t,v)—n)ervdt,

and passing to the limit as n — +o0, one finds that

t 2/q t 2/q
f 2 (/ |vv(fl/Q—/§1/Q)+|qd’U) dt < h_m f ’ (f vv((fn)l/Q—nl/Q)zdv) dt
t1 R3 n—oo Jt1 R3

SH+(f(t1, )|"$) - H—*—(f(t?v')m)
+(1+n)ftlt2 fRS(f(t,v)—nLdvdt,

where the first inequality is Proposition II1.5 (iii) of [3].
Step 8: Writing (7) for all k > 1. Let x> 1, and let x; be an increasing sequence

of rational numbers converging to k. Since h, is nondecreasing, for all t € Ry \ N,
one has

0<hy(f(t,0)/K;) <hi(f(t,0)/k1) for ae. v3 R?,

so that

S HL(F(l) = L (1 )lR) as j = +os
J

for all t € Ry \ N by dominated convergence. By the same token
(90 (= 85Dl = 1V (D L oy < [T (D Loy = 190 (S = 17/l

a.e. on (0,+00) x R3, so that

f LIV ), |qdvdt—>f [ 19 = k)1, vt
t1 R-

as j — +oo by dominated convergence. Since f satisfies (7) for each kcQ n[1,+00),

and since this set is dense in [1,+00), we conclude from the argument above that f

satisfies (7) for each k > 1, by passing to the limit as j — +oo in (7) written for ;.
This concludes the proof of Proposition 2.2

3.2. Proof of Lemma 3.1. This proof is a simple variant of the proof of Theorem
3 in [10], with a few additional terms which require a specific treatment.
Start from the elementary identity

trace((X AY)?) =2(X -Y)? - 2| X|*|Y?,

which holds for all X,Y € R, with the notation X AY = X ®Y -Y ® X. For all
v#weR3 setting X =v—w and

e (w00 g, (nl00)
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leads to the identity

(I—H(v-w)):(vv(m@) —vw(ln@) )

(14) B "
o e )P
1<i<j<3 v —w|? 7
where '
v — Wy Zi—(r“)wi (ln #)
on +
quj (t,v,w) = .
vj—wj  Zj— O, (ln ! (’:’w))+
Vi —w; Oy, (ln —fn(’:’w))
N
= Zij + U)jZi - ’LUZ'ZJ' -
v — Wwj (’“)wj (ln W)Jr
and
(¢ (¢t
Zi:(?vi (IHM) 5 ijavj (hlw) 5 Zij:UiZj—’UjZi.
k + K +
Hence
2 1 n ZZJ
[ e | wy el (G ow)dw =Tyl £00)| 22
—W; Zj
) 1 vi —w; Oy, (f(t,w) — k)4
- f ) e vl w; dw,
a —w; ) |vj —wj O, (f"(t,w) — k)4

since f"Ow, (In f"/K)+ = Owy [ Lnsi = Ow,, (f — k)4, Or equivalently

1
fRS e_)‘lwlzfn(t,w) (_’LUJ

W;

Zi;
)qifjn (t,v,w)dw + S(t,v) =T [\, (¢, )] ( ZZJ) :
Zj

We have denoted

—w;  TWiwj wf

R 1 wy —w;
DA S [ e wwf g fdw

and

6’wj (Uj - wj)
(f*(t,w) = K)+dw

) 1
e N s | dw
(vi —w;)  Ow, —w;

R 2/\(’0in —vjwi)
= /R3(f"(t,w) - f<a)+e_’\‘w‘ 2\ (vjw; — vjw; )wj +w; —v; | dw

1
S(t,v) = /RS esz( wj )

~w; ) |Ow, (Vi —w;)

(vj - wj) awj

= [t w) =),

2)\(’1}]"(1}1‘ - Uz-wj)wi tWw; —v;
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By Cramer’s formula

det T'ji [N, f"(t,-)]Zs

1 qZ; (t v, W) —w;

—det[ Ml fr(t,w) | w, quw (t Jw)  —wjw; | dw
—w; wzq” (t v,w)  w?
fr(t,w) 2Xv; A w; (f" (¢ w)=kK)+ —w; f"(t, w)

+detfed‘w‘2 w; frEw) @A w;(wAw;) +w;—v) (" (¢, w)—K) s —wjw; T, w) |dw
—wi f" (w) @Awi (v Awi) +w; =) (F (L w)-k) wi "t w)

with the notation a; A b; = a;b; — ajb; = =b; A a;. Using the lower bound for
detT'j; [, f*(¢,-)] obtained in Lemma 2 of [10], one finds that

|Zi] <6Cp(Ma(t, f*)?, H(fin))Ma(t, f")?

