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We investigate the effects of a nearby free surface on the stability of a flexible plate in axial flow.
Confinement by rigid boundaries is known to affect flag flutter thresholds and fluttering dynamics
significantly, and this work considers the effects of a more general confinement involving a deformable
free surface. To this end, a local linear stability is proposed for a flag in axial uniform flow and
parallel to a free surface, using one-dimensional beam and potential flow models to revisit this
classical fluid-structure interaction problem. The physical behaviour of the confining free surface
is characterized by the Froude number, corresponding to the ratio of the incoming flow velocity to
that of the gravity waves. After presenting the simplified limit of infinite span (i.e. two-dimensional
problem), the results are generalized to include finite-span and lateral confinement effects. In both
cases, three unstable regimes are identified for varying Froude number. Rigidly-confined flutter is
observed for low Froude number, i.e. when the free surface behaves as a rigid wall, and is equivalent
to the classical problem of the confined flag. When the flow and wave velocities are comparable, a
new instability is observed before the onset of flutter (i.e. at lower reduced flow speed) and results
from the resonance of a structural bending wave and one of the fundamental modes of surface gravity
waves. Finally, for large Froude number (low effect of gravity), flutter is observed with significant
but passive deformation of the free surface in response of the flag’s displacement.

Keywords: Fluid-Structure Interactions, Instabilities, Free surface waves, Flag flutter

I. INTRODUCTION

The flow-induced flapping of a flexible plate in axial flows, also known as “flag flutter”, is a canonical and funda-
mental example of fluid-structure interaction, where the destabilizing effect of the fluid forces can overcome the plate’s
resistance to deformation and lead to spontaneous and self-sustained flapping above a critical flow velocity. Motivated
by applications ranging from fundamental aerodynamics to engineering problems, biomedical applications, acoustics
or flow control, the detailed analysis of flag flutter has been central to many different studies, either theoretical,
numerical or experimental over the last two decades [1, 2]. Determining velocity thresholds (i.e. velocities above
which the flat equilibrium becomes unstable and the plate starts flapping spontaneously) and the influence of the
flag’s inertia and aspect ratios is key to many such studies [3]. Beyond their fundamental interest for understanding
the transition to self-sustained flapping, flutter thresholds are also crucial in most applications, whether to estimate
proper operating range for flow-energy harvesters [4–6], to avoid jamming in paper industry [7, 8], to dimension
cooling systems appropriately [9, 10] or to prevent and treat snoring in human patients [11].

In most of these applications, confinement of the fluid and flag displacements by rigid boundaries is significant,
and the fundamental role of such confinement has recently been the focus of specific studies on snoring [12–14], heat
transfert devices [10, 15], or paper manufacturing [16]. Lateral confinement (i.e. in the direction of the flapping motion)
was thus found to modify flutter thresholds as well as fluttering frequencies and mode shapes. Specifically, lateral
confinement was commonly observed to destabilize the flag [17–20], an effect associated with an increased added inertia
of the flag [21], as the result of the proximity of a rigid boundary [22]. This effect was most pronounced for heavier
flags, while lateral confinement was found to have little influence on stability of lighter structures [18]. The same trends
also hold for span-wise confinement [23]. Most of the analytical and numerical studies were performed in the inviscid
limit, yet confinement effects in viscous cases essentially lead to similar trends [15, 24]. Additionally, experimental
and numerical studies of span-wise confinement demonstrated the difficulty of exploiting such confinement to analyse
two-dimensional flag flapping in experiments [23, 25].

The previous considerations apply only to non-deforming boundaries, i.e. rigid walls. In contrast, the present study
considers the effect of confinement by a free surface which may deform under the effect of the fluctuating pressure
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generated by the flapping structure. Such analysis is necessary to understand flag-current-free surface coupling and its
relevance for the design of flexible energy harvesters intended for ocean or river purposes [4, 26, 27], the performance
prediction of recent self-powered water-pump devices based on flexible structures [28], or the analysis of the effect of
a current on wave energy harvesters [29] and wave breakers [30].

This configuration also presents much fundamental interest to explore the potential coupling of the flag dynamics to
the flow-induced deformation of the free surface. This is expected to lead to new physical phenomena, in comparison
with purely rigid confinement, since a free surface is also susceptible to develop and carry neutrally-stable waves,
therefore possessing its own dynamics. Such coupling between a flag and other deforming boundaries represents a
wider class of problems which includes the interaction of multiple flags: parallel arrangement of the flags is generally
found to reduce flutter thresholds and significantly complexify fluttering dynamics [31, 32]. In that case, however,
the physical mechanism at the root of the instability essentially remains the same as for the single-flag configuration
owing to the specificity and symmetry of the coupling considered, namely flag-fluid-flag coupling.

Recently, several asymmetric couplings of a flapping flag with another dynamical system have been considered
and may offer some insight on the accessible dynamics. Fluid-solid-electric coupling in a piezoelectric flag have thus
been considered and result in the lock-in of the flapping motion onto the natural frequency of the output electric
circuit, which significantly affects their energy harvesting efficiency [33]. Furthermore, continuous circuit models of
piezoelectric flags showed some further coupling and organization of the energy transport along the solid and electric
systems [34]. The coupling of a flag to a mechanical resonant system through the rotation of its mast also displayed
the possibility of lock-in and increased energy transfer [35]. It is therefore expected that flag-current-free surface
coupling may lead to interesting dynamics which are the focus of the present study.

To analyse the coupling of the flag dynamics with free surface wave dynamics, we propose here a local stability
analysis of a flag immersed below a free surface and exposed to a steady horizontal current. By focusing on the propa-
gation of waves along a flag of infinite length, this idealized configuration offers a simplified framework to characterize
flag-current-free surface coupling, to quantify free surface effects on flag flutter thresholds and to investigate potential
free surface-induced instabilities. Note however that the present model is not able to capture finite-length effects of
the flag (including the effect of the wake shedded at its trailing edge), are beyond the scope of the present paper.

The paper is organized as follows. Section II first introduces the model problem considered and obtains the
dimensional and non-dimensional forms of the governing equations for the flow, flag and free surface in the general
case. The large-span limit, which results in a two-dimensional problem, is then investigated in details in Section III
and allows to characterize the different regimes of coupling. Section IV then generalizes these results to a flag of finite
span (but rigid in the span-wise direction) immersed in a free surface channel of finite width, thereby demonstrating
the generality of the results and analyzing the specificity introduced by the span-wise extent and confinement of the
problem. Finally, the main findings of the paper are summarized in Section V which also presents some perspectives
for future work.

II. THEORETICAL MODELLING

A. Flag model

To analyse the local stability problem for a coupled flag and free surface, an infinitely long flexible plate with span
l is considered, which is immersed horizontally in a uniform axial flow of velocity U and fluid density ρ, and at a
distance h below a free surface. This flexible plate, referred to as ”flag” in the following, is confined by rigid walls
in the span-wise direction located at a distance c from its side edges (Figure 1). In the following, viscous effects are
neglected in front of fluid and solid inertia (i.e. the Reynolds number is large), so that the fluid forces are dominated
by pressure contributions. Physically, viscous effects are concentrated within thin boundary layers on the flag and
marginally affect the flow field, except at the downstream edge where they separate into free shear layers. In the
present local stability framework, modeling of such separation is abscent (the flag is considered effectively of infinite
streamwise extent).

For simplicity, we assume that the flag is significantly more rigid in the span-wise direction than along the direction
of the flow, an assumption commonly performed in the literature that is based upon experimental observations, and
that greatly simplifies the analysis by focusing on unidimensional deformation of the structure [3]. Additionally, this
assumption is relevant for energy harvesting devices in water [4, 26], and indeed adding heavy rigid stripes along
the flag’s span, heavy, but highly flexible, plates can be built, with significantly lower instability thresholds, which
extends the range of operability of such devices [36].

Assuming that the thickness of the flag is much smaller than any other dimension in the problem, the displacement
of the flag from its straight horizontal position is entirely determined by the vertical position of its centerline ηf (x, t).
In the following, we focus on the linear dynamics (small ηf ), and consider a one-dimensional Euler-Bernoulli beam
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FIG. 1: Geometric description of the problem.

model, so that the linearized beam dynamics is described by

µ
∂2ηf
∂t2

+B
∂4ηf
∂x4

= −1

l

∫ l/2

−l/2
[p]dy, (1)

with µ the mass per unit surface of the flag, B its flexural rigidity and [p](x, y, t) the pressure jump across the flag
obtained at leading order as [p] = p(x, y, z = 0+, t)− p(x, y, z = 0−, t).

In a global stability analysis of the classical cantilevered flag problem, Eq. (1) would have to be complemented
by clamped-free boundary conditions at the flag leading and trailing edges. This study focuses instead exclusively
on the local stability problem considering the linearized time-dependent evolution of wave-like perturbations to the
steady and straight equilibrium of an infinitely long flag. In the unbounded two-dimensional case (i.e. infinite span),
long waves (i.e. with small wave-number) are always unstable for any non-zero velocity (as mentioned by [3] and
established in the following): physically, the restoring effect of the flag’s bending rigidity is small for such long waves,
and it is thus unable to counter-act the destabilizing effect of the fluid pressure forcing. A rough, but simple model to
estimate flutter thresholds of a finite-length flag traditionally consists in restricting the present local stability analysis
to perturbation wavelengths of the order of, or smaller than, the flag’s length (thus considering that this is the longest
wave length that can be supported by the flag). Despite its simplicity, such local model (which therefore ignores the
effect of the wake) can predict experimental flutter thresholds in a satisfactory way (e.g. [31, 36, 37]). In this study,
we adopt this approach to provide insight on the different physical couplings involved in the fluid-flag-free surface
interaction. Note however that the flag’s wake may significantly influence its dynamics and flutter thresholds [38, 39].

B. Inviscid fluid model

We briefly outline now the three-dimensional incompressible potential flow model adopted here for the fluid flow
around the flag. Decomposing the flow field as u = Uex +∇φ, the perturbation potential φ must satisfy Laplace’s
equation both above (0 < z < h) and below the flag (z < 0):

∆φ = 0. (2)

Once φ is known, the pressure field is obtained from the linearized unsteady Bernoulli equation,

p = −ρ
(
∂

∂t
+ U

∂

∂x

)
φ. (3)

C. Boundary conditions

The free surface elevation relative to its equilibrium position at z = h is noted ηg(x, y, t). The linearized dynamic
(pressure continuity) and kinematic boundary conditions (impermeability) at the free surface respectively read

p = ρgηg for z = h, (4)

∂φ

∂z
=

(
∂

∂t
+ U

∂

∂x

)
ηg for z = h, (5)
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with g the acceleration of gravity. In a similar fashion, the linearized kinematic boundary condition on the flag
provides

∂φ

∂z
=

(
∂

∂t
+ U

∂

∂x

)
ηf for z = 0, and |y| < l/2, (6)

and span-wise confinement further imposes the impermeability of lateral walls

∂φ

∂y
= 0 for |y| = l/2 + c. (7)

Considering that the depth of the fluid domain is much larger than any other dimension of the problem (an assumption
that will be relaxed in Section IV), φ must finally satisfy

φ = 0 for z → −∞. (8)

Equations (1)-(8) determine the linear dynamics of the fully-coupled fluid-structure interaction problem.

D. Normal mode decomposition

Taking advantage of the problem invariance in the streamwise direction, a normal mode decomposition into wave-like
solutions is considered  p(x, y, z, t)

φ(x, y, z, t)
ηf (x, t)
ηg(x, y, t)

 =


p̃(y, z)

φ̃(y, z)
Af
Ag(y)

× ei(kx−ωt) (9)

with k and ω corresponding to the wave number and complex frequency of the mode, respectively. We focus on the
temporal stability of spatially-periodic waves of wavelength 2π/k: for a given real k, we determine the corresponding
frequency ωr = Re(ω) and growth rate ωi = Im(ω) as a function of the other physical parameters of the problem.
A mode of given k is thus unstable for given parameter values if the corresponding growth rate is strictly positive,
ωi > 0.