X ( / fn(t,w)qun(tm’w)(l n |U}|)6_Mw‘2dw
R3

+( \/;T)max(l,Q)\)(l+|U|)/R3(f”(t,w)—/<;)+dw).

Therefore

[0v /S (8 0) fr(t,v)|Zi?

r:  (1+v])3 r:  (1+]v))3
<712Cp(Ma(t, f™)?, H(fin))* Ma(t, f™)*

1\? "(t,v)dv wi?/2

(1 ) max(1, 43%) M( [ S(f"(t,w)—ﬂﬁdw)z)

1f"(t,v)>ndv =

R3 1+ |v|
S72CD(M2(t,f") (fm)) Ma(t, fn f 17 (0)d
v 3¢ ~Aw]? |q (t v w)|2 . .
(/fRSxRS | 1wJ|r |v])3 v — w]? f(tv) f(t, w)dvdw

+Inax(1,4/\2)fRS fg;(v)dvfm(f”(t,w)-H)+dw).

Since

_Awl? _Awl?
o —wPe T (o + fwf)e N ol + (3/2e0)72
(I+h® (It~ (1+v])?

< 4max(1, %)3/2 ,
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we conclude that

/ |00, v f"(t,v)|2
R3

1'77. v ,{d
(Trfopyr 00

< 180 (Ma (1, )2 H(fin) Mot Y Mo () (1+ o)’

n

) 2
q;; (t,v,w
><(4rnax(1,%)3/2 f/I;SXRS Mf”(t,v)f"(t,w)dvdw

o - wf?

+max(1,4)?) fR 7 (0)do fRS(f"(t,w) - n)+dw).
This concludes the proof of Lemma 3.1.

4. PROOF OF PROPOSITION 2.5
4.1. Replacing the localized entropy with Lebesgue norms.

Lemma 4.1. Set pu(r) = min(r,r%) for each r >0. Let f be a suitable solution of
the Landau equation, for some q € (1,2) and some negligible N ¢ R,. Denote

) = p((Ft0)YT =Y, forall k> 1.
Then, for each v > 0, there exists C(q,t) > 0 such that, for all k € [1,2] and all
t1 <t € R+ AN N

to 2/q
1 1
§cth3 [ (2, 0)1dv + 10 ft ([R |va;’(t,v)|qdv) dt
(15) <C(q.0) [, £ ) kg o)

t
+29k / ’ f (f;’(t,v)q + 2H1f-f(t7v)>0)) dvdt .
t1 R3 r
Proof. There exists ¢, > 0, and for each ¢ > 0, there exists C, > 0 such that
(16) cnp((r=1)3) <hi(r)<C(r-1)  forallr>0.

Thus, for each & € [1,2], since the functions p and z — (r'/7 — g¥/7 4+ 2)7 - 29 for
r > Kk are nondecreasing on R, one has

%chu((rl/q — RN < senp((r—r)s) <cnip((r/r=1)4) < cukhe(r/k - 1),
and since p(r?) = p(r)9,
(7) Sen [ n((F(t0) 17 = 1), )idv < HL(F(1)R).
On the other hand, by convexity of z — 27 on R}
(r—r)y <2717 = M9 4 (2971 1)k < 277 (u((PH7 = £19),)T 4 261,

where the second inequality follows from observing that y1 .. = u(ylyss.) if y > 1,
while Y1y, <1ys, < Klps, otherwise. Hence

HL(£(8)]k) < G [ (F(t0) =)} dw
(18) g2<q-1><1+b>qf (P 0) Y = 5Y9),)T 4261 4 0y0) dlo
R? ’

<Cla.0) [ (o) = k11100 )10y o
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with C(g,0) := 20+0(+a=DC, - Finally,

(19) [ 1T () = ry ) rde <20 [ 9 ((F(80) = k) o,
since 0 < /() <2 for all r > 0. O
4.2. The De Giorgi Method. For each integer k >0, set