E. Non-dimensionalisation

In the following, we use 1/k, 1/(kU) and ρ/k3 as reference length, time and mass, and we rescale the span-wise
coordinate y in units of l. All variables are made non-dimensional using these reference scales in the following. The
dispersion relation for the non-dimensional frequency ω is then obtained from the non-dimensional forms of Eqs. (1)
and (3) as

−ω2 +
1

U∗2
− 2M∗(ω − 1)2f(ω) = 0, (10)

where f is the normalized fluid loading function

f(ω) = −1

2

∫ 1/2

−1/2

[φr(y, z = 0+)− φr(y, z = 0−)]dy, (11)

and the non-dimensionalized reduced velocity potential defined as φr = φ̃/[−i(ω − 1)Af ] satisfies the following set of
non-dimensional equations obtained from Eqs. (2)-(8) as

1

l∗2
∂2φr
∂y2

+
∂2φr
∂z2

= φr, (12)

∂φr
∂z

= Fr2(ω − 1)2φr, for z = h∗, (13)

∂φr
∂z

= 1, for z = 0 and |y| < 1/2, (14)

1

l∗
∂φr
∂y

= 0, for |y| = 1/2 + c∗, (15)

φr = 0, for z → −∞. (16)
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(a) (b)

FIG. 2: Definition of uncoupled problems. (a) Uncoupled flag problem. (b) Uncoupled free surface problem.

Note that φr corresponds to a velocity potential rescaled by flag velocity in the frame moving with the uniform flow.
This variable is introduced for convenience, and allows for instance to obtain a set of equations independent of ω in
the small Fr limit.

The problem above is governed by six non-dimensional parameters, namely

M∗ =
ρ

µk
, U∗ = U

√
µ

Bk2
, Fr = U

√
k

g
, (17)

h∗ = kh, l∗ = kl, c∗ =
c

l
· (18)

M∗ is the fluid-solid mass ratio and U∗, the reduced velocity, measures the relative magnitude of the fluid forces
and of the internal elastic restoring force associated with the bending stiffness. The Froude number, Fr, is the ratio
of the incoming flow velocity and of the typical free surface wave speed. Finally, h∗, l∗ and c∗ are three geometric
parameters that characterize respectively the immersion depth of the flag, its length in the span-wise direction and
the lateral confinement.

Equations (12)-(16) formulates a non-linear eigenvalue problem for ω, which is solved using an iterative Newton-
Raphson method, thus obtaining ω as a function of the non-dimensional parameters defined in Eqs. (17)–(18).

In the following, the fully coupled flag-current-free surface problem, Eqs. (10)–(11) is first analyzed by considering
two simplified limits in which one of the moving boundary is fixed, namely the uncoupled flag problem and the
uncoupled free surface problem. For the former, the top free surface is effectively replaced by a rigid wall; this limit
therefore corresponds identically to a rigidly-confined flag in axial flow (Figure 2a), which has been studied by [18] in
the two-dimensional case. In the latter, the flag is effectively replaced by a wall, leading to a wave-current problem
confined by rigid walls (Figure 2b). The motivation for introducing these uncoupled problems is two-fold, namely (i)
to identify the physical nature of the coupled flag-current-free surface modes, and (ii) to provide a methodology to
predict instabilities in the fully-coupled regime from inspection of the (simpler) uncoupled problems only.

The main objective of the present study is to quantify the effects of the free surface on the stability of the system.
To that end, we mainly focus in the following on the effects of U∗ and Fr on the modes’ frequency, growth rate and
structure. The Froude number Fr, Eq. (17), compares the uniform incoming flow velocity, U , and the typical velocity

of surface waves in the deep water limit,
√
g/k. For Fr � 1, surface wave propagate much faster than the flow, and

this limit can thus be seen as a regime where gravity prevents any free surface deformation, which therefore behaves as
a rigid boundary. In this limit, the free surface boundary condition corresponding to equation 13 indeed degenerates
to an impermeability condition. Instead, when Fr� 1, free surface deformations are essentially advected by the flow,
which behaves as a freely-deformable or soft interface. In this case, boundary condition 13 indeed corresponds to
a zero-pressure condition at the mean free surface. Varying Fr therefore allows to span a wide variety of different
physical behaviour of the free surface and resulting confinement effect on the flag.

In the remainder of the paper, we set M∗ = 0.1 and h∗ = 0.5 and two geometric cases are explored in the following.
The large-span limit (l∗ � 1) is first analysed in Section III; the two-dimensional problem obtained in this limit is
indeed amenable to analytical treatment and provides a critical insight on the coupled dynamics. A finite-span and
finite-depth generalization is then investigated numerically in Section IV assuming no-deformations of the flag along
it’s span.

III. LARGE-SPAN LIMIT

This section focuses on the large-span limit (l∗ � 1), which leads to a two-dimensional problem. In this limit,
Eqs. (12)-(16) indeed simplify into an Ordinary Differential Equation problem (y-derivative term is removed from
Eqs. (12) and Eqs. (15) can be dropped) and can be solved explicitly for φr to obtain the fluid loading f , defined in
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Eq. (11), explicitly:

f =
cothh∗

2

[
1− Fr2(ω − 1)2 tanhh∗

1− Fr2(ω − 1)2 cothh∗

]
+

1

2
· (19)

After substitution into Eq. (10) the dispersion relation can be rewritten as

D(ω) ≡ Df (ω)Dg(ω)− C(ω)2 = 0, (20)

with

Df (ω) = ω2 − 1

U∗2
+ma(h∗)M∗(ω − 1)2, (21)

Dg(ω) = −1 + F(h∗) Fr2(ω − 1)2, (22)

and

C(ω) =

√
M∗Fr(ω − 1)2

sinhh∗
, (23)

with ma = cothh∗ + 1 the added mass coefficient and F = cothh∗ a geometric factor. Equations (21) and (22)
can readily be identified with the large-span dispersion relations of the uncoupled flag and free surface problems,
respectively. The dispersion relation of the fully-coupled problem, Eq. (20), can therefore be viewed as equating
the product of two simplified dispersion relations corresponding to the uncoupled cases introduced previously with
a coupling term, Eq. (23). When C(ω) → 0, the eigenmodes of the fully-coupled flag/current/free surface problem
identically match the four modes of the two uncoupled problems. From Eq. (23), this uncoupled limit arises if h∗ � 1,
M∗ � 1 or Fr� 1, i.e. for large immersion depth, heavy flags or weak currents, respectively.

In what follows, after providing a simple example of uncoupled solutions, we discuss the small-coupling limit before
turning to the description of unstable regimes in the fully-coupled situation.

A. Uncoupled solutions

Uncoupled flag problem: In the uncoupled flag problem, the free surface is effectively replaced by a rigid wall
(Figure 2a), leading to the dispersion relation Df (ω) = 0, where the three contributions to Df in Eq. (21) respectively
correspond to flag inertia, bending rigidity, and fluid pressure. The added mass coefficient, ma = cothh∗ + 1, includes
two terms accounting for the fluid contributions on the upper part of the flag (confined fluid layer) and on the lower
part of the flag (unbounded fluid layer). Solutions ω±f of the quadratic dispersion relation are structural bending
waves coupled to the flow.

The evolution with U∗ of the corresponding frequencies and growth rate are shown on Figure 3 (red lines). For
small U∗, the system’s eigenmodes consist of two neutrally-stable waves; these merge at larger U∗ leading to a coupled
mode flutter instability above a flutter threshold

U∗c =

√
1 +

1

maM∗
(24)

which clearly establishes the destabilizing effect of confinement (decreasing h∗ leads to an increase of ma) [17, 18, 23].
Note that, recasted under dimensional form, Eq. (24) shows that Uc → 0 in the small k limit. This confirms that
infinitely long flags are always unstable (as mentioned in [3]), and generalizes this result to confined flags. Note that
this is in agreement with the results of [39] that long flags are less stable.

Uncoupled free surface problem: In the uncoupled free surface problem, leading to the dispersion relation Dg(ω) = 0,
see Eq. (22), which is the two-dimensional dispersion relation of surface waves in finite-depth fluid layers in the
presence of a steady current. Its two solutions, noted ω±g , are neutrally-stable, do not depend on U∗ and travel
respectively faster and slower than the incoming flow (Figure 3). For small Fr, the latter propagates upstream.

As a result, depending on Fr, there may be particular values of U∗ for which a frequency of an uncoupled flag mode
matches exactly that of a free surface uncoupled mode, an event referred to in the following as frequency crossing. In
some circumstances, the coupling of two waves of similar frequency is known to lead to an instability of the coupled
problem [40], which motivates further analysis of the weakly-coupled limit in the vicinity of such frequency crossings.



7

FIG. 3: Solutions for the uncoupled free surface problem (gravity waves, blue) and uncoupled flag waves (red) for Fr = 2.
The shaded blue area corresponds to the frequency range given by Eq. (27). Each uncoupled problem configuration is also
represented schematically.

B. Weak-coupling analysis around crossings

We analyse the behaviour of the system for values of U∗ for which uncoupled solutions are close to frequency
crossings, i.e. such that ωg = ωf + ε, with ε � 1, and focus on the weak-coupling limit assuming C = O(ε) (e.g. for
large immersion depths h∗).We further consider a crossing occurring for values of U∗ smaller than the flutter threshold,
such that the uncoupled solutions are neutrally-stable waves (ωf and ωg real). After substitution of solutions under
the form ω = ωf + δ, with δ = O(ε) and Taylor series expansion for ε � 1, Eq. (20) rewrites at leading order and
collecting (dominant) O(ε2)-terms

δ2 − εδ − γ = 0, with γ =
C(ωf )

2

∂Dg

∂ω

∣∣∣
ωg

∂Df

∂ω

∣∣∣
ωf

· (25)

Unstable solutions for δ (i.e. complex solutions with positive imaginary part) are obtained if |ε| < 2
√
|γ| and γ < 0.

The first condition indicates that frequencies of the uncoupled solutions must be close enough. The second condition
equivalently writes as

∂Dg

∂ω

∣∣∣∣
ωg

∂Df

∂ω

∣∣∣∣
ωf

< 0. (26)

Using Eqs. (21) and (22), it can be shown that (at leading order) instability is obtained if a crossing occurs within
the frequency range

maM
∗

1 +maM∗
< ω < 1, (27)

with ma = cothh∗ + 1. The left and right inequalities in Eq. (27) respectively correspond to the uncoupled flag and
gravity waves. As a result, instability can only result from the coupling with a flag wave of the surface wave slower
than the flow speed (i.e. ω−g ): among the two crossings observed on Figure 3, only the one involving ω−g (at U∗ ≈ 1.5)

can lead to an instability. Additionally, instabilities resulting from such interactions cannot appear if ω−g < 0, i.e.