=110 and k= 1+ @VT-1)(1-27F))9.
In this proof, we abuse the notation and write for simplicity

f]: = l::k °
Set
1 2/q
Ay, = esssup /RS fe(tv)idv+ 1O /tk (/RS |va,:(t,v)|qdv) dt.

th<t<l

4.2.1. Step 1: the recurrence inequality. Writing (15) for t; = 6 € [t*,t*"1]\ N and
each ty € [t**1 1]\ N and letting t, — 1~ in the integrals over [t1,%,] implies that

, 1 2/q
Amszmax(esssup% [ vy, S [( L, IVuszl(t,v)lqdv) dt)

th+l<t<l

<20(q,0) [ Fia(0:0)7 ) 4 kL 0p0)dv

1
+2Q+1:‘€k+1 f(-) A3 (fl;—l (t, ’U)q + 2Kk 1f1:+1(t7“)>0)) dudt .

Averaging the left- and rightmost sides of this inequality in 6 € [t* t**1] shows that

1
Ak+1§2k+5(0(q, 1) 4271 )ftkng(f’:” (0, v)q(1+b)+f]:+1(9,’U)q+2/§11€1L11f):+1(9)v)>0)dvd9

since t — tge1 = 2754 and kpy1 < 2. Here comes the nonlinearization part of
DeGiorgi’s argument. First f;",, < fi, and

L 4—19—1
Fi >0 = [>nea = fi>p0l-m/Y = p(@V7-1) 278 ) > ———

(1+v2)?

so that
Ly 50 < lpgws, andhence Ly o <49Po(fyre,
Thus L L
)T+ () + R, 5o
< (f]:)q(lﬂ) 4 4—(k}+3)q(4]€+3f]2—)q(1+L) i 21+L(4k}+3f}3—)q(1+b) ,
so that

1
Ak+132k+5(1 i 4(kl+3)qb 4 21+L4(k+3)q(1-n))(C(q7 L)+2q+1 )[k f %f]:(e, U)Q(1+L)dvd6‘.
tk JR?
By Hoélder’s inequality and Sobolev’s embedding (Theorem IX.9 in [3])
15 o ooy SIS G0n aszaon 181 2o ges tasner oy

<Cs(q, 3)a|\f1:”i;a(t1,t2;Lq(R3)) IV fi 122ty 0L (r3))
with
5 6

1
=, sothatr=323¢, and a=_—.
3 5q
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Notice that we use the restriction g > % at this point. With ¢ = %, one finds
p 00 R dud 2 ) 32 b2
" Rsfml( ,v) 3 dvdf <Cs(q,3)" | fx HLw(thl;Lq(RS))vafk HL2(tk,1;Lq(R3))

<Cs(q3)2(2)F 3 A a5H
<Cs(g.3)2(2) Al

so that
Apn SMARAY k>0,
with s 9
Bi==-Z>1 and A:=2.4%3
3 q
while s,
2\37q 4
M= 25 (OG0 3 s (03 ()T o
h E
An easy induction shows that, for all £ > 1, one has
k
A < MTFT AT AR (MﬁA—w—llﬂ Ao)ﬁ
Hence
(20) A0<M7ﬁA_<B*11>2 = Ay —>0ask—>+oo,

and by Fatou’s lemma

1
Sy Jo (@) =290 v < 2 lim Ay =0,
1/2 h

k—oo

which implies in turn that f(¢,v) =0 for a.e. (t,v) € [%, 1]x R3.

4.2.2. Step 2: initialization. Write (7) for t1 € [0,1]\ N and t3 € [1,1]\ N/, with
k =1. Letting t2 - 1~ in the integrals over [t1,t2] and using (17)-(19) shows that

Ao:esssup%/Rslu((f(t,v)l/q_l)ﬂqdv

1
1<t<1

5 [ (s
S2(1L1+(f(zt1,.)|1)+2L1 fRS(f(t,v)—1)+dvdt).

Averaging in t; over [z, 7| shows that

11
81
1 1

Ay < 16([1/8H+(f(t1,.)|1)dt1 +2f1/8 /Rs(f(t,v)—lﬁdvdt) .
Since (f -1)+ < (f - 3)+ and

(=D <(f = Dil(ponyms <20 - D (f =3+ <2(F - 5)7,
one has, by (16),
(f =D+ <2u((f - %)+) < ih+(2f)-

Hence

Ag<16( [ (0 + [ )
1
<1601+ ) [ (PR
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Together with (20), this implies Proposition 2.5 with

1
_ C% C,E o _5_%_(3,41)2 .
L+ \3(C(q, 2)+29°1)Cs(q,3)?