Fr <
√

tanhh∗: only supercritical cases may lead to this kind of instabilities.
The present analysis thus provides a predictive argument for some instabilities of the fully-coupled problem by

inspection of the uncoupled problems only. It was adapted from the work of Cairns [40] who showed that a wave
satisfying a well-defined dispersion relation D(ω) = 0 can be associated with energy (ωA2/4)(∂D/∂ω) with A the
wave amplitude, which can be interpreted as the energy to provide to the system to generate the wave from the
base state. In that sense, such wave energy can be negative, meaning that exciting such waves lowers the total
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(a) Fr = 0.3 (b) Fr = 0.6

(c) Fr = 1.3 (d) Fr = 2

(e) Fr = 3 (f) Fr = 5

FIG. 4: Evolution with U∗ of the frequencies of the fully-coupled waves (black, Eq. (20)) for various Froude numbers for h∗ = 0.5.
The uncoupled flag waves (red, Eq. (21)) and uncoupled gravity waves (blue, Eq. (22)) are also plotted for comparison. The
shaded blue area correspond to the frequency range given by Eq. (27).

energy of the system. Building upon this work, the condition for instability in Eq. (26) can therefore be interpreted
as a requirement that the two interacting waves have energies of opposite signs. In the present case, the negative
energy wave is the “slow” uncoupled gravity wave ω−g . Note that such wave interactions, and hence flag/free surface
instabilities, belong to class C instabilities in the three-fold classification proposed by Benjamin [41]. Recently, a
similar analysis interpreted the formation of rotating polygons at the interface of a swirling free surface flow in terms
of wave interaction [42]. Additionally, resonances involving such waves with energy of opposite signs have been studied
in geophysics [43] and astrophysics [44].
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(a) (b)

FIG. 5: Evolution of the growth rate of the unstable coupled mode (a) and corresponding amplitude ratio (b) with Fr and U∗

for h∗ = 0.5. Black lines correspond to velocity thresholds U∗c1 (plain), U∗c2 (dotted) and U∗c3 (dashed). Thin horizontal lines
indicate flutter thresholds in the small-Fr (plain, U∗c = 2.04) and large-Fr (dashed, U∗c = 2.80) limits.

C. Fully-coupled results: frequencies and growth rates

We now turn to the fully-coupled problem for which the evolution with U∗ of the frequencies and growth rates
are reported on Figure 4 for several values of Fr. The dispersion relation, Eq. (20), is a quartic equation with four
solutions, two of which roughly behaving as uncoupled free surface waves, while the two others roughly behave as
uncoupled flag waves.

For Fr = 0.3, Figure 4(a) indeed shows that two solutions of the fully-coupled system match uncoupled flag
waves except for frequencies in the vicinity of uncoupled gravity waves, i.e. around (U∗ = 0.3, ωr = 3.3) and
(U∗ = 0.5, ωr = −1.3). However, no instabilities appear around crossings between uncoupled solutions: in the coupled
case, the two branches seem to merge but do not; in fact, they repel while exchanging identity. This is consistent with
the observation that for Fr = 0.3, these crossings occur outside the unstable frequency range established by Eq. (27).
The instability threshold for U∗ ≈ 2 is well captured by the uncoupled flag solution and is therefore identified with
confined-flag flutter. In that case the free surface essentially behaves as a rigid wall. Similar observations can be
made for Fr = 0.6; additionally, the instability threshold appears to be slightly decreased by the coupling with the
free surface.

For larger values of Fr (Figures 4c–f), results are qualitatively different and two distinct instabilities associated
with different ranges of reduced velocities are observed. The first (for small values of U∗) results from an interaction
between uncoupled flag and free surface waves. For those values of Fr, ω−g belongs to the unstable frequency region
predicted in Eq. (27), and an instability is found near the frequency crossing with an uncoupled flag wave, confirming
the scenario established in Section III B. The velocity range corresponding to this instability, as well as the instability
growth rate is found to decrease with Fr, and this instability is hardly visible for Fr = 5 (Figure 4f). This can be
understood from inspection of Eq. (22): ω−g → 1 for large Fr, which precisely corresponds to the upper bound of the
unstable range given by Eq. (27).

The second instability (for larger values of U∗) is the flutter instability resulting from the interaction of two flag
waves. The flutter threshold is however significantly larger than that for a rigidly-confined flag, a feature which is
attributed in the following to passive deformations of the free surface. Depending on the value of Fr, one or three
critical velocities (noted U∗c1, U∗c2 and U∗c3 by increasing magnitude) can thus be identified as the limits between stable
and unstable regimes (Figure 4).

D. Fully-coupled results: unstable modes

The unstable regimes identified above can be characterized further by the relative amplitude |Ag/Af | and phase
shift φgf between free surface and flag displacements:

Ag
Af

=

∣∣∣∣AgAf
∣∣∣∣ eiφgf =

Fr2(ω − 1)2

sinhh∗
[
Fr2(ω − 1)2 cothh∗ − 1

] · (28)
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(a)Regime RF (b) Regime R (c) Regime SF

FIG. 6: Sketches of the unstable regimes: (a) Rigidly-confined flutter, (b) Flag/free surface resonance, (c) Softly-confined
flutter.

Contours of growth rate and amplitude ratio are reported on Figure 5 for varying Fr and U∗, and three different
unstable regimes can be identified.

Rigidly-confined flutter (RF ).
Unstable modes obtained for small values of Fr have small amplitude ratios, i.e. negligible free surface motion, see

Eq. (28). These correspond to the classical flutter instability in confinement by a rigid wall and are thus termed
rigidly-confined flutter or RF (white unstable region on Figure 5b, i.e. for small Fr and U∗ > U∗c1). More specifically,
the instability results from the coupling of two flag waves and the frequency satisfies Fr2(ω − 1)2 cothh∗ � 1. Under
this condition, Eq. (19) indeed shows that the uncoupled flag problem described in section III A is recovered. The
free surface then behaves as a rigid wall if the flutter frequency falls inside, and far from, the frequency range
[ω−g , ω

+
g ]. The surface’s leading order effect reduces to a classical confinement by a rigid surface (Figure 6a) which

destabilizes the flag when the confinement is increased as a result of the increased added mass (as already discussed
in Section III A). The thin horizontal plain line on Figure 5 corresponds to the analytical threshold obtained for
Fr = 0 (Eq. (24)) i.e. U∗c = 2.04 for M∗ = 0.1 and h = 0.5; it clearly shows that the free surface can be considered as
rigid for Fr . 0.3 for the present set of parameters.

Flag/free surface resonance (R).
The second unstable regime, obtained for intermediate Fr, results from the coupling of the slow free surface wave with

a flag wave of similar frequency, thus corresponding to a flag/free surface resonance or regime R. The displacement
of the free surface is large compared to that of the flag (dark regions on Figure 5b). A schematic illustration of regime
R is shown on Figure 6(b). A smooth transition is observed between regime RF and regime R as Fr is increased
(Figure 5).

This regime is expected for frequencies close to uncoupled surface wave solutions Dg(ω) = 0, i.e. for frequencies
such that Ag/Af � 1, see Eq. (28). Section III B further established that crossing between uncoupled flag and free
surface waves lead to an instability, if and only if Eq. (27) is satisfied, which provides the frequency range in which
crossing leads to an instability. Interestingly, this unstable frequency range vanishes for large values of M∗ suggesting
that this kind of instability cannot be observed for light structures (large M∗).

Softly-confined flutter (SF ).
The third regime is obtained for large values of Fr and U∗ > U∗c3 (grey area on Figure 5). In this regime, the

amplitude of displacement of the flag and free surface are of the same order (see Figures 5b and 6c). As seen from
Figure 4(d–f), this unstable regime results from the interaction of two flag waves, and is thus referred to as softly-
confined flutter or SF . As for regime RF , the difference with classical flutter stems from the presence of the free
surface at a distance h∗ above the flag.

In regime SF , the destabilizing interaction of two structural waves occurs at a frequency such that Fr2(ω −
1)2 cothh∗ � 1, which therefore lies outside the range limited by the free surface frequencies, [ω−g , ω

+
g ]. As a re-

sult, the amplitude ratio defined in Eq. (28) is close to 1/ coshh∗, and approaches unity when the flag lies just under
the free surface, but becomes vanishingly small when the flag’s immersion increases. When the flag is located close to
the free surface, this results in displacements of the flag and free surface of similar magnitude, which are also in-phase
in this regime: the free surface essentially follows the displacement of the flag (see Figure 6c).

In addition, for Fr2(ω−1)2 cothh∗ � 1, the fluid loading becomes f = ma/2 with the added mass ma = tanhh∗+1,
see Eq. (19). The dynamics is therefore perfectly analogous to regime RF , with a velocity threshold of the form

U∗c =
√

1 + [maM∗]−1, except that the confinement has the opposite effect. This large-Fr analytical limit is indicated
as a thin horizontal dashed-line on Figure 5 (U∗c = 2.80) which shows that softly-confined flutter is obtained for
Fr & 5. For h∗ � 1, ma ∼ h∗ + 1 with the two contributions in the added mass coming from both sides of the flag.
The whole mass of the fluid layer between the flag and the free surface therefore acts in the added mass. This is
easily understood from the other characteristics of this regime as the whole upper fluid layer perfectly follows the flag
displacements and therefore undergoes the same accelerations. The added mass therefore decreases if the thickness
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FIG. 7: Evolution with the reduced velocity U∗ of the fully-coupled modes for l = 1, d = 2 and Fr = 2. (Left) The top panel
shows the frequencies of the fully-coupled problem (black), uncoupled flag waves (red) and uncoupled gravity waves (blue),
with the bottom panel indicating the corresponding growthrates. (Right) Evolution of the uncoupled gravity waves structures
indicated as blue lines on the left panel. Red symbols indicate solutions investigated on Figure 8. Blue shaded area corresponds
to frequency range given by Eq. (27) with added mass obtained from Eq. (A10).

h∗ of upper fluid is decreased, and the single-sided flag regime is smoothly reached for h∗ → 0.
In regime SF , the presence of the free surface stabilizes the flag, which is exactly opposite to its effect in regime

RF . Additionally it is worth mentioning that, as for regime RF , the effect of the confinement is reduced for large
values of M∗ (light flags).

IV. FINITE-SPAN CONFIGURATIONS

Section III provided critical physical insight on the flag-free surface interaction in the limit of infinite span (which
results in a two-dimensional problem). In this section, we analyse the influence of the flag’s finite span numerically
under the assumption that the flag displacement is invariant along its span (see Figure 1). For numerical reasons
associated with the treatment of the bottom boundary, we also assume finite depth, and an additional non-dimensional
parameter d∗ = kd is introduced, with d a rigid horizontal bottom boundary. This parameter is fixed to d∗ = 2 in
the following, a value corresponding to a trade-off between small enough numerical domain and limited effects of a
bottom boundary. The equations governing the problem remain unchanged, except for the bottom boundary condition,
Eq. (8), which is replaced by an impermeability condition ∂φ/∂z = 0 at z = −d∗.

As in Section III, two uncoupled problems can be defined, namely uncoupled flag and free surface problems (Fig-
ure 2). The dispersion relation of the fully-coupled problem can be written in the form of Eqs. (20)–(22) with
generalized definitions of ma, F and C (see A for more details), providing a direct generalization of the weak coupling
analysis performed for the large-span limit.

Note however that F and C, Eqs. (A12) and (A13), now depend on the structure of the gravity wave solution
considered. In particular, the coupling term C vanishes exactly for gravity waves that are anti-symmetric across the
channel (A). As a result, such modes cannot lead to flag/free surface resonances as they do not produce any net
forcing on the flag once integrated along the span-wise direction. For symmetric modes, the weak coupling analysis
predicts instabilities near crossings of uncoupled solutions, with the additional condition that such crossing occurs in
the frequency range given by Eq. (27) with ma given by Eq. (A10).