No *

5. PROOF OF PROPOSITION 2.6

The key idea in the proof of Proposition 2.6 is to apply the De Giorgi local
boundedness argument (Proposition 2.5) to a scaled suitable solution of (1). As
explained in section 2, the 2-parameter group of scaling transformations (9) leaving
(1) invariant is not rich enough to contain a subgroup leaving the conserved quan-
tities (4) and the entropy invariant. However, this is unessential for our argument,
and we only seek to leave the truncated entropy inequality (7) invariant.

Step 1: Scaling solutions to the Landau equation with Coulomb interac-
tion. Let f be a suitable solution to the Landau equation with Coulomb interac-
tion, satisfying (7) for some Lebesgue negligible set A/ c (0,+00), some q € (%, 2),
and with a given constant C; > 0. According to Proposition 2.2, the existence of
such a solution is known provided that the initial data f | 1o = [fin satisfies (8) with

q= k2_+k3 with k& > 6.
For each integer n > 0, set €, := 27" and
5¢ -6
Fo(tv) =€ f(L+el(t-1),e0v),  with 7= ﬁ
q-

(Observe that, up to the translation in time, this is precisely the subgroup of scaling
transformations (10)). One easily checks that f, is a H-solution to the Landau
equation for each n > 0, that

fRS Fult,0)do = €173 fRSf(1+eZ(t—1),V)dV:fR3 Fn(V)AV
while
Ho(fu(t,)enr) = Ho(f(1+ € (t=1),)|k)
&) ft2 (fu(t,0) = € 5),dudi = iflﬂi(trl)f (f(T,V) = k).dVdT
4 JreTY n e St (ti-1) Jrs ’ i ’
and that

t2 2/q
L5 (o 190Ut~ ey oean)
t1 R3

1+e) (t2-1) 2/q
- [ ([, [wver@vyo - iapav) ar.
1 R

+€:,1(t1—1)

(22)
Since f satisfies (7) for all x > 1 and all ¢ € A/, the scaling transformations (21) and
(22) imply that
to 2/‘1
Hat2,)lem) + o [ ([ 19000 = () Hoptan)  an
t1 R

t
< Ho (fu(tr,)|elr) + 2egnf ’ /S(fn(t,v) —€Tk)sdvdt,
t1 R
for all k> 1 and all t € NV,,, where
(24) N = {t2 08t 1+e0(t—1) e A}

(23)
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Since N, is the image of the Lebesgue negligible set N by an affine transformation,
it is Lebesgue negligible. On the other hand f,, satisfies the truncated entropy
inequality (23) for all k > 1, or equivalently whenever &, := €} > 277, Since ¢ > %,
one has v > 0, so that [1,+0c0) c [27"7 c0).

This proves that f,, is a suitable solution to the Landau equation satisfying (7)
with the same Lebesgue exponent ¢ € (%,2), the same constant CF;, and with the
new Lebesgue-negligible set N,,.

From now on, and until the very end of this proof, we forget completely the
suitable solution f, and consider only the sequence of scaled solutions f,,. The goal
is to show that, by choosing 7; small enough, one can find some n large enough so
that the scaled solution f,, satisfies the assumption of Proposition 2.5. Applying
Proposition 2.5 shows that this f,, is locally bounded near ¢ = 1, which implies in
turn that f is locally bounded (by a very large number, whose size is unessential)
near t = 1 (here again, the size of the domain on which f is bounded is of no interest
for the partial regularity result).

Step 2: Replacing the local entropy with Lebesgue norms. In this section we seek to
apply (15) to each suitable solution f,, with truncation parameter x,, = €)x = 1.