The solutions of the general fully-coupled dispersion relation and their evolution with U∗ are compared to the
uncoupled solutions for gravity waves and rigidly-confined flag on Figure 7. The unstable frequency range leading to
flag/free surface resonances is also indicated (blue shaded area). Three unstable ranges of reduced velocity can be
identified on Figure 7. The two unstable areas with smallest U∗ arise near crossings within the unstable frequency
range (blue shaded area) of two uncoupled waves, and thus correspond to flag-free surface resonances. As expected,
gravity waves involved in those crossings are symmetric around the midplane of the channel (Figure 7, right). Note
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(a) (b) (c)

FIG. 8: Free surface deformations of unstable modes for Fr = 2, l = 1 corresponding to colored symbols on Figure 7. (a)
Regime R0, U∗ = 1.85, (b) Regime R2, U∗ = 3.2 and (c) Regime SF , U∗ = 6.0. The flag is located between the two red lines.
Flag displacement amplitude is set to unity, and maximum flag displacement corresponds to x = 0.

that other crossings between uncoupled solutions can be found inside the instability range, but do not lead to any
instabilities as they correspond to anti-symmetric modes (Figure 7, right).

The third unstable range (larger U∗) on Figure 7 corresponds to an interaction between two structural waves and
is therefore identified as flutter instability. However, the flutter threshold differs from the rigidly-confined case as a
result of significant deformations of the free surface, and this regime seems closer to regime SF introduced in the
large-span limit.

To support the proposed classification for the different instabilities, free surface deformations of the corresponding
unstable patterns are shown on Figure 8 for U∗ = 1.85, 3.2 and 6.0. The flag is located at a distance h∗ below the
free surface and in the region −0.5 ≤ y ≤ 0.5 (red dashed lines on Figure 7). The free surface deformations shown on
Figure 8(a) and (b) have the same structure as the corresponding symmetric uncoupled free surface waves (Figure 7,
right). Free surface deformations on Figure 7 are normalized by the flag displacement amplitude so that the maximum
value of the contours can be interpreted as the amplitude ratio between the free surface and the flag (named Agf in
this section). Figures 8(a) and (b) correspond to relatively large amplitude ratios (respectively about 2 and 2.4), in
agreement with the classification for flag/free surface resonances in the large-span limit (Section III).

In contrast, Figure 8(c) shows that free surface deformations for the unstable pattern obtained for large U∗ are
mainly localized vertically above the flag and with an amplitude ratio of about 0.8 (Figure 8c). This confirms that
free surface displacements for that unstable mode are essentially driven by the flag motion and the corresponding
instability can indeed be classified in the softly-confined flutter regime.

Some terminology should be introduced to distinguish the different modes of flag/free surface resonances that are
obtained in the finite-span case. As identified for Fr = 2 on Figure 7 and Figure 8(a)-(b) these instabilities are
associated with gravity waves with different span-wise structures. More precisely, Figure 7 (right) shows examples
of the corresponding uncoupled gravity waves which can be identified by their number of nodes (n) in the span-wise
direction, for instance from n = 0 to n = 3 on Figure 7 (top to bottom). In the following, flag/free surface resonances
associated to gravity wave with n nodes in the span-wise direction are referred to as Rn.

The evolution with Fr and U∗ of the distinct unstable modes can be followed using maps of the growth rate and
amplitude ratios in that parameter space (Figure 9). The qualitative similarity with large-span results of Figure 5
should first be noted. In particular, using the amplitude ratio map, the three type of unstable regimes (rigidly
confined flutter, softly confined flutter and flag/free surface resonances) can be identified as white, grey and black
areas, respectively. In this finite span case for l∗ = 1, three unstable branches R0, R2 and R4 can be tracked in the
Fr–U∗ parameter space using Figure 9. Modes with an odd number of nodes are anti-symmetric and do not lead to
instabilities.

An additional effect of the finite span visible on Figure 9 corresponds to the increase of flutter thresholds corre-
sponding to both RF (small Fr) and SF (large Fr) compared to the large-span case (Figure 5). This trend is in
qualitative agreement with the effect of aspect ratio on classical flutter thresholds for an unbounded flag [3].

V. CONCLUSION

This work analysed the effects of the proximity of a free surface (which can thus carry gravity waves) on the
stability of a flexible plate placed in a steady current using local stability analysis. The simplified large-span limit,
which results in a two-dimensional problem, was first considered before generalizing the discussion to finite-span flags
(but with neglected span-wise deformation) placed in a finite-width free surface channel. The effect on the stability of
the Froude number (i.e. the ratio of the incoming flow speed to the characteristic velocity of gravity waves) as well as
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(a) (b)

FIG. 9: Stability maps in the finite span case for l = 1. (a) Growth rate. (b) Amplitude ratio Agf = max[Re(Ag(y)eix/Af )]
as a function of the Froude number Fr and the reduced velocity U∗. The stability thresholds are indicated by red lines. Thin
horizontal lines indicate flutter thresholds obtained numerically for Fr = 0 (plain, U∗c = 3.78) and Fr = 103 (dashed, U∗c = 4.09).

that of the reduced velocity were investigated, and we identified three main unstable regimes as the Froude number
was increased.

In the first regime, obtained for low Fr (i.e. strong gravitational effects), the free surface behaves essentially as
a rigid wall; this rigidly-confined flutter corresponds to the flutter instability of a flag within lateral confinement as
investigated by [17–20]. The second unstable regime, flag/free surface resonances, is mainly obtained for intermediate
Froude numbers (i.e. when surface waves and flow speed are comparable), and results from resonances between
surface waves and structural bending waves (both modified by the uniform flow), and is generally associated to large
free surface deformations compared to that of the flag. Only one such resonance occurs in the large-span case, but
a discrete set of such instabilities is obtained for a finite-span flag in a finite-width free surface channel, due to
resonances involving free surface waves with more complex span-wise structures. The third regime, softly-confined
flutter, obtained for large Fr (i.e. small gravitational effects) also corresponds to the flag flutter, but in contrast with
the first regime, the free surface may undergo large deformations driven by the flag motion (up to that of the flag for
small immersion depth).

The main difference between these regimes is found in the behaviour of the free surface: while it plays a purely
passive role in the rigidly-confined and softly-confined flutter (where it is either fixed and flat or entirely driven by
the flag motion), it takes an active role when the frequency of the instability lies close to a fundamental frequency of
the surface waves. Interestingly, the passive behaviour of the free surface may result in significantly different impact
on the flag’s stability, depending on the regime and Fr: softly-confined flutter corresponds to a stabilizing effect of
the free surface (compared to the flag in unbounded flow) while rigidly-confined flutter is destabilizing as already
reported in the literature in the case of rigid walls [17–20]. As a result, the presence of a coupling with a free surface
may either decrease or increase flutter thresholds, or lead to new instabilities.

From the energy harvesting view point, only flutter regimes (both rigidly-confined flutter and softly-confined flutter)
appear to be of interest as flag/free surface resonances are associated to small flag displacements and therefore to a
small energy transfer from the fluid to the solid. Recalling that working conditions of flag-like energy harvesters are
closely related to velocity thresholds, the conclusions of the present work show that the proximity of a free surface
may either enlarge (small Fr) or reduce (large Fr) the operating range of such devices. Additionally, the present
analysis which combines a flexible structure, a free surface and an incoming flow, could be used to investigate the
effects of an incoming flow on wave energy harvesters such as [29, 45], and determine whether such carpet of wave
energy recuperation could be used as a hybrid wave/current energy harvesting device.

Last but not least, the unstable regimes identified in this work have only been studied experimentally in the low
Froude limit consisting of a rigid wall [17]. Such experiments necessarily include finite-length effects that are likely
critical both from a fundamental and application points of view and deserve to be investigated further. Finite flag
length effects indeed promote complex flow features ranging from hydraulic jumps, wave radiation or wake/free surface
interaction, which are not accounted for in the present analysis and may yet play an important role in the dynamics
of the system. Modeling and analyzing these effects represent a major challenge for future research.
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APPENDIX A: DERIVATION OF THE DISPERSION RELATION FOR FINITE SPAN AND FINITE
DEPTH

Details are provided here on the derivation of the dispersion relation under the form (20) in the finite-span and
finite depth case. The channel cross section is denoted Ω with n the unit vector associated with the base state pointing
out of the flow domain on each of the boundaries of Ω, namely the flag surface (∂Ωf ), the free surface (∂Ωg) and the
side and/or bottom walls (∂Ωw). Starting from Eqs. (12)–(15), the perturbation velocity potential is decomposed as
φr = φf + φg where φf corresponds to a rigidly confined flag. As a result, φf and φg satisfy:

1

l∗2
∂2φf
∂y2

+
∂2φf
∂z2

= φf , on Ω, (A1)

∂φf
∂z

= 0, on ∂Ωg, (A2)

∂φf
∂n

= nz, on ∂Ωf , (A3)

∂φf
∂n

= 0, on ∂Ωw, (A4)

and

1

l∗2
∂2φg
∂y2

+
∂2φg
∂z2

= φg, on Ω, (A5)

∂φg
∂z

= Fr2(ω − 1)2(φg + φf ), on ∂Ωg, (A6)

∂φg
∂n

= 0, on ∂Ωf , (A7)

∂φg
∂n

= 0, on ∂Ωw, (A8)

with nz = ez ·n. When the flag is held fixed, φf = 0, and the second system can thus be interpreted as the uncoupled
free surface problem. When the flag has non-zero displacement, a forcing term involving flag motion in Eq. (A6)
introduces a coupling between both problems.

Using the decomposition above for the velocity potential, the fluid loading, Eq. (11), can be split into two parts,
and Eq. (10) can be written in the form

ω2 − U∗−2 +maM
∗(ω − 1)2 = −M∗(ω − 1)2Cgf (A9)

with

ma =

∫
∂Ωf

φfnzdy and Cgf =

∫
∂Ωf

φgdy. (A10)

Equation (A9) corresponds to the uncoupled flag dispersion relation (left hand side), coupled with the free surface
(right-hand side), with the added mass and coupling coefficients defined in Eq. (A10).

The weak form of Eqs.(A5)–(A8) is obtained by projecting these equations along test functions φ∗g:

−1 + F Fr2(ω − 1)2 = −Fr2(ω − 1)2Cfg, (A11)

with

F =

∫
∂Ωg

φgφ
∗
gdy∫

Ω

(
1

l2
∂φg
∂y

∂φ∗g
∂y

+
∂φg
∂z

∂φ∗g
∂z

+ φgφ
∗
g

)
dydz

, (A12)
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and

Cfg =

∫
∂Ωf

φfφ
∗
gdy∫

Ω

(
1

l2
∂φg
∂y

∂φ∗g
∂y

+
∂φg
∂z

∂φ∗g
∂z

+ φgφ
∗
g

)
dydz

· (A13)

Multiplying Eqs. (A9) and (A11) finally provides the dispersion relation of the fully-coupled system in a form similar
to Eq. (20) for the infinite-span limit but with a new coupling term which now reads

C2 = M∗Fr2(ω − 1)4CfgCgf . (A14)

and with ma and F given by (A10) and (A12) respectively.
Using Eq. (A10), anti-symmetric solutions for φg with respect to y axis (i.e. such that φg(−y) = −φg(y)) lead to

Cgf = 0, and therefore to C = 0. As a result flag/free surface instabilities cannot arise from a resonance involving an
anti-symmetric free surface wave.
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[19] O. Doaré and C. Eloy. The influence of channel walls on flag flutter. In Flow Induced Vibration, 2012.
[20] C.Q. Guo and M.P. Paidoussis. Stability of rectangular plates with free side-edges in two-dimensional inviscid channel

flow. Journal of Applied Mechanics, 67(1):171–176, 2000.
[21] R.K. Jaiman, M.K. Parmar, and P.S. Gurugubelli. Added mass and aeroelastic stability of a flexible plate interacting with

mean flow in a confined channel. Journal of Applied Mechanics, 81(4):041006, 2014.
[22] C.E. Brennen. A review of added mass and fluid inertial forces. Technical report, BRENNEN (CE) SIERRA MADRE

CA, 1982.



16
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