Thus we define F,(t,v) == u((fn(t,v)9=1),) for each integer n > 0, and for
a.e. (t,v) €[0,+00) x R3. Then

fRS Fn(t,v)qdvngS(fn(t,v)l/q—l)Zdv

(25)
S/R3 fu(t,v)do = 67;3 /R3 fin(v)dv = 671_3,

while

1 2/q
A ( i |VUFn(t,v)|qdv) it
0 R3

2/q

L 0= DTt - 1))

34/01(fR3 |vv(fn(t,v)1/q—1)+|de)2/th

1 2/q
17 [ ([ vy g pav) T ar <sn
1-€,), R

for all n > N large enough.
Writing (15) for each f,, replacing the truncation parameter x in (15) with
Ky =1, shows that, for #; < tg € [0,+00) N A, and all ¢ > 0, one has

2
o [ Bt )ido+ e [ [ 90 Fo (4 o) do "
2 R3 n+1 25 4 4 R3 vin+l 9

< C’(q, L) /R3 (Fn+1(t1, v)‘l(lﬂ) 4 1Fn+1(t1,v)>0) dv

t
+2q[2/ (Fp1(t,0)7+ 215, (1.0)>0) dvdt .
t1 R3
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Taking the esssup of the left hand side for % <ty <1 and averaging the right hand
side in ¢; € [0, 5] shows that

esssup[ Foi1(ta,v)4dv

—<t2<1

4C' L 1/2 L
< ﬁ / f (Fn+1(t1;v)q(1+ ) + 1Fn+1(t17v)>0) dvdtl

2q+2
/ \/R?’ n+1 (t v) + 21Fn+1(t v)>0) dvdt

< (g2 L>+2q*3 f f Fra (£,0)1 ) 4 Fog (£,0) + 15, (1,0)50) dvdt

Step 3: Using the Sobolev embedding. We recall that

. . 39
|6l por (may < Cs(a,3)| Ve[ Lamsy with ¢ "3

for all ¢ € [1,3) and all ¢ € Wh4(R?) (see Theorem 1X.9 in [3]). Thus, for each

120,
1
f / le(t,v)quﬂ)dvdt
0o Jms

o 17,050l

< |FIG 2 3
L0 (0,1;L 700 (R?)) L2740 (0,1;L 3G () (R3))

n+1

q(Q)

1+
< \|Fn+1\|;g(j))m Ry €SP {v € R’ s.t. F,q(t,v) >0}

a- (3 e

< Cs(q,3)" | Vo P | 1500, Lq(Rg))esssupHv eR3 s.t. Flui(t,v) >0}

q( =

< (SCs(q,?)))q(l“)nl E esssup|{v eR?s.t. Fpyq(t,v) >0}
O<t<1

Observe that
Frpi(t,v) >0 = fou(t,v) > 1
— (fo(1+277(t-1),0)Y7-1), > 279 -
= Fo(1+277(t-1),30v)%> p(2/7-1)1.

Hence
8
3 V(¢ - q
{0 eR st Fua(t0)> 0} < i fR Fy(1+27(t—-1),V)%dV,

so that
(27)

1
/ f le(t,v)q(l“)dvdt
0o Jms3

PRCEA VRN 4-(3-q)0
1+ 3
< (8Cs(q,3))201+V) (m) n 2 esssup (fm Fn(T,V)qu)

1-2-7<T<1
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Likewise, setting ¢ = 0 in the inequality above

1
f / Foor (t,0)dvdt
0 R3

(28) . B
q 8 5 3 q °

< (8Cs(03)" (i) i essswp ([ AT vyav)

Finally
Fo,(1+277(t-1), v)q
1Fn+1(t7v)>0£ /14(27/(1_1) 1 Fpi1(t,0)>0
so that
2v+3
q

f /Rs Foia (t,0)>0dvdl < (2= 1) //8/ F.(T,V)4dvdT

(29)

2'y+3+4q0 3 q
_ﬂnf ess sup (/ Fn,l(T,V)qu)3
(27 — 1)q+— 1-2-7<T<1 \JR3

Henceforth, we assume that ¢ € (5, 2), so that v > 1, which implies in turn that
1-277"> 2. Putting together (26), (27), (28), and (29) shows that
(30)
q
3
ess sup/ Foi1(ta,v)%dv <D(q, )771 max | 1,ess sup/ (T, V)1dV
—<t2<1 —<T<1
5
a
+ D(gq,t)n{ max (1, ess sup F,1 (T, V)qu) ,
lcra JR3
2

with

4C 2q+3 2(4q+L)C 3 q(1+e) 24qc 3)¢ 2’y+'§+4qc 3)¢
D(gq,1) := (q,CL})+ max S(fiu)ﬂ) " s(q, ) 7 (g, ) )
' w(2v/a-1)""3 "9 p(27/a-1) 3 u(27/a- 1)qu

Step 4: The induction argument.

Lemma 5.1. Let X,, be a sequence of positive numbers such that
(31) X1 < p(max(1, X,) + max(1, X,,-1)%), n>1,
where 0 < p < % and Xo, X1 < M with M > 1. Then

Xon and Xo,01 < max (2p, (2p)%M‘ln) nx>1.

Proof. This is proved by an elementary induction argument. The desired conclusion
holds for n =0, i.e.

Xo and X7 < M =max(2p, M), since M >1and 2p<1.
Assume that
Xo, and Xo,41 < max(2p, (2p)1+a+"'+o‘n_lM°‘n) )
If (2p)1+0‘+"'+°‘n_1M0‘n <1, the assumption 2p < 1 implies that
Xopnt2 <p(1%+1%) =2p< 1, and Xopi3 < p(max(1,2p)* +1%) =2p< 1.
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If on the other hand (2p)1+°‘*'”+°‘n71M‘ln > 1, then

1

Xonso <p ((2p)a(1+a+...+a”‘1)Ma”+ n (2p)a(1+a+...+a”‘1)Ma”+1)

1 n+1

:2p(2p)a(1+a+...+a”‘1)Mo/” _ (2p)1+a+...+a"Ma
<max(2p, (2p)1Fotro” e ).

In particular
T+at...+a™ 3 ra™*? Ttat.. +a™ L, ram
max (2p, (2p) M <(2p) M

since

)1+a+...+o¢"_1 Man

2p<1<(2p
Hence
Xonss <p ((2p)°“(““*'“*“"71)M“"” + max (1, 2, (zp)“m»»»m"Ma"“)“)
+(@pytrerre )

:2/)(2/))(Jz(l+o¢+.,.+o¢"71)]\4o¢"Jrl < max (2/)7 (2p)1+a+...+a" Ma"“) )

n+1

n—1
<p ((2p)a(1+a+...+a )Ma

since 2p < 1 and M) <, O
Henceforth we choose ¢ = %, as in the proof of the first De Giorgi type lemma.

Choose 77 small enough so that
0<m < (2D(q, %)),

and apply the lemma above to the sequence

X, :esssupstNm(t,v)qdv,
R

F<t<1
with
p:=D(q, %)771% , a=q/3, and M := o (N+1)(3-7)

Because of (30), this sequence X, satisfies (31) for all n > 0. Writing (25) with
n =N and n =N + 1 shows that

Xo<2 VO3 < i and X; <27 WVHDO3) <

- _4 : 4
because 3 - = 5.5 > 1 since g (3,2).
Since

(2p)1+a+...+a"Ma"+l s (2p)ﬁ < 2p as n — +oo,

there exists ng such that n > N + ng implies that

esssupf3Fn(t,v)de§2p:2D(q,§)n1% <1.
R

1
5<t<1
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Step 5: Conclusion. Using (18) shows that

[ H oot

1
< C(q, %) 0 RS (FN+n0+2(t, v)5q/3 + lFN+n0+2(t,U)>0)dvdt .

At this point, we use (27) and (29) to bound the right hand side of the inequality
above, which leads to

[ He oot

59-6

20q—6 5q

9
<C ,2 2 ess su (f Fyin T,V qd[/)
= (q 3)Cs(q, )3 (2974 1)q( 7-6) 771 Lgs Iil RS N+ 0+1( )

+C(q,§)wn% esssup (f FNing (T, V) dV)3

p(2v/a-1y1t %5 1-2-7<T<1

—

wla

<C(q,3)D(q, 3)771 Inax(l esssup/ Fning+1 (T, V)qu)
—<T<1

wha

+C(q, S)D(q, 3)771 max(l esssup/ Fning (T, V)qu)
3<T'<1

aq
<2C(q,3)D(q. 2)n; .
Using (21) shows that
1 1
\/O H+(fN+no+3(t7 ')|2_7)dt = \/0 23_7H+(fN+no+2(1 + 2_V(t - 1)7 )|1)dt

1

=8 o H+(fN+no+2(Ta ')|1)dT

<16C(q, 2)D(q, 2)n?
<16C(q, 5)D(q, )07 -

On the other hand, since z — h,(2) := (2lnz -z + 1)1,.; is nondecreasing (observe
for instance that b/ (r) = (In7); > 0), one has

K1 £ Kg —> h+(¢/’12) < h+(¢/"51) Eand ,%H+(¢|/52) < %IH+(¢|HI)

for all ¢ = ¢(v) measurable on R? and such that ¢(v) > 0 for a.e. v e R3. Since
qe (%, 2), one has v > 1 and therefore

[ st [ H gt )
1/8 +\J N+np+3\Y, 2 = Jo +\J N+np+3\"Y 2

1
<27 [ HL(fvengea ()27
<27C(q,2)D(q, 307 -
Choosing 0 < 77 small enough so that
2
m <molen,q,Cpl71(27°C(q, 3)D(q,3)) 7,

Qo

we conclude that

FNng+a(t,v) <2 for a.e. (t,v)€[3,1]x R?.
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At this point, we return to the original suitable solution f. The last inequality
is equivalent to

f(T,V) < 27(N+no+d)+l for a.e. (t,v) € [1-277(N*mor3)-1 11 R3

)

which completes the proof of Proposition 2.6.

6. PROOF OF THEOREM 2.4

By Proposition 2.2, there exist a negligible set N' c (0,+00), and, for each
Lebesgue exponent ¢ € (1,2), a constant C [T, fin,q] > 0 such that (7) holds for all
t1,t2 € [0,T]~ N and all k > 1.

If 7 € S[f,[1,2]], consider the function f, : (¢,v) » f(t+7 —1,v). This is
a suitable solution to the Landau equation (1) on [0,1] for which (7) holds for
each ¢ € (1,2) with the constant C;[1, fin,q] > 0, for all ¢1,t5 € [0,1] such that
ti+7-1¢Nandtao+7-1¢N.

Applying Proposition 2.6 to f; shows that, for each ¢ € ( ,2), there exists
e(t) € (0, 2) such that

T 2/q
L—e(‘r)’* (A% Vo (£ (2, U)l/q - 6(7_)_V/l1)+—|q) dt > %7716(7‘)3_7
with v = 22=¢  Observe that

2¢-2°
Vol (o) = kM), = Vo (F (5 0) )0y
so that
|V (f(t, v)l/q _ 6(7)77/‘1)+| < |Vy(f(t,v)l/q “1),]
and therefore
T 1 2/q . .
/H(T)v (/Rs Vo (F(t )" - 1)+Iq) dt > sme(r)’7.

Hence

S[f,[1,2]] c U (-e(),7+e(n)7).

TeS[f,[1,2]]

By the Vitali covering theorem (see chapter I, §1.6 in [31]), there exists a countable
subcollection of pairwise disjoint intervals (7; — e(7;)7, 7; + €(7;)”) such that

S[f,[1,2]] € (75 = 5e(75)7, 75 + 5e(75)7) .

j=1

On the other hand

2/q
Same) <Y [T ([ vt -] ar
=1 2177 —e(75)7 R3

2/q
:/u (ri=e(7;) )(fr{?,'v”(f(t’v)l/q_l)+|q) "
21T —€(T5) 7,75

< [0 (L Ivv(f(t,v)”q—1)+Iq)2/th

<o (H+ fm|1)+4f Fin U)d’v)
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where the equality above follows from the fact that the intervals (7; — e(7;)7,7;)

246 " this proves that

are pairwise disjoint. Since v = 2g-2"

H7T(S[f,[1,2]]) <o, forallge(2,2).
Since 5(1%6 decreases from 2 to % as ¢ increases from % to 2, we conclude that
H*(S[f,[1,2]]) < oo for all s > £, which implies in turn that H*(S[f,[1,2]]) = 0 for
all s > 1 (see for instance Theorem 2.1.3 in [1]).
For each m € Z, set f,,(t,v) := 27" f(27™t,v); then f,, is a suitable solution to
the Landau equation on [0,7T] x R3 for each T > 0, and

Lol 110 £ (0,0)) fn (0, 0}
:2"7"ng(1+|m|ln2+|U|k+|1nfm(v)|)fm(v)dv<oo for all k> 3.

Hence, for each m € Z, one has

HE(S[f, (27,21 ]]) = 27 H (S fm, [1,2]]) =0 forall s> 3.
Therefore
H(S[f, (0+00)]) = - H(S[f,[27,27™]]) =0 forall s>,

meZ

which implies that S[f, (0,+00)] has Hausdorff dimension < £ (see Definition 2.1.5
in [1]).
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